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PREFACE. 



The greater part of this Key lias been prepared, and the 
proofs read^ by Professors J. Howard Gore, of Cohimbian 
TTniversity, Washington, and J. W. Gore, of the University 
of Virginia. It is modelled so closely after the famihar form 
as scarcely to call for remark. A possible exception is offered 
in the case of Book X., where the forms of reasoning applica- 
ble to problem's in the Combinatory Analysis are given in full. 

A few oral exercises on tlie principles taught in the opening 
book have been added for the pi*actice of beginners in the 
subject. 
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§26. 

1. 4 + 12 = 16. -6-1-18= -26. 

.-. 16 — 25 = — 9. Ana. 

2. - 6 - 3- 8 = - 17. Ans. 

8. 34. - 6 - 10 - 9 = - 25. 

.-. 34 — 25 = 9. Ans. 

4. — 17, sum in Ex. 2. 

9, sum in Ex. 3. 

— 26. Ans. 

5. 5+3 = 8. —6-1-16= -23. 

.-. 8 - 23 = - 15. 

+ 8. - 2 - 7 - 4 = - 13. 

8 - 13 = - 5. 

Then - 5 - (- 15) = 10. Ans. 

8. 6 + 3 = 8. - 6 - 1 - 16 = - 23. 

8 - 23 = - 15. 
7 + 4 = 11. _3_8 = -ll. 

11 - 11 = 0. 

Then - 15 - = - 16. Ans. 

7. — 7 X 8 = — 56. Ans. 

8. — 8 X 7 = — 56. Ans. 

9. 6 X 7 = 42. - 5 X - 4 = 20. 

.-. 42 X 20 = 840. Ans. 

10. - 6 X - 11 = 66) X 8 = 528)X - 2 = - 1066. Ans. 

11. - 1 X - 1 = 1. - 1 X - 1 = 1. 

1X1 = 1. Ans. 

12. 9, sum in Ex. 3. 

— 9, sum in Ex. 1. 

"18, dilf. .-. 18 X - 17 = - 306. Ans. 



4 KEY TO NEWC0MB8 COLLmE ALOEBSA. 

17. =4*. 9 + (3'. -5) = 

16.9 + 9.-5. 

16 X 9 = 144. 

9X-5 = -46. .-.144-46 = 99. Ans. 

18. =3*. 4 -(-7. 9*) = 

27. 4- (-7. 81). 
27 X 4 = 108, 

- 7 X 81 = - 567. ..-. 108 - (- 667) = 675. Ans. 

19. =-7' + (-5') = 

49 + 25 = 74. Ans. 

20. =-7' + (-5') = 

- 343 - 125 = - 468. Ans. 

21. =-7* -(-5*) = 

_ 343 _ (_ 125) = - 218. Ans. 



-7'.3.-(-5'.4) = 
-343. 3 -(-125. 4). 

— 343 X 3 = - 1029. 
— 125 X 4 = - 500. 

.-. ( - 1029) _ ( _ 800) = - 629. Ans. 

28. =-7*. -5' -(.3*. 4') = 

— 343 . 25 - (27 . 16). 

— 343 X 25 = - 8575. 
27 X 16 = 432. 

.-. - 8575 - 433 = - 9007. Ans. 

84. =r-7'.-5')-(-5'.3') = 



26. 



(-7*. -5') -(-5*. 
(49 . - 125) - 25 . 27. 
49 X - 125 = - 6125. 



25 X 27 = 675. 

». - 6125 + (- 675) = - 6800. Ana. 

26. =(-7. -5') + (-7*. -5) = 
(-7. 25) + (49. -5) 
- 7 X 25 = - 175. 
49 X - 5 = - 245. 

.'. - 175 + (- 246) = - 420. Am. 



/_7._5')-(-r.-5) = 
(-7. -125) -(-343. -5). 
-7X -125 = +875. 
- 343 X - 6 = + 1716. 

.-. 875 - 1715 = - 840. Ans. 
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27. = 



80. = 



31. 



(•7.-5)-3.4""-7X-5-3x4"" 

35 + 12 _47_ 
35 - 12 "" 23 ■" ^^' 

(-7.0)~(-5,9) _ ~7xO-(-5x9) _ 
(-5. 4) -(3. 9) " -5X4-3X9 " 

0-(-45) _ 45 
- 20 - 27 "" 4f 

2. 3\ 4' - 10. 3' _ 2 X 9 X 16 - 10 X 27 _ 
9-(-5.0.3)~ 9-(-5x0x3) ^ 

288-270 _18_ 
9-0 ~ 9 "■ 

-7.-5-(3.9) _ -7X~5-(3x9) _ 

■" 3-4 ■" 

35-27 8 



Af ^iy ^ 






Ans. 



8-4 
N 



3-4 
When a? = — 7, 
(-7)' + (-3.-7) + 8 = 
49 + (-3x -7) + 8. 

49 + 21 + 8 = 78. Ana. 

When a; = — 6, 
(-6r + (-3.-6) + 8 = 
36 + (- 3 X - 6) + 8. 
36 + 18 + 8 = 62. Ans. 

When a; = — 5, 
(-5r + (-3.-5) + 8 = 
25 + (-3x -5) + 8. 

25 + 15 + 8 = 48. Ans. 

When a; = — 4, 
(-4r + (-3.-4) + 8 = 
16 + (- 3 X - 4) + a 
16 + 12 + 8 = 36. Anfi. 

When a; = — 3, 
(-3r + H3.-3) + 8 = 
9 + (-3 X -3) +8. 
9 + 9 + 8 = 26. Ans. 

When aj = — 2, 
(-2)* + (-3.-2) + 8 = 
4 + (-3x -2) + 8. 
4 4. 6 + 8 = 18, Ans. 



= 3Y = -"8- -^i^M. 
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When a; = — 1, 

= (-ir+(-3.-i)+8. 

1 + (- 3 X - 1) + 8. 
1 + 3 + 8 = 12. Ana. 

When a; = 0, 
= 0* + (-3.0) + 8. 
+ (~3 x0) + 8. 

+ + 8 = 8. Ans. 

When a? = 1, 
= r + (-3.1) + 8 = 

1 + (-3x l) + 8. 
1-3 + 8 = 6. Ang. 

When X = 2, 
= 2" + (- 3 . 2) + 8 = 
4+(-3x2) + 8. 
4-6 + 8 = 6. Ans. 

When a; = 3, 
= 3' + (-3. 3) + 8 = 
9 + (-3x3) + 8. 
9-9 + 8 = 8. Ans. 

When a; = 4, 
= 4* + (-3.4) + 8 = 
16 + (-3X4) + 8. 
16-12+8 = 12. Ans. 

When a: = 5, 
= 5* + (-3. 5) + 8 = 
26 + (- 3 X 5) + 8. 

25 - 15 + 8 = 18. Ana. 

When x^^, 
= 6'+ (-3. 6) + 8 = 
36 + (-3 X 6) + 8. 
36 - 18 + 8 = 26. Ans. 

When a; = 7, 
= 7' + (-3. 7) + 8 = 
49 + (- 3 X 7) + 8. 
49 - 21 + 8 = 36. Ans. 

When a: = — 7, 
_ 8 + ( - 3 . - 7) _ 8 + (-3x -7) _ 8 + 21 _ 

-8-(-3.-7)""8-(-3x-7)~8-2i"" 

29 ^ 
— r«. Ans. 
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When X - 
8 + (-3. 



-6, 
-6)_8 + 



8 -(-3. -6) 8- 



When X = 
8 + (-3.- 



-5, 

-5)_8 + 



8 - (- 3 . - 6) 8 - 



When X - 
8 + (-3. 



-4, 
-4)_8 + 



8 - (- 3 . - 4) 8 - 



When X - 
8 + (-3. 



-3, 

-3)_8 + 



8 -(-3. -3) 8- 



When X 
8 + (-3 



-2, 
-2)_8 + 



8 - (- 3 . - 2) 8 - 



When « = — 1, 

8 + (-3.-l) _ 

8 - (- 3 . - 1) 8 - 



8 + 



-3x-6)_8+18_ 



- 3 X - 6) 



- 3 X - 5) _ 



- 3 X - 5) 



- 3 X - 4) _ 



-3X - 



8-18 


«M«B 


26 
l6" 


Ans. 


8+16 




"8-15 




23 

7* 


Ans. 


8+12 
"8-12 


= 


= -5. 


Ans. 



4) 

20 
-4 



-3x-3) _ 8 + 9 _ 

8-9~ 



-3X - 



3) 

17 

— 1 



= — 17. Ans. 



-3X - 



-3X 



2) _ 8 + 6 _ 
2) ~ 8 - 6 ~ 

-^ = 7. Ans. 



-3x-l)_8 + 3_ 



- 3 X - 1) 



When x=% 
8 + (- 3 : 0) _ 8 + (- 3 X 0) 
8 - (- 3 . 0) 8 - (- 3 X 0) 



8-3 
11 

6 • 



Ans. 



8 + _ 

8-0~ 
8 

8 



•^=■1. Ans. 



When X =■!, 
8 + (-3 . 1) _ 8 + (-3x 1) _ 8-3 _ 



8 -(-3.1) 8 -(-3 XI) 



8 - (- 3) 
_5^ 

11 • 



Aus. 



8 
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When a; = 2, 
8 + (-8.2) _ 8 + 



8 - (- 3 . 2) 8 - 

When a; = 3, 
8 + (-3.3)_8 + 



8 - (- 3 . 3) 8 - 

When a; = 4, 
8 + (-3.4)_8 + 



8 _ (- 3 . 4) 8 - 

When X — b, 
8 + (-3.5) _8 + 
8 - (-3 . 5) ~ 8 - 

When a; = 6, 
8 + (- 3 . 6) _ 8 + 



8-(-3.6) • 8- 

When a! = 7, 
8-l-(-3.7)_8 + 



8 - (- 3 . 7) 8 - 



- 8 X 2) _ 8 H- 



-3X2) 



8- 
8-6 



8 + 6 



- 3 X 3) _ 8 + 



-3x3) 8 - 
8-9 _ 

8 + 9" 
-3X4) _8 + 



-3X4) 8 - 
8-12 _ 

8 + 12~ 
- 3 X 5) _ 8 + 



-3X6) 8 - 
8-15 _ 

8 + 15" 
-3X6) _ 8 + 



-3X6) 8 - 
8-1 8_ 

8 + 18" 
-3X7) 8 + 



6)~ 
%^ 

14* 

D- 

1 

17' 



Ans. 



AnB. 



-12)_ 



-12) 
__4^ 

20' 
-15)_ 



Ans. 



15) 

J_ 

23" 



Ans. 



-18)_ 



-*18) 
10 

26* 
-21)_ 



Ans. 



3X7) 8 - (- 21) 
8-21 _ _ 13 

8 + 21" 29' 



Ans. 



1. = 



§43. 

When a; = — 3, 
,3(-3 + l)(--3 + 2)(~3 + 3) ^ 

1X2X3X4 
(+9~3)(-3 + 2)(-3 + 3) ^ 6X~1X0 
1X2X3X4 1X2X3X4 

24' 



Ans. 
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When a? = — 1, 

^ -l(-l + l)(-l+2)(^l+3) ^ 

1x2x3x4 
(1 - 1) (- 1 + 2) (- 1 + 3) _ 0X1X2 _ 

1X2X3X4 1X2X3X4 

-TTT* Ans. 

SS4 

When a; = 1, 

^ l(l + l)(l + 2)(l + 3) ^ (l + l)(l + 2)(l+3) ^ 

1X2X3X4 1X2X3X4 

2X3X4 24 ^ . 

= -:rT = 1. Ans. 



1X2X3X4 24 

When a; = 3, 
^ 3 (3 + 1) (3 + 2) (3 + 3 ) ^ (9 + 3) (3 + 2) (3 + 3) ^ 

1X2X3X4 1X2X3X4 

12X 5 X 6 _ 3C0 _ ■ 

1X2X3X4 24 

8. When a; = - 3, 

_ [-l(3 + 3)~3(-l + 3)]' _ 

■" 5(3 + 3) + 3 (5 + 3) 

[(^3^3)^ (,3.|,9) ]« _ (-6- GV ^ -12' ^ 

15 + 15 + 16 + 9 30 + 24 64 

144 . 

54 

When a: = - 1, 

_ [-l(3+l)^3(-l + l)]' ^ 

6(3 + l)+3(5 + l) 
[, 3 ^ 1 ^ (, 3 + 3)]' ^ [- 4 ~ 0]' ^ - 4' ^ 

15 + 5 + 16 + 3 20 + 18 38 

16 . 

38- ^'''- 

When X = 1, 
_ [_i(3-i)-3(-l-l)]' _ 

~ 6 (3 - 1) + 3 (5 - 1) 

[-3 + 1 -(-3-3)]' ^ [-2- (-6)] 

15-5 + 15-3 30-8 

[- 2 + 6]' _ 4' _ 16 ^ 
22 -22~22- ^^ 
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When a; = 3. 

- 5 (3 _ 3) 4. 3 (5 _ 3) - 

[(-3 + 3)-(-3-9)l' __ [0-^(-12)]« ^ 

16 - 16 + 15 -9 30 -« 24 "" 

12« 144 ^. . 
-^ = —5— = 24. Ana. 
6 6 

3. When a; = — 3, _q_k 

= [(-l.-3) + 3(-3 + ir + 6(-3+l)T 



[3 + 3(-2r + 5(-2)T-^ = 



-3 + 5 



f 



3 + 3(4) + 5(-8)]»(-4) = 

3 + 12 - 40]» (- 4) = - 25' X - 4 = 

- 15625 X - 4 = 62600. Ang. 

When x= — 1, _i _n 

= [(-l.-l) + 3(-l + ir + 5(-l + l)7-i3p^= 

[i + 3(or + 5(o)T-:^ = (i + o + o)«^ = 

-6 6 . 

1 X —7— = — T- -AjIS. 
4 4 

When re = 1, 

= [(-i.i)+3(i+ir+5(i+i)Tj^= 

[-1 + 3 (2)' + 5 (2)']' ^ = 

[ll + 3(4) + 5(8)]'^ = 

/ ■, , -.a , ^«\t — * rif —4 630604 . 
(-l + ia + 40)'-g-=51'x-g- = g — . Ans. 

When X ^ 3, ?i _ s 

= [(- 1.3) + 3 (3 + 1)' + 6 (3 + 1)T Jq:| = 

[-3 + 3 (4)' + 5 (4)']' =li = 

[-3 + 3 (16) + 5 (64)]* =^ = 

(- 3 + 48 + 320)' ^ = (366)' ^ = 

97254250 
5 . Ans. 



KBT TO NEWCOMBS COLLEGE ALOEBBA. 



11 



When x = —3, 

[ V(5.^ 3^-f 3) -• V(5 - 3* - 3)] ^^.3+1^= 
^( 5.9 + 3 )"- 1^(5.9 - 3 )"] V(5.3 + 1)= 
♦^(46 4- 3)^V(45^_ 3^(15 + 1) = _ 

( f'lS - f'la) f'le = ( V^- i^ia) 4 Ana. 

Wlion « = — 1, 

[ Vjb. - 1* + 3) - f^5- 1* - 3 )K(5.3 + 1) = 

V( 5.1 + 3) - 1/(5.1 - 3)]j/(0 + 1)" = 
[ 1/(5 + 3) - V(5 - 3") J 4/(15 + 1) = 

{VS-^)Vl6 = {V8-i^)^ Ana. 

When a = 1, 

= [ 4/ (5-l' + 3) - 4 /(51*^^3 )] l/( 5:3"+i y = 
V (5.1 + 3 ) - V(5.1 - 3)] V(5.3 + 1) = 
' 4/(5 + 3) - 1/(5 - 3)] V{15 + 1) = 

(V8_ l^)vl6'=(Vf- V^)4. Am. 

When « = 3, 

= [ V (5.3' + 3 ) - 4/ (5.3* - 3 )] 4 ^(5.3 + 1) = 
[ 4/ (5.9 + 3 ) - 4/( 5.9-3 )] V(5.3 + 1) = 

[ 4/(45 + 3)j- V(45- 3)] 4/(15+^1)= 

(V48 -4/42) Vie = (4/48 -4/42) 4. Ana. 



1. 
2. 

3. 



a-{-bx 
x — y- 

a-\-bx 

*a — bx 
m 



-(z- y). 

- {a-\- bx). 

( a — bx \ 



— mpq. 



6. 

6. 

7. 
8. 



V{a + bx). 



§48. 



4/(a-|- Ja;4- a^ — y)' 
4/-[« + bx — {x — y)]. 
{a + bxy {x - y)\ 



12 
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9. 
10. 

11. 



18. 



13. 



14. 



16. 



16. 



17. 



18. 



19. 



80. 



^^ 



{tnpqy. 

{x - y)* {mpqy. 

mpq {a-\-hx)- ^5^— {x - y) 



(- 



-^bxY 



m 



- (« - yy 



(a — ox\ 
[a + bx + X ~y1 {a + bx — ix" .v)1 



(' 



a — bx , A la^bx 

+ mpq) [ — ^ mpq 



m 



m 






r 



^a — ox 



m 



) 



{a + ixy - (a; - y) 



^\a + bx-(x-y)Y* 

^{a + bx-^-x- yy 
[2 (x — y) — mpqY ' 

{a + bx) [{x - yy - mpq] 
{a + bxy {X - yy 



it^j - <« - ,, 



{a + bx) {x-y) + {x- y) 



a — bx 
m 



{a-\-bx-\-x-'yy 

[mpq -{X — y)\ [mpq •\-x-yi 
\{mpq + ^^^^) + « + &» J ( 



-y). 



KET TO NBWC0MB8 COLLBOE ALOEBBA. 13 



22. 



23. 



24. 



(a + bx) ^[{^^J - (^ - y)] 



/a-te\V 
a + bx- [\-~^+^P9) (^ - y) 



1. As there are 100 cents in one dollar, there are 100 times 
m cents in m dollars. Hence, 100 m. Ans. 

8. Since there are 100 cents in a dollar, in m cents there 
will be as many dollars as 100 is contained in rn. 

lOO' ^^^' 

8. His a dollars are 100 a cents. Hence total number of 
cents, 100 a + b. , 

His b cents are j^ dollars. Hence he has a A 

iUv 100 

dollars. 



4. (a + b) m, 
[(a + b) m]«. 

6. i — (m + n) or J — m — n. 



6. In one dollar there are 100 cents. 
In m dollars ** " 100 m cents. 

. *. — T — = number of chickens which can be bought. 

7. -J- = time it takes him to go, and 
-J-= " " " '' "come; 

then — + -q- = time to go and return. 
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8. A + it = cost of one peck of each ; 

since there is the same number of pecks, of each (h + h) 
X number of pecks = m ; 

then 1— r-f = number of pecks. 

9. b miles an hour is equal to -^ miles per minute. To 

a 

., ... , b . . 60 a 

go a miles will require -np minutes, or —j—. 



10. (1) ax = cost of tea, 

by = ** " sugar, 
cjg = ** *^ c offee, 

^*^ + ^y + ^^ = entire cost in cents. 

(2) 100 cents = number of cents in a dollar; 

then ~^^ — = entire cost in dollars. 

(3) 10 = number of mills in 1 cent; 

then {ax + % + cz) 10 = entire cost in mills. 

11. There are 100 cents in 1 dollar^ 

then 100 x = number of cents in x dollars. 

fm = cost of flour, 
. • . 100 X — fm = change he is to receive. 



18. — = time it takes first to walk the distance, and 
m 

— = " *< " second " " " ** 
n 

. * . since they walk towards each other it will take 

— ; — hours for them to meet. 
(2) First travels at m miles an hour. 

. • . m ( — -; — ) = distance he will have ffone. 

Second travels at n miles an hour. 

. • . » ( — ; — ) = distance he will have gone. 
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13. ax = value of bonds in dollars, 

by = " " land ** " 

la^+hy = " " estate " " 

mq = amount he owed. 

Then ax + hy — mq^ remainder after payment. 

, . , ' ^ ~" — i = share of each child. 
n 

14 (<^ + y)a , (x + y> 



15. 



16. 



17. 



j> + g p-q 

a-{- b a — V 

^y ___ » \ a^ + y 

,J ajx — y 

{x + 6) (g + & ) + g 
r — « 



18. aX ax 1000 = value of houses in dollars; 
100 cents in 1 dollar; 

then {ax a) X 1000 X 100 = value in cents. 

19. ax = value of a lbs. at x cents a lb., 
by = *^ " * *' " y " " " 

then ax + hy ^ ent. value, and a + * = the no. of lbs. 

^ . ^ ^^ + pi _ ya^i^^e of mixtnre. 
a + 6 

20. (x + y) (ci + h) = number of rooms. 

(a; _|- ^) (a 4- J) (w + w) = no. of pieces of furniture. 

21. (p + q)(p + g) = number of pages, and 

Ip + 9)ip + Q) {P + 9) =^ ^ lumber of words. 

. • . (p+ q) {p + q){p + q)^ = number of letters. 

22. Sk = distance traversed by first before second started, 
and Sk + kx = whole distance traversed by first. 



mx = 



" ** '* second. 



. • . Sk + kx —mx^ distance first is ahead of second. 
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23. — = number of Lours it takes first man; 

in 

— = " " " ** " second man; 

then = number of hours first will arrive ahead. 

r s 

m til 
(2) — — — = « " " second " • " " 
^ ' 8 r 

24. Since first ruus n miles an hour €or n hours, 
n Xh=^ distance between the cities. 

The second will run n -|- 5 miles an hour, 

.'. — T—z = time of second train, 
w + 5 

2fi. T = cost of one horse; 
h ' 

— = " *' " yoke of oxen. 

.*. r = cost of horse exceeds that of yoke of oxen, 

ftt t 
and 7- = cost of yoke of oxen exceeds that of horse. 

26. I of 2 7» miles = m miles; 

— = time to make first half; 

_ — << u a second half; 

then — I — = time to make the distance, 

, 2 m 

and . •. ^ ^^ = average speed. 

r s 

27. Distance being a miles, B, going q miles an hour, will 

reach New Haven in — hours 

9 

In this time A, going jt? miles an hour, will make ^ — 

miles. 
Subtracting the a miles to Hartford we have left 

p a as his distance on return journey. 
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28. 6 & = cost of books; 

then ifc — 6 d = amount left 

.'. — J — = number of books which can be bought 

89. as = cost of sugar; 

hr = ** ** coffee; 

a8-\- br^ entire cost in cents. 
100 cents in 1 dollar; 

then — T^— = entire cost in doUars. 
« _ ?i_L*r = amount left. 



• • 



^■^ = no. bbls. flour which can be bought 



30. — = what each Chinee received; 
a 

|.= " « orphan " 

then f- — = amount expended in bibles; 

2 m 3 w 

and .'. ^ = cost of each Bible. 

31. mk = number of miles he travels in h hours; 
then a — mk = number of miles to be travelled; 
and A - * = number of hours remaining. 

.*. , __ -, = rate to travel remaining distance. 

32. rk = number of miles it ran in k hours; 

then X — rk =^ number of miles to be travelled; 

and [k + -^] hours = time since it has started; 

hence 7i — (^ + "^j = ^wn<^ to travel remainder^ 

X ^~ vk 
and I = rate for remainder of journey. 



18 
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1. 



2. 



8. 



5. 



6. 



7. 



8. 



§54. 

3a + 7i-8c + d 
3fl — 2i+ c — e 
a — b — c -— d 

7 « — (ic 4- y 1 

8 a — (^ Hr y] 
16 g + 3 (a; + y] 

a-\- (x^y) Ans. 

7a;*-2a;-6 
2a:'-3ic + 8 

9a;* + 5a; + 3 



6 Ans. 



a;* + 2a;— y 

— 2a:*+ a;-9.y 

— 3 a^ — a; — y 



9 a: — 13 y Ans. 



9 (« + &)• 
10 
1 
2 



-x-y-z 



22 (« + ^)' — a; — y — 2; Ans. 



2 (wi + w) 
-1 
-1 



3 (« + *) 

+ 1 
4-1 



5 (a + i) Ans. 
la^ -2a^ + Zax 



a' a' 
-6fl" + 3«'-2 


«a: 
r?a? 






(m 4- ^0' + ^ 
2 
3 -2a: 

1 

7 (wi 4- ny — a; 


S 


An&. 

y 
y 

\ y Ans, 
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9. {p-^qy-% 
1 
1 
1 



10. 



12. 



+ fl 



+ * 



+ c 



4(i? + ^)'-6+a + i + c Ang. 



ba 

2a 

a 



-y) 



14:a{x — y) Ans. ^ 

11. 2(w — w)a; + 2 

+ 3 (m + w) a; — 6 

"5 - 6 

+ 7 - 8 



2 (wi — n) a; + 15 (w + w) a; — 17 Ana, 



3^ 
a 

2 +3f 

1-1 

+ 1 
1 






7-+3|-l Ana. 
a 



13. 



14. 



a: m 

2-2 
3-3 
4-4 

lo£-10^ Ana. 



y 



« 



3 
5 

J_ 

16 



m -^ n 






Ana. 
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16. 



16. 



17. 



%x — Zy what first had; 
X— y " second " more; 



3a:- 4^ 


(< 


ft 


A =2a; 

B =2a;-y 

C =4a: + y 




All = 8a; 




AnA 


Eldest = 
Third = 
Second 
Young = 


X 

X — 
X — 
X — 


. 5 

-10 
-15 



a 



All =4a;-30 An& 



2a; 
3a; 



3y 

4y 



5a; — 7yboth. Ans, 



1. 
2. 
3. 



6. 
6. 
7. 
8. 
9. 
10. 



11. 



12. 



§66. 

(a + m)x + {b + n)y. 

= (m» + JE?}') a; + (2i — 4J)y = (wn + ^g) a; — 2 Jy. 

= (3 + Gft+7fl)a; + (-2-4)y + m + w = 
(3 + 6* + 7a)a; ~ 6y + m + w. 

= (8a + SJ + 7 + l)a;+ (i - 5 - 5)y = 
(8 a + 8 d + 8) a; + (i — 10) y = 
8 (a + i + 1) a; + ( J - 10) y. 

(a — m) a; + (d — «) y + (c — jt?) ^ 

(2d-.2/)a;+(3e-3rf)y+(4/+4e)«. 

(l« + t*)y + (6a~2)a;. 

(2a-3J)a;+(-4a-5)y. 

(ia-|7n)a;+(ti + fw)y. 

= (4w-3fl-6c-fw?. + i6?)a; + (2 + o)y. 
But 4m — f m = ^m — f wi = -V^w. 
.-. (J^m-3a-6c; + irf)a; + (2 + a)y. 

= rs flJ — aJ — rf) a; + (4(?rf — 37n») y = 
(4aJ — e?) a; -f- (4(?rf — 3 mw) y. 

= r2&-i<?-3J)a;+(3a+2fl)y=: 



13. 
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= (~3-5)ir+(i« + 2~Jfl + l)y. 
Bufc^a — ia = f a — Ja = — ia. 



14. (dm-a+l + d)z+ (- ia - l)y. 
16. 3 a&c + (- wi - d) y + (2c + 1) VJ". 

16. = - 6a; - y - 3 V^+ (5 m + 4 +JL) Vy = 

— 6a; - y - 3 Vic + (5 m + 5) Vy. 

17. =:cx''ey + (4 + i) V^+ (a - 1 -;^4a) Vy = 

ca; - 6y + 5Va;+ (- 3a - 1) Vy. 

§56. 

6. 8a + 14i 
6a + 20b 

2 fl — 6 i Ans. 

6. a— •ft+^—rf 

2a — 2b + 2c -^d Ana, 

7. 8a — 2i + 3c 

4a — 6^- /;-2d 

4a + 4b + ^c + 2d Ans. 

8. 25;* — 8a;— 1 
5^'- 6a;+_3 

— 3p-2a;-4 Ans. 

9. 4a;* -3a;* -2a;'- 7a; + 9 

a;* - 2a;' -2 a;'+ 7a;- 9 

3a;*- \r' -14a; +18 Ang. 

10. 2a;'- 2aa; + 3a' 

a;* — aa; + 2 a* Ans. 

11. a'-3a'J + 3a&'-&' 

2 a' - 6 a'2» + 3 a J' - b* Ans, 

12. 7a;'-2a;« + 2a;+ 2 
4a;' -2a;' -2a; -14 

3a;' +4a; + 16 Ans. 
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13. 



t4. 



16. 



5 (* - y) + 7 (« - «) + 9 (2 - ic) 

9 +7 +5 



- 4 (a; - y) 



+ 4 (2 — a;) Ans. 



12 (a - J) - 3 (rt + J) + 7a - 2ft 
J ^-_5 

6(a- J) + 2(a + J) + 7a-2A Ans. 



7^-11^ 



15 i 

a; 



-5 +6-7 



+«? 






X 



Ana. 



§58. 

2. =a; + y + y — iir=2y. 

3. =3ab — 2 mp + «* — 3 ar — 2 wip = 

4 a^ — 4 wijo — 3 a:. 

4. =2aa; — 3^y + ma: — 2flKi:— ^2f + 3iy 

tna: — pz. 

i fc n b n b 



§59. 

1. = fljj — 771 4. 3<jJ — 2ffa: — 7aJ = 

— 3 a^ — wi — 2 flKC. 

2. =a: — a + a: + ^"-^ = 3a? — 2flJ. 

3. =2* + *-2^-i-2er = 2*-4^. 

4. =4:X-3y + 2z + 7x-6y + Sz-'X + y 

lOx — it y + 5z. 

6. = 7<Kr — 2by — Sax — 3Jy — 8aa: + 3iy 

— 9aa; — 2^y. 

6. =« — ar — « — i: + 2a: = 0. 
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7. 
8. 



— a + ft — ft-j-<? — <?-j-o=0. 



8. 

4. 
6. 
7. 
8. 

10. 
11. 
12. 



X 

X 

X 

X 

X 
X 

X 

X 

X 
X 



-\ 



--\ 



§60. 

(iw + n). 

(3ft — 2c — 6rf). 
(— ar — a + i). 

(— 2a;+2m-2n). 

— 2.T — a& + m-j-3aJ — 2fii) 
-2a?+2ai — w). 

(-3 + fl + ft). 

(— a + J — c — m + n). 

aw + J + j[> — J + a»i — n) = 



18. a: — (a + ft + j9 — y + w — w). 



§61. 

^— i^ + fi' + « — ft — c + d. 

2. =w— [— a + ft— J!? — j'^- w— i] = 

w + a — ft-f-jp + S' — w+i. 

8. = 7aa?— [2aa:+fty — Saoj + ftjy — 7fla;4-2fty] 
7flKr— 2fiKr — fty+3flr.r— fty+Taa:— 2fty: 
15 aa; — 4 fty. 

*a— {a — [« — «+«]!] = 
]a — ja — a + a — a} J = 
"a — a + a — « + «] = 
a+fl — a + rt — ^ = 0. 



4. = a — 
a — 
a — 
a — 



6. = 



ji? — [a — ft 
jp — « + ft- 

J!? + ft + «- 



— « — / — a — W? — m] : 

«4-^4-a4-w4-w = 
^ -[- w* + n. 



6. = 



2«aj— [300:- fty — 7flir — 2fty — 5flir4-3fty] = 
2air — 3aa? + fty + 7a.r + 2ft^ + 5«ar— 3fty = ll 



ax> 
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7. 



8. = 



9. = 



10. = 



KEY TO NEWOOMRS COLLEGE ALGEBRA. 

aX'\-by-\'CZ'\- [2ax --dcz '-2cz — box — 7%+3cz] = 
aX'\-by'\'CZ + 2ax — 3cz — 2cz — 5ax — '7by -{-dcz = 
— 2ax — 6by ^ cz. 

X— \2x—y—\Zx — 2y — A:X'\-^y^\ — 

X- {2x — y — dx + 2y.+ ^x — 3y\ = 

X'-2x + y+3x'-2y — ^X'^3y = —2x + 2y. 

ax^bz— {ax-^-bz ^ [ax — bz — ax — bz]} = 
ax^ bz— \ax '\- bz — ax -^ bz '\- ax '\- bz\ = 
ax^bz'-ax^bz'\-ax-'bz'-ax — bz=^'-4:bz. 

wy — {ic + 3 y 4- [2 wiy — 3a: + 3 y — 4 «&] 4- 6} = 
my — {x ■\- 3 y •\- 2my — 3 X -\- 3 y ^ ^ab '\- b] = 
my ^ x — 3y — 2 my + 3a; — 3y4-4aJ— 5 = 



11. = ax 



18. = 



18. = 



14. = 



^cx — mx — ca; + y + \7nx — ex — y] = 
ax + 4ca; — mx — cx-\-y -\- mx — ex — y = ax -^ 2cx, 

3aX'-3bX'^3ay-]-3aZ'-3by'-3bz=: 
3{a — b)x + ^{(t-'b)y + 3{a-b)z. 

13ax-{'2xy — d —[^ad + xy -]-d]—4xy =^ 
13 ax -\- 2xy — d — 1 ad — xy — d — 4:xy ^=^ 
l3ax — 3xy-\-(-2-la)d. 

m + 42? — [— 4y+ 2a: + ay — X'\-p] = 
m'\-A:X'\-\y — 2x — ay-^x — p=:^ 
m + 3 ic -f (4 — «) y — jt?. 



16. = 



2aVt£ — 3m 
2aVy'-3m 
{2a + l)Vy- 



■bVx+6n-'Vy + 2Vyz=z 
3m — bVx+67i. 



2. 6 a^bx*, Ans. 

8. 15 m*xy. Ans. 

4. 42 a^rn^y, Ans. 

6. 4 a*m'. Ans. 

10. 2.6 mpqr= 12 mpqr. 
2 . 6pqrs = 12 pqrs. 

11. 144rta:*yV Ans. 
18. m^^x^y', Ans. 



§69. 

6. 

7. 
8. 
9. 



5 a;*;/ V. Ans. 

9 a:*^V. Ans. 

4 d^Vrrf. Ans. 

9 a*JV. Ans. 



•. 12 mpqr Xl2 pqrs = 144 mp^q^r^s. 

13. 3 n^k*m. Ans. 

14. 14 abcd*efg. Ans. 
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8 70. 


16. 


m*xtfz. Ans. 


2ft 


16. 


abcdx*. Ans. 


81. 


17. 


12 a*b*»i*n*. Ans. 


88. 


18. 


14 a'b'c*. Ans. 


8ft 


19. 


136 m*ny. Ana. 






** 


8 72. 


L 


a*bcdm. Ans. 


1ft 


S. 


— abcdx*. Ans. 


17. 


3. 


— a*Vcx*. Ans. 


1ft 


4. 


30 a*b*mx^. Ans. 


1ft 


6. 


105 a'm'xy*. Ans. 


80. 


ft 


10n'«*+"y2*." Ans. 


81. 


7. 


4 admn. Ans. 


88. 


ft 


168 abkm'a^. Ans. 


8ft 


ft 


6 bgmny*. Ans. 


84. 


1ft 


4 oicy . Ans. 


85. 


11. 


— 30 aga?y*z*. Ans. 


8ft 


18. 


15 cfVwfyt. Ans. 


87. 


1ft 


— 4 abgxyz*. Ans. 


88. 


14. 


4 b(?giv3^ff. Ans. 


8ft 


18. 


— 3 aVe*x*y. Ans. 


3ft 



6 a*bcdfnx^if. Ana. 
a*m*n*x*y*z. Aug. 
a*Vy^ Alls. 
48 a*m*nV. Aiu. 



4 o^y. Ans. 

— 24 a Vy*. Ana. 
«*rfy*. Ang. 

— 3 a*x*y\ Ana. 

— m'n*x*. Ana. 
a*ix*j^. Ana. 

— apqx*yi*. Ana. 
3 a^hcd^a^. Ana. 
9 acm^x^y^. Ana. 

— I acrnfrC^. Ana. 
3 a*hcxy*. Ana. 

— a^hdx^. Ana. 

— 30 (CmWy. Ana. 
mWx^y. Ana. 

— I m^pqx^y*. Ana. 



1. 



3 a;' — 4iry — 5y* 
— 4*aa; 



§73. 



— 12 a:r' + 16 flw:'y + 20 oicy". Ana. 



2. 3 a;" — a;y + y* 

3 a: 



9 a;* — 3a;'y + 3 a;y". Ana. 
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8, ix? + xy + f 

3x 



4. 



d2l' + d3^y + 3xy\ Ans. 



ax + by -{-cz 
axyz 



(jf^yz + abxy^z + acxy^. Ans. 



5. dax^ — bay* ^7 

%abx 



27 a'te* — 45 a'tey* - 63 abx. Ana 



6. 4t»p — 6 wj' 
— 3 my 



— 12 t»*py + 18 wiytiy*. Ans. 

7. 6ay-7aV-7a*y 
8a» 

40 a%* - 66 a*hf - 66 a*Jy. An8. 

§74. 

1. ap + mp -^p* -\-hq ^cq^br ^ cr. 

2. f»a: — anx — f»y — any + (ina? — wz. 

8. acx — a<?y — hdx + Jdy + ce^a; + cdfy. 

= am[x^ ab-}- ac] — bn [ax + &? + ^^1 = 
amx — a* Jm + a cw — abnx — i*(?w -^ Vdn. 

6. =ip[^am^an'\-bm^ bn\ — 9 [bm—bn—am^an] = 
--amp — anp + Jwip— Jwji?— Jmg' + inj' + amy + anq. 

6. 6 ya; — 3 cwa: + 10 a:y — 6 cy — 2 mz — 7 ««. 

7. = am [ocm — bcm — 6Ai + 12 rfA 4- 4:n] = 

a'cm* — abcni* — 6 aA Jtm + 12 adhm + 4 amtL 

8. = 2/?y [3a — 5i — 6c — 2m/?y + 3wpg'] = 

6 apq — 10 ^jpy — 12 cpq — 4 mp^q^ + 6 wp*y*. 

9. = i» [- 7a - 7a» + 7 Jc - 3 + a + 8] = 

— 7 abn — 7 ab^n + 7 *V» — 3 Jw + a Jn + J*» = 

— 6 abn — 7 ab^n + 7 ^cn — 3 8» -f ****• 

10. =pq —pr + qr-'pq +pr — yr = 0. 
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§75. 

9. = (m +^ — III — 2j[i — 3^) y = — (p + dg)jf. 

4. =(3a-2a-.a + l)« + (-l + l)y = «, 
6. (oA — fc + bd) xy, or ft (a — c + (f)2;y. 

6. (36flJ-7) ay+(-24-a) «, or (36a4-7) ary-(24+a)a:. 

7. 3a;+(a— ft— i»a— »i)y, or 3a:+[a(l— w)— d(l+n)]y. 

8. i» (a — ft) y + » (a — i) y. 

9. {pr — 2qr — ^p* + Sqh)z. 

10. (c»4-ft»)a;4-(— am— 2to)y9 or »(c+d)^^(aifi+2to) y. 

§76. 

1, = ac'y'-4i^y+«»y*-2a:»y*+aj'+2xy*+6y««-7a;-y«-6 
= {a^+2x) /h- (3a;*-2a;»+ 6a;-l) y»-4a?y+a:»- 7ar-6. 

8. = iK'y* - aj'y* + a:y* - ay + y* -^ 1 = 

8. = afff" - 2a:y + a:'y* - 2a:'y« + xy* - 2ay + y- - 2 

<^' + ^/+(a?-2a:«)y- + (l-2a:*)y'-2a:y-2. 

4. = a^/+ 3 xy+ .T'f/*+ 3a;y + «»y*+ 3a:'y + xy' + 3z 
= iPy+a?y + (3i'+rc-)y+(3a;*+a:)y-+3a:'y+3«. 



§78. 



1. 2a-lm*-2bn* 

a + b 

2a* — «*»' — 2ai»' 

+2gft-yw'-2yn* 

2a* - oftw* - 2a*n*+ 2aA - i"«* - 2iV. Am. 

g — b 

Safn + 2an^6a*bmn ^ 

— 3fty>t — 2 ^1 + 5 aVmn 

3am4-2a» — 6a*Ji»n — 3^ — 2^ + 5a**w«. Ans. 
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8. 2mn-\-pm '\' qn 



1. 



8. 



3. 



— 2 mn* — jymn* + g^* 



2 ;/i*n +!?/»* + m^nq — 2 w»* — pmn* — jn*. Ans. 
4. />" + <7' + r' 

i^ y + g^ + ^p 



6. 2a + 2» 
2a~3ft 

4 a'+ 4 rt^ 

4a'-2a5-6J'. AnflL 

6. 7«a? + ny 
mx — wy 



.«-..t 



— fn?^^^ — n'y' 
mV —^V- Ans. 



3 a" + 5a + 7 
2a"-3a + 4 



§79. 



6a* + 10a*+14a' 

- 9rt*-15a»-21a 

6a*+ a'+lla'- a + 28. Ana 

a' + a J + &• 






a' 




-b\ 


a' 


+ a' 


a — x 



a* +«* + aV + (KK* 



— «' 



— a*a: -^ a*« — «*. Ang. 
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La*- 



a* - a* + a - 1 
a* -a +1 


a'-a*-\ 


ho'-o" 
-a* — tf -^a 
- a* - o* + a - 1 



a' - 2a* + 3a* - 8a« + 2a - !• Ans. 



6. 



6. 



7. 



X* '\' aa? -\- a*7? '\- a*x +a* 
a? — g 

a?* + oa;* + a V + a V + fl*^; 
— oa;* — a V — a V — a*x — 



a;" 



'-* a\ Aiuu 



a + fe + ^^ + ^^ 
m — »« +1^^ 

—anz—bnz* 



cns^—'dfiz 

+apa^+bpz*+epz*+dpz* 



am'{'hmz-\'cmz*'\-dmz*— anz-^hn^^ c nz*-- dnz*+ap^+ 

bpsf-^-cpz^-^-dpz*^ 

ap)«*H-(^*— tt**)^ Ana, 

3a* + 6a + 7 
2a' + 3a-4 

6a* + 10a* + Ua* 

+ 9a* + 15a* + 21a 
- 12a' -20a -28 

6a* + 19a* + 17a*+ a-28. Ana. 



8. a*-ab + V 
a + h 

a* - a*h + aV 



+ y. Ana. 



9. a* '\- a^x '\' apf '\- x^ 
a — x 

a* + a^x + a V + aa:* 
— a^x — a V — ax* 



— a:' 



^a;'. Ana. 
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10. 



11. 



12. 



13. 



14. 



15. 



a* — a" 4- » — 1 
•^a^ + a* 



a 



x* + ax* + aV + a'x + a* 

g-j-g 

«• 4" ox* + oV + a V + o>*x 



+ ax*-{- a V + «*i*^ + o>*x + a* 



aj» + 2air* + 2aV + 2aV + 2a*a; + a'. Aug. 
a 4" fe + ^«* + ^«* 



— aps^—bpz^-^cps^—dpz* 

am+bmZ'\-cmsf'\-dmz*-\'anZ'\'bns^-\- c ns^+dnz*— apz*— 

bpa^'-cpz*^dpz^:= 
am dpz*+ {dn — cp)z*+ (dw+^— *pK+ (cm + Jn— 

m + nx 



am-j- ftfTu; 



4" owa? 4- ^^ 



am 4- &WW? + anx + Jwa;* = am-\' {bm+an)x-\'bna^. Ana. 

a 4" i^ + ^ 

w4-wi^+i^^ 



am 4- J^wa; 4- ^?wiir* ^ 

+ ana; + Jna;*4" cnx* 

4- flrpa^4- ^pa;*+<ya?* 



am'\-bmx-\-cmoi?'\-an4c-\-bnai^'\-ctix*-\'apa?'^hpQi?'\'Cpx* = 

(d9A4-an)a^ Ans. 

y'-3y+2 
^•-2 



y'-3y* + 2y» 

— 2y' 4-6y-4 

y'-5y"4-^y' + 6y-4. Ana. 
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16. 



17. 



18. 



19. 




y* + ay*+3y*+3y'+2y+l. Ana. 



y' + 2y' + 3y + 4 

y'-ay' + Sy^-ly* 
+ 2y*-4y* + 6y»-8y» 

+ 3y*-6y' + 9y'-18y 

+ 4y'-8y' + 18y -16 



+2y* 



-7y* 



— 16. Ana. 



8 a*"^ — 3 a*y + 2 o*» 

g"* —a* 

Sa**^ — 3a* «»y + aa*»+"» 



— 3 a^+"a! 4- 3 a'+»y — 2 o** 



SoVb— 3aH«y+2a*»-H» — 3a*"+»a!4-3o*-H»y— aa**. Ana. 

a'H-6a>4-i* 
a -iJ 



a'H-6a**4-io* 
-io*J-2o«' 



-iy 



a' + Va'^ + iai-^a**-***. Ana. 



I (a + J) + (a — i) = 2 « 
(a + *) -(«-*) = 



2ft 

2ax2ft = 4aft. Ana. 



21. a*-b* + (a-b) 
a* + b* + {a + b) 

a* — a*b* + a*(a — b) 

a* +a* (a-b) -b* + bUa- b) + a* (a + b) - b* 

(« + *) + («'-*•) = 

o«+ 2 0.*+ a*- V- 2 *•- b\ Ana. 



32 
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a + b + c 
a — b + c 

a* + ab'\'ac 

— aJ — y — fc 

a* +2flc-A* +(^. Ana. 



23. a' 

2a 4-2J 



- 2(a- i) 



-2 a* 
4ft 

— 2 a* X 4 J = — 8 a**. Am. 



84. 



2(a- J)+a:— y = 2a— 2J4-aJ— y 



2a*— 2oft+ ax— ajr 

+2aft -2ft*+ &i;- by 

— 2aa: -i-^&JJ — a^'+ajy 

— 2ay +2fty — gy+y* 

2a* - oa?— 3ay— 2y+3&i;-f *y— a;* -i-y*= 

2a*- a;*- 2J*+ (3ft - a) a; + (ft - 3a) y + y*. Ans. 



25. ^w^+*^"~^**^ 
oa;* -l-fta;' 



26. 



28. 



a*a;"H-«-f afta:» +* — a*fta;' 



*^« 



+afta;^*+ft*ar»+*-aft*a; 



a*aj'H-»+afta:» +* -a*fta;*+afta:'»+«^.ft««^ +*=-aft*t^* Ana. 



a'» + ft* 



+ a'^ft* — ft* 



a 



*m 



ft*». Ana. 



27. -15a:* + 3a;y*-12y* 

— 6a:y 



75 7?y — 15 7?y^ + 60 a;y*. Ana. 



Ja:*+3ffa:-fa* 
2a;*— ax-h^ 

|a;*+6aa;*-Va'a? 



foa;*— 3a*a;*+|a*a; 

-K^*-|a*ar+Aa* 



|a^'+6a«*-Va*a:*-Saaj*-Va*a;*+J|a*a:+|^*. Ans, 
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§80. 

1. wi' + 4»?in + 4n*. 6. 4«* — y\ 

2. w* — ^mn + 4n\ 6. 9 a:* — 1. 
8. 9a'-12aJ + 4y. 7. 16«*-L 

4. 16a^-40ay + 25y\ 8. 25a;*- 9, 

§82. 

1. a* + 2aJ + **. 6. - oy + 12fl* - 4a*. 

5. — a:* + 2a;y — y'. 6. — a"w' + 2 am Jw — JV. 
8. — ic* — 2ay — y*. 7. - 4 + 4ary — ai"y". 

4. -4a* + 12a*-9y. 

§ 86. 

5. 3a* 8. 6y«*. 

6. 2a*f?i, 9. ^3i?z. 

7. 2a^m\ 10. 6 J*. 

§86. 



9. 


— 4aa*»-». 


11 


-4o^«. 


10. 


— 2 i»-'j>«-«. 


16. 


— 5 H""-* (a — J)«-«. 


11. 


3J»-». 


18. 


6(mH-n)P-9. 


12. 


4 (a - >) c*. 


17. 


16 (« + *)-* (a; -y)-*-' 


13. 


- 6 (« - y)»»-» . 







§87. 

8. 6 mn j6m*« — 12 mV — 18 mn' 

w — 2 wi*» — 3 n* • Ana 

8. 4a'y |8 a^V - 16 a*y + 8 aV 

2**-4a* + 2a* * Ana. 



84 -SVr TO ITEWCOMRS OOLLBQB ALOEBBA. 

4. — 4gy |4ay* — 8a;V + 4a;*y 

5. — 12 abx ll^abx— %A:ab3f 

— 1 + 2 a:, Ans. 

& — 7 gfwg* |21 flm'a^ — 14 aWa?* + 28 a*yw*a;i> 

— 3 w?a;w*-» 4- 2 a'm* — 4 a*f?ta;P-» . Ans. 

7. 24 gg |72fl'a; + 24flKC + 48 ga;' 

3a' + l + 2a^ Ans. 

8. aft — £W + fc — ai + «<? — Jc + a&? = abo 

ahc\ahc 

1. Ans. 

9. 9 (g - ft) |27(a - ft)'~ 18(g - &)'+ 9(g - ft)' 

3 (a - i)* - 2 (a - ft)" + (a - *)- Ans. 

10. o» (a — hY Ict" (<t — ft)» — «» (g — ft)" 

a"*-** — (a — &)"*-». Ana. 

11. (g+ft) (a- 6)| (a+5)i>(a-ft)g + (a+^)''(a-^)» " 

(a+J) p-'(a-*)« -•+(a+*)« -'(a-ft) "-'. 

Ans. 

1%. 5(a!+y)(a!-y )|10 (a'+y)'»(a;-.y)» -5(a!+.y) "(jg-y)" 

2(a;+y)"-'(ar-y)»-'-(a;H-y)i»-*(af-y)«-'. 

Ans. 

IS. (a + J)(g-J) = g'-*' 

fl« - y |a' - y 

1. Ans. 



I 89. 

1. ax{x-\- a). 

2. ahcy (g'J + ac* + J'c). 
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8. a»J»(flE» + 5»). 

4, fl(»a!* (a** — a"ic» + a^). 

§90. 

2. (s^ + 4a:')(y + 2a;)(y-2!r). 

1 (x-2.y 

6. (2 ox 4- 3 2^) (2 oa; — 3 dy). 

6. (4aVH-l)(2aa; + l)(2aa! — 1). 

7. (3a; -2y)*. 

8. (aa; + y)\ 

9. (2aa;H-iy)*. 
la (a* + 2 J)*. 

11. = (a;* - y*)* = [(a; ^y){x- y)\\ 

12. (a:'--2y*)*. 
la (a»-2i*)*. 

14. (a* -f o*) (a* - fli). 

16. («» - 1)*. 

16. («» - 2 «)*, 

17. (l+y»)(l+y)(l-y). 

19. =o(a*-4aJ + 4**) = a(a-2J)\ 

20. (a"+5»» ) (a"* — J*" ). 

21. (5«'-4ary)» 

22. (2 ify' + 3 a;y) (2 ar'y* - 3 xy). 
28. (2 a:*y* - 3 ar)'. 

24. (a!« + ary') («♦ - ay). 

26. («»" — y» )*. 

26. (a!^-l)'. 
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87. (x + ^y. 

88. (as^ + i)*. 

§91. 

1. (a*-^xy + y*){3?-xy + y'). 

8. (o'H-4J')'- 

3. (a' + 3 aa; + 9 a:*) (a* - 3 <m; + 9 a:"). 

1 (a*» + o" J» + *•»)(«*» — o"*" + *"»). 

5. a'a; + 2 rtJa; + 4 J'a;) (a'a; — 2 aJa; + 4 A'a;). 

6. a* (a' + 4*')'. 

7. = a:»(a;*»4-*^y'" + y*") = 

«»(a;'» + a!»y" + y'") (a;*"— a^^y^ + y*"). 

9. =a*-(4i*-45c + c') = «'-(aj-c)' = 

[a + (2J - c)] [a - (2J - c)] = (a + 2S - c) (o-2J+ c). 

la =a(o'-4** + 4Jc-c') =a[a'- (4J'-4Jc + c') = 
ora'-(2J-c)' = «[« -(2i-«)] [a+(2J -c)] = 
o(a — 2* + c) (a + 2J — c). 

§94. 

a =(5 -2) (5' + 5.2 + 2'). 

Proof. 5* - 2* = 125 - 8 = 117. 

(5-2) (5'+5 . 2 + 2») = 3(25+10 +4)=3X39=117- 

8. = (5*+ 2') (5 + 2) (5 -2). 

Proof. 5* - 2* = 625 - 16 = 609. 

(5*+2') (5+2) (5-2)=(25+4) 7X3=29X7X3=609- 

4. (5-2)(5* + 5*.2 + 5'.2' + 5.2* + 2M. • 
Proof. 5' - 2* = 3125 - 32 = 3093. 

(5 - 2) (5* + 5'. 2 + 5*. 2* + 5 . 2' + 2*) = 

3 (625 + 250 + 100 + 40 + 16) = 3 X 1031 = 3093. 

5. r(5-2)(5*+5.2 + 2')][(5 + 2)(5«~5.2 + 2')]. 
Proof. 5" - 2* = 15625 - 64 = 15561. 

(5»+ 5 . 2 + 2») (5 - 2)] [(5 +2 ) (5'- 5.2 + 2')1 = 
25 + 10 + 4)3x7(25-10+4)=(39x3)x(7Xl9) = 
117 X 133 = 15561. 



I 
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Proof. 7' + 2* = 343 + 8 = 351. 

(7+2) (7'- 7. 2 + 2') = 9(49- 14+4) =9X39 = 351. 

7. (7 -2) (7* + 7.2. + 2*). 
Proof. 7* -.2'= 343 - 8 = 335. 

(7 - 2) (7*+ 7 . 2+2') = 5(49+14+4) = 6 X 67 = 335. 

8. (r + 2') (7 + 2) (7 - 2). 

Proof. 7* - 2* = 2401 - 16 = 2385. 
(7*+2')(7+2)(7-2)=(49+4)9x5=53x9x5=2385. 

9. {x -{■a){x — a). 

la {x - o) («* + a«» + a*). 

11. (a!* + a')(a!+a)(a;-a). 

18. (a; - «f) (a:* + jb'o + «»«• + aw* + a*), 

18. (x -\- a) {<i? — xa -\- a*). 

14. (x -\- a) {m^ — 3?a ^ 3?a* — xa* -\- a*). 

16. (a - 2 J) (a* + 2 a* + 4 J'). 

16. (2«-3*)(4a* + 6aJ + 9J»). 

17. (4a* + y)(2o + 5)(2o-J). 

18. (a! + 2y)(a:*-2a;y + 4y'). 

19. (a;« + 4y')(a; + 2y)(a;-2.y). 

20. (2o + 3*)(4a'-6tfi + 9J'). 

21. (a;-2a)(«'+2aa; + 4o')(a; + 2a)(a^-2aa; + 4o*). 

§95. 

1. xyz. 

2. a'SVd*. 

3. ahcd. 

4. rt'JV. 



6. 



(« + y) (x-v),x + y,x- y, 

.'. L.G.M. = {x-\-y)(x — y) =x -~ ^, 



6. = {a? + 2} (a;' - 2), {x - 2)', {x + 2)% 

.-. L.C.M. = (a^ + 2) (a;* - 2) (x - 2)' {x + 2)*. 
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7. = 

8. = 
ft 

la 

11. = 

18. = 



13. 
14 



1. 



8. 



(ioz— 2m) (4oa; + 2fB), 2ax-\-m, %ax — m, 
.'. L.C.M. = (4 «!« - a m) (4oa; + 2 to). 

(* + l)(x- 1), (*• + 1), (z - 1)*, {X + 1)', 

^ab {b -\- e) {a — e). 

2 (a - by (a + by. 

3 (x -H y\' 3 (« - y), 3 {X + y) (aj*- xy + y"), 
.-. L.O.M. = 3 (a; + y) (« - y) (a^ - ary + y*). 

a-i, (a+J) (a-J), (a-J) (a'+a*+J»), (a*+i*)(«+*) 

(oWi), 

.-. L.O.M. = (a - J) (a + i) (a'+ ai + A') (a'+ A'). 

(a; -\-y){x- y) (a -\-b){a-b) = (a;*-/) {a*- J'). 

(a;*+a*) (a; + «)(» — a), {x -\- a) {pi?— ax + 3?), {x—a) 

{x + a), (x + a), 
.'. L.G.M. = (a* -\- ^) {x -\- a) {x — a) (a? — ax -\- ar). 



16. = 



\ 



16. = 



a; + 2 a) {a?— 2ax + iax") (x — %a) {pf-\- 2ax + 4a*), 
a;' + 4 rt') (a; + 2 o) (a; — 2 o), (a; — 2 ffl) (a; + 2 a), 
.'. L.C.M. = (a;+ 2a) (a;— 2o) (a:'+4a') (a;'-2ffla;+4a*) 

(«* + 2aa; + 4a').- 

a+b,(a + by, (o' + b*) (a + b)(a- b), 
.'. L.C.M. {a + by («• + b*) (a - b). 

§96. 



a;'-2a;-l|a;4.1 
a^+ X x — d' An& 
-3a:-l 
-3a;-3 
2 
x+ V Eem. 


aj' + 2a:"-2a;-l ar-l 
x^- X* x' + Qz + l 


M 


h3a;'-2a: 
- 3 »• — 3 a; 




+ a;-l 
x-l 



Ans. 
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8. 



7. 






X —2' An8. 



— 2ic* + 2a? 



-1 



Bern. 



a? — x' 
2a?*— 2a;*— 2a:» 



2a:* + 3 • Am. 



3a:*— a: — 6 
3a;*— 3a; — 3 



2a; -2 _ 2(a;-l) 
a;* — a; — l'~a;' — a; — 1* Bern, 
a* — 2 a +1 I g- 1 

Ana. 



«•- 



a 



a* + a - 1* 



+ a*-2a +1 
a' — a 



- a +1 

& a;'4-l |a;+l 

a:* + a; a; — 1' Ana. 

-a; + l 
-a;-l 



9. 



10. 



a;+r 
8fl*+125 
8a* + 20a* 



Bern 
2a4-6 



4a*-10a+26' Ans, 



- 20a* +126 

— 20a*— 60a 



+ 60a + 125 
-- 60a + 126 



a*+l 



! 



-«♦ + ! 


« 




hi 
-a* 



a + 1 
a* — a* + a*— a + 1* Ana. 



-a* + l 
— a* — a 



+ a + l 






40 
11. 



IS. 



IS. 



KEY TO NEWC0MB8 COLLEGE ALGEBRA, 



a* + 2a« + 9 
a* + 3a* + 3a* 



a* + 2a + 3 



a' — 2a + 3 An& 



-2a* -a* + 9 
— 2a* — 4a* ^Qa 



3a* + 6a 
3a* + 6a 



9 
9 



a*-l 

a* + 2a* + 2a* + a* 



a* + 2a* + 2a + l 



a*-2a* + 2a-r Am. 



' 



-2a*-2a*-a*- 
- 2a* -4a*- 4a*- 


1 
-2 a* 


+ 2 a* + 3 a* H 
+ 2a* + 4a*- 


h2a*-l 
-4a* + 2a 



— a* — 2 a* — 2a — 1 

— a* — 2 a* — 2a — 1 



«*-12a;* + 36a;* 
a;*- 2a;* 



-32 



a;* -2 



X' 



- 10 a;*+ 16* Ana. 



-10a;*H 
-10a;*- 


1-36 a;' 
-20 a;' 


+ 10 a;" 
+ 16 a;* 


32 
-32 



14. »•- 



«• 



2a;-f- 1 
12 a; -16 



«•- 2a;* + a;* 

-12a;* + 24a;* -12a; 

-16a;* + 32a; -16 



a;* - 14a;* - 15a;* -f- 24a;* + 20a; - 16 prod, of diy. 
a;««14a:«_15a;*-|-24a;*+20a;-16 

a;*-16a;* 



a;*-16 



a;*+2a;*— 15a;+56, Ans. 



2 a;* -15 a;* +24 a;* 
+ 2a;* -32a;* 



- 15 a;* + 56 a;* + 20a; 
-15 a;* +240 a; 

+ 56a;* — 220a;- 16 
+ 56 a;* - 896 



- 220 a; + 880 __ — 220(a;-4) _ 
«* - 16 ■" ~ 



a;*-16 
-220 

a; + 4 



rem. 
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15. 



1 + 3 a? + 3 < + a?*|l_-f£___ 
1+ a; l + 2a: + a^' 



Ana. 



%x-\ 
2x- 








-X* 



16. 1- 

1- 



4a; + 4a:* 

X 



— X* 



— X 



1 

l_3a; + «-' 



Ans. 



3a; + 4a:* 
3a; + 3a:* 



or —a?' 
7^-x' 



17. 



15+ 2a 
16 + 12a 



3a' + a* + 2a*-a* 
-3a* 



6 + 4a — a* 



3-2a + a' 



-10a-3a' + 4a* + 2a* 
-10a -8a' +2a* 

-a' 



+ 5a' + 4a' 
5a' + 4a* 



— a' 



18. 1-y* 



l + 2y + 2y' + y« 



l + ^y + 2y' + y'l-2 y + 2y'-y' 

— 2y — 2y' —y^ — y' 
-2y-4y'-4y*-2y* 

+ 2y'+3y* + 2y*-y' 
+ 2y' + 4 y'+4 y* + 2y* 

-y»-2y;-2y'-y; 
-y'-2y^-2y^-y' 



Ans. 



19. 64-64a:+16a;'-8a:*+4a:*-a;* 
64-32a;-16a;* 



32a:+32a;»-8a:' 

•32a;+16a:»+8a;* 



4+2a:+a:* 



— 16+8a;-4ar"+2a;*-a: 



4. Ans. 



16a;'-16a:"+4a;* 
16a:*- 8a?'-4a;* 

- 8a:"+8a:*-a;* 

— 8a:'+4a;*+2a;* 

+4a;*-2a:'-a;* 
- 4a:*— 2a;'— a;* 
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80. 64 - 16a:* + a:* 
64 + 16a'-64aj 



4- ^ + 0^ 



+ 64a? — 3:ea:* + a?* 
-- 64a;- 64a:* + 16a:* 



16 + 16a; + 8a:* + 4a;* + 2a:** 



An& 



+ 32a;'-16a:* + a:* 



+ 32 a:* -32a:* 



8a;* 



+ 16a:*- 8a;*+a;* 
--16a;*-16a:*4-4a;* 



+ 8a;* — 4a:' + a?' 
+ 8a:* — 8a:* + 2a:* 



4a:»-a:* 



§97. 

1. x^—aa^-^abx-^-acx—abc—ba^'-ca^+bcx x — b 



^ rem. 



X' 



-*a:* 



—aa^-\-abx 
— aa^-^-abx 



x^—aX'}-ac--cx := 
a^—{a-\'c)x-{-ac. Aus, 



acx—abc 
OCX — dbc 



—ca^-\'bcx 
—ca^-^-bcx 



8. a:*— aa^+aJa;4-fl<?^— «*^— ^^'--^+*^^ 



X 



—ex 



X-—C 



— aa:*4-aia;-)-aca; 
— aa:* -f-^^^ 



a:* — aa:+aJ— da:= 
a;*— {a+J)ar-|-aA. Ans. 



-^abx 
'-abx 



—dbc 
—abc 



—ba^'\-bcx 
—bx*4-bcx 



3. 



a* + A*-c* + 3aAc 
a* -|- a* J — a*c 



a+ J — ^ 



— a*A + a*e: + y — c* + 3 aSc 

— a* J — «S* + aSc 



a* — ab-\-ac-^ J* + ^* + i<? ' 



Ans. 



+ rt'c+ a J* + y — 6* -f 2abc 



— ac 



— «c* 4- abc 



+ flj*+«c*+i*+ abc-cr 

^^ - g' + J^c^ 

+ abc + y^ — &c* 
+ «^c + **g - bc^ 
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7. 



a» + j» + 3flj-l 



a + J-1 



a*-a*+a4-i* + 4 + r 



Aub. 



-a'* + a' + A' + 3ii*-l 



+ a' + aA' + 2o>+y-l 



a' 



-- aJ — a 



4-ay + fli + a + y-l 



+ flA + a + A'-l 



a 






aV + iaba^-ifa^^bV 


ai + ^^ — ^ 


aV+ a^bx'-ab^x 


fli + &r — flKc' 




\-2abx' -aV-JV 
- abx" -JV 


— (fbx- 

— a^bX" 


- liJa;" — aV 



Af^a, 



6. (a*- Jc)*= («•- da'bc + Sa^bV^ Vc^) + 8JV = 



a--3a*J(?+3a'JV+7AV 
- ia'bc + 3a"iV 



a*+A^ 



a*-4a'fc+7AV* 



Aii& 



+ 7a'AV 



+ 7a'SV 4- 7iV 



7*V 



(oi + *^ + co)(a + * + c) — «A^ 
ai + fc -j- ca 



a*b + abc + a^c + aV -\-Vc-\-b(? -{-(u? 
- - abe 



a*b 4- 3flAc + aV + «*• + b^c + Ac* + ac' 
— gfe 

a*b+2abc+a:'c+ab*+yc+bc'+a(? a + b 
^ 4-fly 

a*c + flic 



ai + oc + c* + *^ 
= (a + c){b + c). Ans. 



flc* + 

04? 



abc 



+ bc' 
+ bc' 



abc + b*c 
abc 4- i'c 
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But exercises 7 and 8 can be most expeditiously done by 
faotoringy thus: 

In (7) Divid. = (a + h){ab + hc + cd\ 

-\- clal) -{- be + caS — abc 
:=z(a + b)(ab 4-b€ + ca)+c{ab+{a-{'b)c]-^abe 
= (a + b){ab -\- be -{- ca -\- c ) + cab — aoc 
.'. Qnot. = aJ 4" *^ + ca+c^ = (^f + 0(* + ^)« -^s. 

In (8) Divisor = «•-(*• + c* - 2 be) 

= a* -^U - ey = {a + b - c){a -b + c) 
. Onnf - {a + b - c) { b + c - a){c + a - b) __ 
• • VBiiot- - {a+b- c){a -b + c) 

b + c — a. Ans. 



9. 



10. 



«• + »• + c*- 3 aJc 



a+J+c 



a^—ab — ac + i" — fc+^J*' Ans. 



— a'i — a V — abc 



— « c 



— abc 



— (W^ 



- - rtJ'4" *'— «^^ + <*^' + c* 
^LaV+V +Vc 



— abc + ac* — b*c + c* 

— abc — Vc — fej* 



+ ac» + *c» + e?* 
— a(f + be' + c* 






ic* — 2(Kr4-2a* 



a:' + 2 ga; + 2 g*' Ans. 



2aa;"-4aV + 4a*a; 



+ 2rtV - 4a"a; + 4a* 
+ 2aV-4a'a; + 4a* 



11. a"S + «'^ — Vx + flj" + ax* — Jo:* + «^^> 

arranging in order of the exponents of ar, we have 



a;3i? —bx*-\-a*x—Vx-\-al)x-\-a*b'\-aV 



ax^ 



-\-a*x -\-abx 



x-\-a-\'b 



ax—bx-{-ab, Ans. 



-•bx" -Vx 
^bof—abx—Vx 



+«•& 



'\'abx 
4-abx 



+a*b+ab* 
+a'b+ab* 



J 
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12. a? 



X — 






g* — oag + fa?— oi 



— ^a:* — Vx + flftg + gy 



« — J * AlUL 



13. 



12 gV— 6aV 

- 8aV + 4aV 



— a' 



2aV- 



«• 



6aV-4aV+a*' Ana. 



2aV 
2cV 



-a' 



§99. 

L Divide both nnnu and den. by cfVf giyea -^. 



8. 



« 



«< 



«« 



** ax 



a 



c< 



« 



" 2/«^ givea ^ 



« 



« 



it 



3 aa;y gives 



boxy 



5. 



«< 



« 



" 36(a— a:) ^ves 2 



a — X 



& 



« 



« 



«f 



*<"■-») ""-.f^^:? 



7. 



€€ 



€1 



y 



" a — h gives — . 

X 



8. = 



{ay-hy){ay-\-ly) * 

. (oy-Jy) gives ay i-cy. 
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•• = 7 wv tv > diride both nniiL and den. by 

(a — i) (a — *) ^ 

a ^0 giYes — ^. 

«A (« + 2^) (« + 2a;) ,. ., , ,, - , ,. 

10. = 7 — ^ ; ; — ' ^ ; , divide both num. and den. by 

(a + 2 a;) (a — 2 x) •' 

a-^-^x gives — *— ii— . 
° a — 2a: 

11. = (^ + y)y--gy + y') ^j^^^ ^oth num. and den. by 

^ + y gives ^ ^ . 

12. = ^^ — 1 '-) — . ^ , ' '-. div. both nnm. and den. by 

y (a + 2 J) -^ 

(a + 2 J) gives — ' . 

13. = ^ — ' — / - ,, 'y divide both num. and den. by 

or — ^ 

«' — S' gives a' + J". 

14. = /. ^ fAt t *\ ^ .., > diTide both nnm. aBd 

(a" + a^ + ) {or — ao-\- by 

den. by a* + aJ + J* gives ^, _ ^^ _^ y ■ 

16. = 7 V / 4 I »^ , T a ■ — -r-x — \> divide both num. 

and den. by a; — y gives -j- 



a?* + ^*y + «y + i^y' + y*' 



18. = ^ V. . -^> divide both num. and den. by 

af 4" y* gives a^ — y*. 

17. = r-4 — — — {y divide both num. and den. by 

by(m-n) . , ax 

m-- n gives ^. 
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18. = •; — tAw — r> diyide both num. and den. by 

(a + b){m " ny ' 

§100. 

a """ — a — « « 



8: 



X 



^j[ _ y^^ ^ yg - y ^ _ y -L 



x 



8. 



m _ — m _ ni _ — ^ 
a— J4-<^ "" J— a— c "" b—a^c "" a— J+c 

u a+^ — ^ ^ — * — *^ ^^ g"h^ — ^ a?— II — wi 

a— fn+x ~" m— a— » "" i»— a— a; "" ~ a-^m-^-x 

7. -^^. 10. -^. 

y — c a?— J 

y — n x—b 

^ a + X'-i - x-^a-^b 

a:— a — 4 a — J + y 



§101. 

- aa? a: 1 

1. z=zp-2^ = wgr ^pqx . 

2. = a — = aft — . 

8. = rt — r— 7 = aft — r-? = «ftt? 



a+i ,a+* a+ b' 



48 ^l^y ^ NBWC0MB8 COLLEGE ALGEBRA, 

t =(^-^)-i-,=(.+,)^=(»-,)f±^= 

= (a' + y)(a + J)^=(a'+J')(« + *)(a-J)| 
(a^+4a«)(:r+2«)J^ = 

1 

(«:•+ 4a') (a; + 2a) (a: - 2a) 



a;+2a 
(a;*+4a')(a;-2a). 



§108. 



1. 


a} 


% 


ox 


3. 


■« 1 



^ f» (a; - y) 
M (« - y)' 



X 



ah" ' 

- m(n—p){a — i) m(n—p)(a — h) 
a*-y (a-j.j)(a_J) ' 

J (=g + y) (a; + y) _ ig' + 2a;y + y* 

ic* — y' " a;' — y* or (a; + y) (a; — y)* 

(a;' + 1) (a^ + 1) ^ fa^ + 1) (a: + 1) 
• a:' + 2a;+l (a: + 1) (a; + iy 

(a4-l)(«' + «'+« + l) „ (a + iy{a* + a'+a + l) 
a*-l °^ (a»+ 1) (a + 1) (o - 1) ' 



10. 



16. 
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§103. 



8. 





-2 


- 2 J-. 




6. 


= 


2a 

b ~ 


= -2ai- 


-1 

• 


6. 


= 


3a%. 






7. 


.^ 


2 a' 

19 


= —2a 


•i 



8- =^?F = 4-3-i^2-,A-c-. 
9. =?!"? = 3. 2-ya;. 



2 
= ^^'^^"" X) = 4.3-»a« (a - y) 



_ 42y(a: + y)' (a;-y)« ^ 42y(a: + y) ^ 
^ OP-y)" 20(a; + y)'"' 20(a;-y) "" 

JO _ 22 (g — t) (m — w) _ 

"" 15 (a + V) (w + w) ^ 

22 . 15-» (a - J) (a.+ J)-> (m - n) (wi + n)-*. 

_ 25 (a + ft) (g -- 5) (m + n) (m — n) _ 

*'• "" 15(a-ft)(w + w) "" 

6 (a + S) (wi — w) rot/ 1 x\ / \ 

^ ^ ^.^ ' = 5. 3-* (a + V) (m — n). 

**• ~ (a;'-l)(a + 2i) 

(«• 4- 1) (o - 2 5). 



18. ^(^'+i)(^;-i)^,._i. 

» 4- 1 



+ 
g'ft • 



mV 



17. = -5nr = wVy-««-». 
y z 
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18. 



8. 



(m + l)(m + 2)(m + 3) _ 
~ (>» - 1) (m -%){m- 3) 

(»» + 1) (»»+2) (»»+3) («i-l)- • (i»-2)- '(i»-3)- '. 



19, = — = «•*-* or a"».a-*. 



§104. 

aSc _ 1 Jcrf _ 1 acrf _ 1 aid 
abed ^ d' abed ^ a'- oAui "~ b' abed 



•••1 + 1+1+5- ^'^ 



xyVu _ 1 ^ a^y^z^u* _ _ ^ 



-1.1.1 1 A 

_j- 1 1. Ana, 



^^^^ yz xu 

^ — . ^* — ^ . '~^* _ — ^ . ?. _ ^ A 
ab b ab a b a 

. cfx — J"y Vii Vy . 

aa; oa; oa; oo; 

g (m - n) (n + y) __ n + y ^ _ (m + n)(jp-y) _ 
(w-w)(i?-.g) i^-g' {m-n){p'-q) 

' — . . '. — ^-^ ■ — . Ans. 

w — » P ^ 9 m — n 

^ (a?-g) {y-b) _ (x-a) (y'-'b) . (x^y) (g-S) __ 
a;"— y" a;'-— y' ' a;'— y* 

<g-"^ , (g-g) (y-g) _ (a;-ft) (y-q) , 
a; + y' a^'-y" a^-y* ' 

. {x-a){y-b) a^b (x^b) (y-ay ^^^ 
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a+J * * * a— i a+J ' 

1. = ^ r-^ = i— — • -^^M. 

a-b 1 . 

Ans. 



Ana. 



(a --by "a -&• 



% 



4. — J^r~ ^y changing signs of numerator and denomina- 
tor becomes j, also t = 1; then 

a — o — a a — o 

a d a-^- d 



a — b a — b a — b' 
— b —c ^ -- b '-' c 

a — b a — b a — b ' 

a + d . -—b — c a — b — e + d . 

/. — —I A — j— = J— J — . Ans. 

a — b a — b a — b 

6. —- - by changing signs of nameratdr and the 

quotient = H ; then 

in — n 

a — b c — a ^ c—'b 

m — n m —- n ^ m — n 

c—b 
— - — changing signs of denominator and quo- 
tient = : then 

m — n 

c—b c — b _ ic — 2b 

m — n m — n ~~ m — n 

Also changing signs of both numerator and denominator 

M 04- a , — c — a 

of — ' — , we have -. 

n — m m — n 

., 2c — 2b , — c — a c — 2b — a . 

.*. tiien = . Ans. 

m — n m — n m — n 
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§106. 



1. L.C.D,=jr~l. 1 = 



a;~r 



and adding ^ — --{ = — ^. Ans. 

2. luC.D. « + L 1 = ^4^, 

and adding ^^ ?— = — ?— . Ans. 

8. L.C.D. (l-a;)(l + a:) = l-a^. 

4. L.C.D. (1 - a;) (1 + a;) = 1 - ic*. 

_1_=:JL±£. 1 __ 1-a?, 

l-a 1^2?' l + ay^l-a;*' 

add. -z — = — i + r J = := -5, Ans. 

1— a;"l — a;" 1 — ar 

6. L.C.D. a + a?. a;= — ^~: 

/M» I /g* flaj aj* 

then add. — t- ; ; — = — ; — = 0. Ans. 

« + » a + a; a -^ x a-f-x 

6. L.C.D. (a-J)(a + 8) = a«~y. 

a _ a" + aJ i _ —(oi— & *) ^ V—ab ^ 

- J a" + oA , J" — aJ a* 4- J" . 
add. -i — jT 4- -i jT = -, n- -^J^s* 

7. L.C.D. ax{a — x). 

a cf — x — flj* 



x{a^ x) ttx{a — xY a {a — x) ax {a — a?)' 

add. — 7 r 7 r = — 7 r. Divide 

ax^a — x) ax{a — x) ax(a — x) 

both num. and den. by a — ar = ' . Ans. 

•' ax 
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8. L.C.D. a;(4a:»-l). 

2a; -5 _ 2a^-5x ^ 5 ^ IQg' + Sa? --3_ 

4ir»-l""a;(4a:*-l)^ 2a;-l'"a;(4a:»-l)' a; "" 

a;(4a;»_l) ' "*^^- a;(4a;«-l)"^aj(4a;«- 1) "*" 
-12a;' + 3 _ 3 . 

a;(4a;»-l) ■"ar(4a:*-iy ^^' 

9. L.C.D. a:*-y*. 

x + y. ^ — y"' ^ — f (x^ — y"* x — y 
-^-y . then add ^"g i ^V i "^-y - 

-5 i = 0. Ang, 

oir — y 

10. L.C.D. {a -})(}- c) (c - a) = aV + ai« - a*i + 

1 fe — fl& — c* + <^? 

1 _ oc — a* — ^c + ^i 

1 gft — qc -- y + fc , 

_ }c + ^ — <^' + fl^g — «* — y _ 

"" cfc + ay — c?h'-\- h(? — ac" — Vc "^ 

(a — d) (d — c) (c — a) 
XI. L.C.D. (a; + y) (a; - y) = a;* - y\ 

g _ aa? — ay^ a __o^'\' ay ^ 
X + y " a:* — y' * a; — y ~ a:* — y" 

aaa. —^ j- -f- — = 5- = -^ r, Ans. 

a;' — y' ^ ^ )t ^ — y 

12. L.C.D. (a- J)(a + J)=:a'-y. 

o^-M ^ a*4:^^^ + y , -( g-t) _ ~(a'-2aj^ + y) 

a- J a'-y ^ a + i ~" a^-^V 

■" a* - y ' 

„ a'+2aJ + y , — a + 2a» — y_ 4aJ . 
add. «[ — xa I i — ij — ~i — Ti» Ans. 
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IS. L.C.D. a*-y. ^C^!=Baine. 

a —0 

— i — a J — y a cf — db 



2a(a — ft) ,. , , 2a . 

- — i — ri-^> div. by a — ft = — r— ;. Ans, 
a* — ft' ' -^ • a + ft 

14. L.O.D. = 2a:*(« + l)(a;-l)=2a;«(a;»-l). 

1 _ g'Crg+l) __ a;' + a;' -1 _ 

2(a;~l) "2a:»(a:*- 1) "" 2a:"(a:*- 1)' 2(a;+l)'~ 

2a;'(a:*-l)"'2a;»(a:*-l)' a:* "" 2rc' (a;^ - 1) "^ 

-2a:' + ^ 
2a:*(a^-l)' 

add ^' + ^ I -a:' + a^ ■ -2a:' + 2 _ 
2a:*(a:*- 1) "^20;" (a:« - 1) "T 2a:« (a:« - i) ~ 

\ a — 01 a — a — b 

add « I -« + 3 + ^ _ ^i Ana. 
a — o a — a — 

16. L.O.D. {m^n)(x + y). 

m + n _ (m + n) {x+ y) ^ mx + my + nx+ ny 

w — w "" (m — n) fa; + y) "" (w» — w) (a; + y) 
"~ ^ + y — (— a;+y)(m— w) _ — rwa; + iny-^nx^-ny^ 

a? + y "■ (m-w) (a;+y)" "" (w - m) (a; + y) ' 
, , wia: + ^*.y + nx'\' ny — ma; + my-^-nx—ny _ 

' ~(wr^^»nM^^y) (m-w)(a; + y) "" 

2 wiy +2nx _ 2 (my + wa;) . 

(w — n) {x + y) "" JnT^) {x + y)' 

17. L.C.D. wi* (m — y). 

y _ my — y* . ---m^y _ — mf^my ^ 

Hn* "" m^TwH^^' m (m — y) "" fn*{m — yY 
- - mv — y* , — m" — my — m' — y* . 

add. "T7 — ^-\ + -TT f = -T7 ^\- Ana. 

m* (m — y) m' (m — y) m' (m — y) 
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1& L.O.D. tf-7?. 1 = **"** 



1. — :; = n*\^ > :;! — -a^ — **™®» 

a — X a — ^ a — v 
,, a* — a:* c^ ^ax a^ — ga:" — «« 



«" — a* ^^ 

19. LCD. {a + J) (J + c) (c + a) = 

y c + ac' + b(^ + a'b + aV + aV + 8 abc 
a-- b _ gc* + flg'J^ + g' g — b*c--bc^'-ab* 
fl + J"" LTCrD^ ' 

& -- c _ **<? + o^*i + oi*— oc"— dc*— aV + flic — abc 

v+c" ^l7c:d~ » 

c + a'^ KC.D. * 

(<gt— i) (g>— g) (g-g)_ — yg~gc^+ ^c*— g't+gy+tfV ^ 

(g+ftW^+c) (c+gp L.C.D. ' 

, , ac* + o>*b 4- f^c -^Vc — bi? -- ab* , 

— L.C.D. + 

Vc + g'ft + gy - a(?--^be-cfc 

L.C.D. "*" 

Vc -{^ (u? ■\- b(^ — aV - a^b - afc 

L.O.D. + 

-yg-gg'+&c'~-g't+gy+gV _ 0' __^ 

20. L.C.D. 2(2 — g). Since the — sign changes tho 

sign^ -Ne can change it to have {b - g). 

g _^ g^ — g* * __ y g _^ ab ^ 

b ^ b(b-ay T^ '^bib- g)' f^^ "bib- aV 
^flJj-V _y ab _ V-a* 

^^'b{br^a)'^b{br-a) b{b^a)''b{b-aY 
Divide numerator and denominator by i — g = 

"t . Ana, 
a 

2L L.O.D. a?-f. 

m ^ x+ a _ (m — a? + g) (^ "" y) «« 

a? -f- y ic* — y* 

^a; — 0!^ + ax— my -^xy --ay 
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m --x— a _ {m-- z — a) (« + y) _ 

« — y "" «* — y' ^ 

mx — a^ — ax + m y — xy — ay 

^ - y* ' 

Sabtract 

wa; — g* + gg — f»y + gy — gy 

mg — a?'~qg + ^y — ^y""gy _ 
g* - y» "■ 

2gg — 2my + ^a^y _ 2 (gg — my + xy) . 

SS. L.O.D. gic. 

c (f a cf I V 

g^ gdc' &c abc^ cu) abc' 

add. -T" + -r* + -I- = — ' — r"^ — • -Ans. 
<wc aoc abc aoc 



S3. 



(^ - g) (ft - c) "" (g - ft) (ft - c)' 



— c 



(c — g) (c — ft) (g — c) (c — ft) (g — c) (ft — c)* 

L.O.D. (g-ft)(g-c)(ft-c). 

g gft — ac 

(g - ft) (g - c) " (g - ft) (g - c) {b-cy 
— ft —gft + ftg 

(g-ft)(ft-c) "" (g-ft)(g- c){b-cy 

e ac— he 

(g - a (ft - c) " (g - ft) (g - c) (ft - c) ' 

•i?/9 ^ft ~ ^ I — gft + ^g I gg — ftg _ _^ . 

■^^L.o.D.+ L.C.D. +L:aD:-"E:o::5:""^- 

Anfiu 
84 LCD. a;--!. i±l=^+i^j 

g "~" 1 g^ — 1 

-(a;-l) _ -(a^-aar+l) . . _ 4a;'-4ic . 
a;+l ~ a!*-l » **- a^_i . 

•dd,- jnrj =?iri- -^n«- 
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26. L.O.D. a*-b\ 

ab _ a*b — ab* — a* _ — g* — a't 

cr+b~ a'-b' 'a^^~~a*-b' ' 

a (g' -I- }') _ g* + ab* 

a'-b* ~ a*-b*' 
aaa. o' - d' a'-d* ~ 

28. L.C.D. a^-a*. 1 = 4^=-^; 

— a —ax + a* —x —of — ax 

a; + fl a" — ic*'a; — a a^ — a* ' 
, , a?" — «■ 4- a* — «^ — a;* — aa: — 2oa? . 

*^*^ ^-^^^ = ?^r^- ^^ 

27. L.O.D. o^ + fT. l = %iKi -^'^Zl' ^X^^ = 

3^+y x' + y* 

— x' + ixy — y\ 
a? + f ' 

add. ^+y'-/+^''y--y' ==jg^. abb. 

28. Ij.G.D. 9 ay. 

^ _ 8 ay. «* + y*- ai' _ -- a'- y* + a!* . 
2 ay' 3 ay 2 ay ' 

^^ 2ay-a'-y + .' ^^ -(«-y)' + a^ ^ ^ 
2ay 2ay 

29. LCD, a*-2o'6* + J*. Since (a + *)' (a - })* = a* - 

2 a*i* + &*, and this is the square of a* — b*, 

1 _ g* - 2 ad + y 1 _ g'+2odH-y . 

(a j_ j)« - L.O.D. ' (a - *)' ~ L.C.D. ' 

1 _ g' - y 

a*-V~ L.C.D.' 
8'-2ad + y + g* + 2gd + y + g'-y _ 

**^°* a*-2gV + y ~ 

a*-%a'b'-\-b*' 
80. Ii.O.D. 4 a}. 1 = ^5 

4g} + g'- 2ga + y _ g*+2ad + y _ 
4ad 4gd 

(g + by ■ . 

4 ad 



add. 
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§107. 

1 — {— *£. «- 2^ — ^1 _ 1 «. 1^ 

"" \ahc dbc abc) ^ " \c a bJ^* 

2. =„(!^ + ^ +£!?) = «(!+£+£). 

\nin mn mnl \ n mJ 

. ab(q + r) + bc(q + r) 1/ , \,1, , . 

^ _ g(a; — 4y)- - ^(y+3a:) _ a:-4y _ &(y + 3a;) ^ 

2 am 2 m 2 am ' 

- _ a;(4m — 3a — 6g)+y(24-g) _ 4m — 3a — 6c 

• ^ «y« "" y« 

2 + a 

^ a(a' + 2aJ + y) a(a + i)' 

o. = = ' • 

xy xy 

^ __ a^x — 4 g^g — 3 gy + 4 gg ___ a {ax — 4Jg — 3 y4-4c) _ 

a[ga? + 4g(l--5) — 3y] 
P + i 
^ _ a?*y — 4a; — • 2^ + 4ca;— 3aa ? _ a: (iry— 4— 2 J+4g— 3a) 
"" a-\-b "" a + ^ 

^ ^ ax* — 4lcx — d mx ^ S am''{' 3 wta; + 3am _ 

^' "' 2a -3ft "" 

aa:" — 4 cd: _ a; (aa; — 4 c) 

2a -3* ■" 2a-3ft ' 



10. 



4 g V'a; — 2 c V'a; + 2 } V'a; — 2 mil V'a; + 8 V'a? _ 

3a — 4ft_ "" 

2 V'a; (2 a — c + & •- w^ + 4) 
3a-4ft 



§ 108. 

1. Cancel x-- a=^ ab + y. Ans. 
Cancel x and a = ft. Ans. 
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8. Cancel x = — dby, Ans. 

4. Oancel x ^ a ^ ac{x '\- a) ^ acx + aV. Ana. 

5. Cancel zy = -. Ang. 



6. 



X 



^ , m — a ax •" axm + w — n _ m 

' a; — m x-^m or 

m {ax* — ax*Tn + m — a) . 

a;" (a; — 1») 



7. ^ («zJH? + *) = ^Zli'. ABa. 

191 X m t/r 

8. a H = ■ — . n + — = ■ — 

- m nm 4- » , (an + 1 

— X ■ — cancel n = ^ 

n m ni 



an+m nm+n , (an + m){m+l) . 
1 — X ■ — cancel n = ^ ■ — '-^ — ■ — -. Ana. 



^ X ^ «*y — ^ , y — ab axy + y — ab 

y y ^ X X 

aby^ X axy + y — g^ _ 

y X 

(aby - x) {axy + y - nb) ^^^ 

xy 

10. Cancel (m + w) = . Ans. 

^ ' m— n 

- - . bx am+bx a , b . X a*x + b^a + Jic* 

**• ^ + '::r~ — :::; — "• r + ::: + r== '^n:^ • 

m m X a aox 

am + bx (fx + aV + bx^ _ 

fti dbx 

{am + bx) {a^x + gy + to') . 

, ' ' • An8» 

a^vnix 

IS. m H = ■ = . 

m — n m — n m — n 

mn m* + win — mn m* 

m ; — = i = — ; — . 

m-Y n m + n m + n 

m" m* m* . 
X — i — = — i i. Ans. 
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- -. bx a* — bx ^ ax V -- ax, 
13. a = . j- = — r — '• 

a a 

a* — bx b* — ax __ («' — bx) {V — ax) __ 

a ft ~ ab "" 

g'y - a^x - Vx + aba!' __ , , g'+ ft' 

ab ab 

- ^ , bx ab— bx 

a a 

ab— bx ^a , aft — ft:r . la ,\ . 

X - cancel a = = ft 1 ). Ans. 



19. 



ax X 



=ig-i). 



15. Multiply denominator by j[? = — . Ans. 

16. Multiply denominator by a + ft = % __ «> -A.ns. 

17. Multiply denominator by a; — 1 = -5 ~. Ans. 

X ~~ J. 

if —I— A 

18. Multiply denominator by 1 -f a;' = 4"* . Ans. 



Multiply denominator by ft» — a~ = — ,^^]|^ — -- 



2a + 3«t . 
' — 5 — . Ans. 



§110. 



1/ 1 ^ 

1. Multiply both terms by y gives '^ . Ans. 
, Suppose we multiply the numerators by y, 

y y 

taking y from both denominators gives *^ ^ ; 
dividing by y gives ^ J[ , the answer as above. 



KBT TO JSTEWCOMBB COLLEGE ALQEBBA. 61 

2. Multiply both terms by a? = — ^^. Ab& 

3. Multiply both terma by a* — a:" = , , ,, ^[--j. Ans. 

4. Multiply both terms by kmn = v^ = ^. Ans. 

6. Multiply both terms by » + 1 = ^ Jj. — — jr = 

i»4-l + » — 1 2n . 

— ■ z = — = ». Ans* 

6. Multiply both terms by 1 — a:" = 

l-|!J2a:+a:'- (l-2a;+a?') "'l + 2a; + a:*-l + 2a;-ic'~ 

2+1^ ^ 2(1+V) ^ 1+^^ ^g^ 
4aj 4a? 2aj ' ' 

7. Multiply both terms by mn = 

arn^n + ^^ __ n {am* + ?) . • 

amn* ^ bm "^ m {an* — b)' 

8. Multiply both terms by y = —, — r-i 'v- Ans. 

9. Multiply both terms by 4 aS = . jTg ry — *\ ~ 

4fl} + g'-2gft+y _ a*+2ab + b* _ 
4a* - 2^' + 2a« "" 2a*+ 4a* - 2*" "" 

(^ + *)' ^^^ 

2{a* + 2ab^b*Y 

10. Multiply both terms by 1 — a* = ^ "] ^ _^ 7] , = 

:r— ^ i = 1. Ans. 

1 + » 

a* + 1 + 2 a* 

11. Multiply both terms by a* = — , ' , — = 

a (1 4- a") a 'a 
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18. Multiply both terms by ad* = ,,. ,_ ,y Ans. 

18. Multiply both tenuB by i (a + *) = ^^^^^^^^ = 
gai + gy + fl' _ 

14. Numerator = — r-^ , v Multiply by «*— y* and 

""'^'^ (a:+yr(^"+y')-(*--y') ' ^^ 



§111. 

1. r X — cancel a = 7. Ana, 

a; + l ^ 9 _ 9a; + 9 . 

8. 7 X — cancel a; = =-. Ans. 

a; — 1 X * x — 1 

^i^. Since ^ = <^±*li^±*H^:=A) X 

cancel (a — ft) and (a + J) = — -^— . Ans. 



5. ., X , ., cancel a; + 1 = "" ^ ; 

x — 1 x-\-l a; — 1 

divide numerator and denominator by a;— 1 = a; -fl* Ans. 

A £ o- ~ — ^^ + ^ . * _ n^ _ ftm — aTi^ 
Jw~" Jti ' a m ~~ am V 
ow + ftm am ahnn + « J^wi' 

in Jw — an ^mn — abn^ 

am {an -j- i^n) . 

in {btn — an) ' 
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y a h c __ ayz + bxz+cxy ^ 
X y z xyz ' 

ayz + ixz + exy ^ xyz ^^^^ 

xyz myz + »^« + i?a^y 

myz 4- wa;z + pxy' 

g g ft _ g' + flft ~ gft + }« _ g«+y 

a - J a + ft "■ a' - ft» - «• - ft" 

ft g _ flft + ft' + g' - gft _ q' + ft' 

a-ft + g + ft- g'-ft« -a'-ft" 

^, ,, X Vrri. Cancel g' + ft* and g*— ft* = 1. Am. 
g'— ft' g+ft 

§112. 

L The denominatcMr must be laes than .002. 

2. The denominator must be less than .000002. 

8. The denominator must be less than .000 000 0002. 

§123. 

1. L.O.D. = 9 gives 2 « — 54 = 0. 

2. L.O.D. = 35 gives 7 a; - 5 a; = 2450. 

3. L.O.D. =12 gives6a;+4a;— 3a; = 60. 

4. L.C.D. = g* gives ga; + ^' = oh. 

6. L.O.D. = g'ft* gives gJa? + gft"y + 7 g'ft = c. 

6. L.O.D. = 60 gives 5 (4 g + 3 ft) = 12 a;. 

7. L.C.D. =^01? ^ a* gives a^ + cux'-a^-^ax^^Qi^'-a^Qr 

2 ga; = a;" — g*. 

8. L.C.D. = (a: - g) (a; + ft) gives a;* + fta; = 2a:* - 2ga;. 

9. L.O.D. = a; — g gives a; + ^ = ^ + 2^^- 

10. L.O.D. = a;* - 25 gives a:* + 3a; - 10 = a;' - 3a; - 10. 
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11. L.C.D. = bxy gives J»" — Jy* = axif. 

12. L.O.D. =za{a^ — a*) gives aa?" — 2 a* a; + «* — a«*— 

%a^x — a' 4" ^' — ^*^ = or a:* — 5 a'a; = 0. 

IS. L.O.D. = a — J gives x — y =:-az-'iz. 
14. L.O.D. = »— agives ar + a = a?— ft. 

§ 124. 

1. Clear of fractions = 6y' + 4y = 7y — 49, 

transpose = 6y' — 3y + ^^ = 0. Ans, 

3. Clear of fractions = a;" — aa; = a:* + 2 aa? -|- «% 
transpose = 3 oa; + a" = 0. Ans. 

3. Clearing of fractions = 43:*— 30a; + 14 = 4a^+32a:+60, 
transpose = — 62 a:— 46 = 0. -5- — 2 gives 31 a; + 23 = 0. 

4. C. of F. = 2a:*— 6aV + Mx — era:* + 3fl'a; — 2a*— 4a:*— 

20aa:"+ aV+ 5a"a: = 14a:*- 10aa:"+ 7r«:*- 5aV, 
trans. = — 16a:*— 18«a:"+ 12a"a: — 2a*= or -s- by— 2, 

we get 8a:*+ 9aa:'— 6a'a: + a*= 0. Ans. 

8. C. of P. = aV'+ «y + ^ «y- ^ «'»*+ 3 <V- 3 y"= 

7a*y'— 7ay, 
trans. = 6 ay + (3 a* - 3) y' - 7 a*y' + 3 a'y = 0, 
or div. by y = 6ay"+ 3 (a^ - 1) y* - 7a*y + 3 a"= 0. 

8. C. ofF. = afe + a;?* + J^ + «• + a"+ a'^f + a'} + aJi? + 

aV + aft;? + ^' + *'« = 0. 
Collect. = z*+ (a + ft) «'+ (a'+ 3 aft + ft') « + a"+ ft*+ 

a'ft + «** = 0. Ans. 

7. By transposing second member and changing the sign of 
the fraction and the sign of the denominator, we get 



z^ . z* a^z 



h-i i+-i i = 0. 

a ^ z a — z a -*-z 

C. of F. az^ + ;?' + «• + a^z = 0. 

Collect. 25?' + az^ + a*z = 0. Ans. 

8. C. of fractions = 7y'+6y'4-5y + 4 = 0. Ans. 
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9. O.ofF. L.C.D. ar*-a* = fla:*+a'a; + aV+a* + aV 

+ a' + a*:=x*^a\ 

transpose = a:* — aa;' — 2 a'a:" — a*x — 4 a* = 0. Axus. 

10. ^by* = ^-^ + ^-^ + ^^^, = p— p; 
X by c* — «*; 

= g«4.g«3; + g;g' + ^' + fe' + ^^ + y = ^*yj".^^ 

+ cV+ c*z*+ *V+ ftV«'+ ftV + ftc*+ JcV + bi^z' + c' 

trans. «'+ (J + <?) «•+ % ^z^+ <*'+2 fc* + 2 c') «* + 2 e?*/' 
+ (2c'+ 2 ftc*+}V-i') «•+ eTz + c'+ ic*+6V- JV= 0. 

11. = ^ J 



12. 



13. 



da? — 1 a: — fl" 
Clear of fi^actions = aa:" — tf*a; = J'a; — 5; 

transpose = oa:" — (a" + J') a; — J = 0. Ans. 



in mx m nix 



n na^ — n , 1 ar*+l' 

wa? a? ^- — 

a; a? 

.. mx mx 

then 



-—i = . . ., diyide numerator by mx = 

nxr — n xr-\- 1 

1 1 



«ia:'— n a;* + 1' 
Clear of fractions a;" + 1 = «^ — «> 

transpose = a:* (1 — w) 4-ft + 1 = 0. Ans. 



a aa: a' a'a;" 



1 aa; - 1 , 1 aV - 1' 

X ^ 



ax €?x^ a' 



*lien— — .+-5- 



aa; — 1 aV— 1 a;*' 
CI. of fr. L.O.D. = (aV— 1) a;* = aV+ aa?*+ aV = 

a V — a% 

transpose = 2 a'a;* + aa;* — a V + a* = 0. Ans. 
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14. 



IS. 



16. 



z 
, 6g 5g' _ 1 

OL of fr. 18 z' - 18 ;?• - 10 «•- 5 i?*= 6 «•- 6 i?+ 32;'- 3, 
trans. — 10;?'+ 13a:* -^ 212;*— 62;*+6i8; + 3 = 0. Ans. 

ax flKT* 4- rt*a; Ja? &r* — ahx 



1 x + a-1' ^ , 1 a:-a+l' 

1 ; 1 H 

z-{- a • a;— a 

tnen ; r = r-r. 

x + a—l x — a+1 
CI. of fr. oa;* 4* «V— aV— a^x + «iK* + ^'a? = Ja:'— aia? 

+ «&»*— a'te — Ja;'4- <^; 

oa;' — a'a; + aa;*+ ^'^ = ^'— «*fta;— Ja:"-|~^^*^- 

Transpose = (a—*) «'+ (a+i) a;"+ (a"+ a'd — a*— aft) x 

= 0. Ans. 



a ox 



a 




b 




X 


a 


— 


X 












X 






a' 


— ax 


^^ 


- 5a; 



ab^ bx ' b ax — y 

a 

X r^ 

^ CI. of fr. 



cLb-'bx ax — b' 

cfx — aV— aby? — a"ft + ^^^ + Vx = a"}a; — ahofy 
trans. = a'a;' + (—a*— aft — 5'+ ^'*) a? + «'A = 0. Ans. 

§129. 

1. Clear of fractions = 15 — 9 a; = 16 a; — 18, 

transpose = — 25 a; = — 33; 
_ - 33 _ 33 . 

2. Dividing by — 1, the coefficient of a?, we get 

X = — r- = — a. Ans. 

8. Clear of fractions = 6a; + 3a; + 2a; = 132. 

Collect. = 11 a; = 132; 

.'. X = -r-- = 12. Ans. 
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4. Clear of filactioiis = «+ 23 = 9a: — 9, 
transpose = — 8 a; = — 32. 

.•. X = — — = 4. Ans. 



6. Clear of fractions = bey + ocy — aby = abe. 

Collect. = {be + ac — ab)y = dbc, 

abc . 

.". V = 1 7» Ans. 

^ dc + <w? — ad 

6. Clear of fractions = 36 1^ = 45 w — 225, 
transpose = — 9 w = — 225. 

.-. t^ = —- = 25. Ans. 



7, Clear of fractions 20 w — 15 w + 12 w = 60 « — 1560, 

transpose = — 43 w = — 1560. 

_ -1560 _ 1560 
•*• u — jn ""• Mr% • An s. 

— 4o 4o 



8. Transpose = ^ bx — ax = b ^ a, div. by — 1, we get 

bx-{-ax := a — b, 
or (a + i) re = fl — ft. 

_ a— ft A 
a + b 



9. Clear of fractions =: bu-^-au^b + a. 



or (ft + «) t^ = ft 



.*. u = 



a 



'. 



ft 4- fl 



ft -fa 



= 1. Ans. 



10. Clear of fractions = 9ic + 3— a; = 3a;, 

transpose 5 ic = — 3. 

.'. X = — -. Ans. 





11. Clear of fractions a* — ax =^c* — ex, 

transpose = ca; — «a; = c' — a' or (c — a) a; = c* — a*, 

,'. X = : =z c -\-a, Ans. 

c — a 
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18. Clear of fractions, each member separately. 

T^^ x-a*" aj'-Sx + e "" 

a?- 5 _ a;- 6 _ g' - 12 a; + 35 - (a:* - 12 a; + 36) _ 

5ir6"~S"^^"" x' — 13a: + 4^4 "" 

a;« _ 12 a; + 35 - a;' + 12 a; - 36 _ - 1 ^ 

x' - 13aj + 42 "" x' - 13a: + 42 ^ 

^^^^ a:«-6a; + 6"a:'-13a: + 42' 

Clear of fractions — a:' + 13a? — 42 = — a;* + 6a: — 6, 

transpose = 8 a: = 36. 

36 9 . 
.*. a: = -Q- = X-. Ans, 

18. Divide by — 1 = y = "ITT" = * "" ^ -^J^- 

14. Clear of fractions, each side separately. 

Jl 1_ _ a;-4-(a;-2) _ a;-~4— a;+2 _ —2 

x^ a;-4"" a;'-6a; + 8 ""a:'-6a;+ S"" a:'-6a; + 8* 
_1 1 _ a; — 8 — (a; — 6) _ a?~8 — a; + 6 _ 

^^z-Q a:-8"" a:'-14a;+48 "" a:'- 14a: + 48 " 

-2 



a:*-14a:+48' 
— 2 _ —2 

**^®^ ^TZTeF+S ■" a:»-14a: + 48* 
CI. of fr. - 2a:« + 28a:-96=-2a? + 12a:-16, 
trans. = - 2a:* + 28a: + 2a:' — 12a: = 96 — 16, 

or 
16a: = 80. 

.•. a: = ^r^ = 5. Ans. 
16 

15. Bemoye parentheses. 

2"6"3"^12"^4 20"" 

CI. of fr. 30a: — 10a-20a: + 5a+15a: — 3a = 0, 

trans. = 30a:— 20a: + 16a: = 10a — 5a + 3 a. 

25 a: = 8a. 

_ 8a . 

•*• a: — fke* Ajis* 

^0 
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09 



Id, CI. of fr. = Vu — a*u + obu + «*«* 

a' (* — «)_ «* (i -^ a) 
V + ab " 'i(6 + a) ■ 



19. 



20. 



.'. u = - 



Ana. 



a). 



17. Clear of fractions. 

transpose 



. • 37 — — ~ 



€^bx — ^ = 
a (1 - V) 



bx'\' a, 
a — aJ', 
= a — a J* = 
a(l-*«) 



a»J-* ~'J(a"-l)' 



a (1 - J*). 
Ans. 



18. CI. olfr. 
transpose 



.*. u = 



acu-\-dbu-\-hcu—u^a*C'\-aV-\-bc^ —a—h—c. 
{ac-^-ab-^bc—l) u =a*c+ab*'{'b(^^a'^b—c. 

ixc + ^i + ^c— 1 ~ 

a{c + b) + bc— 1 



CI. of fr. =m{x'+2ax + a*) + nh^+2bx + y) = ww^ 

or ma:*4- 2 amx + a'rw + wx'-f 2 bnz-\-Vn = wa;* 
. ^max-\-mbX'\-mah'-\-n^-\-nax^nbx--\'n(iby 

trans. = wia:*— wia;'+2ama;— ama:-f-wa;*--«a:'4- 2ina;— 5na; 

'-'mbx—nax^=^mab-{'nab'-a^m-'Vnf 

{am + J/i — mb —an) x = ma J+7wiJ—a*m —•&•». 

_ waJ-l-^wfli— a'/»— ^/i _ J»(a— J)— am (a— J) _ 

"" am -{-bn — mb — an "" m (a — • J) — w (a — J) "" 

bn — am . 

. Ans. 

771 — n 

[x — ay = x* — da^a + S xa* — • a*. 

\x-^ by = x'-Bx'b + 3a;y - J*. 

(a; — c)' = x* — 3 x'c + dxc^ — c\ 

3 (a; — a)(a; — J)(a; — c) = 3x*— 3*a:'— 3aa:*+ 3aSa:— dca^ 

+ 3Jca; + 3aca; — Sabc; 

then 3a;'— 3a:*a— 3a;'J— 3a;'c+ 3a:a'+ 3a;y+ 3a;c'— a'— J' 

—c'=dx*—Sbx''—dax^+Sabx—dcx*+dbcx+3acx—dabc, 

trans. 3a;*— 3a;'— 3a;'a+3a;'a — 3a;''J + Sbaf— 3a;V + 3a;»c 

+dxb^+3x(f+Sxc^—SabX'-SbcxSacxz:=a*+b*+c'—dabc, 

or (3a'+3y+3c'-3aJ-3*c-3ao)a;.= a'+ b'+ c'- 3aJc. 

a' + J' + c'-3aJc . 

.'. X = ^ . , . ^. . — ^ V— — =: T. Ans. 



X 



3 (a« 4- 5» -|. c' - fl J - 5<? - oc)* 
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21. Olear of fractionSy^ ai — oJ + M — cc? = 0. 
Ist, to find a, trans, ab — ad = cd—hd. 



a{b-d) = rf(c-.M. 

dlc-b) 

• M — 5 L 



b — d ^^ 

2d, to find b, trans, ai + ^^ = ^^ + ^* 

b{a + d) =zd(c + d). 

.". J = ^ , , > Ami 

Sdy to find {?, 
trans. =^— cd=^ad — ab — bd. 

_ ^ — ^b — bd _^ab -j-bd — ad . 

• • c — . ^— -a . An& 

— d d 

4thy to find e^9 

ti*ans. bd — ad — cd = —ab. 

d{b — a — e)= —ab. 

J — ab ab . 

.'. a = T = ; ;• Ans. 

b — a — c a -j- c •— b 



. Clear of f inactions, a5 + erf = 0. 
To find a, trans, a J = — cd. 

— cd . 
a = — I — . Ans. 

o 

Find J, aJ = — cdf. 

b = . Ans. 

a 

Find c, transpose cd:= — ab. 

— ab . 
c = — 5—. Ans. 

a 

Find d, cd = —a J. 

rf = . Ans» 



§130. 

1. Let X = the number. 

Multiply by 4 = 4 a;. Subtract from 100 = 100 — x. 

.•.4a; = 100 — a:. 
5x'=z 100. 
X = 20. Ans. 
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8. Let X = the number. 

X 

8 



Divide by 8 = |^. Subtract from 81 = 81 — as. 



X 

.-. ^ = 81 — a:. 

Clear of fractions, x = 648 — 8 a?, 
transpose 9x = 648. 

x = 72. Ans. 



S. Let X = share of the Ist; 

then 3 a; -f 16 = share of the 2d; 
then a; + 3a; + 16 = 284, 
transpose = 4 a; = 268. 



a: = 167, 1st,) ^^ 
3a; + 16^217, 2d. [ ^^ 



4. Let X «= number; 

then — = — : 
6 6 ' 

X 1 .. X X 

f=.f; then-- - = 12. 

Clear of frtwtions, 7 a; — 5 a? = 420. 

2 a: = 420. 
X = 210. Ans. 



& Let X = the number of sheep; 

10 more = 10 + a:; 
then (a: +10) 5 = 6x. 
5a; + 50 = 6a:. 

-«= -50^ by — 1. 
X = 50. Ans. 



8. I^t X 23 number of apples; 

{x -r- 60) 5= number of good apples; 
2 for 3 cents = f cents each; 
{x — 60) at f cents each =: i(x^ 60). 
X apples at 1 cent each = x cents. 
,-. f (a; - 60) = X. CI. of f r. 3 (a; -- 60) = 2 x, 

3a; — 180 = 2a;, 
transpose x = 180. Ans. 



72 
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7. 



Let X 
a; + 10 
a:— 20 
a; -26 
a; + 1 

a: -20 



present age; 
age 10 years hence; 
age 20 years ago; 
age 26 years ago. 

^ CI. of fr. a;*- 16a: - 260 = a:'- 20a:, 



a: -26' 

transpose a;'— u? 



16a; + 20a: = 260. 
4a: = 260. 
X = 65. Ans. 



8. Let X = A's share; 
a: — 20 = B's share, 
a; + a: + 20 — 20 or 2a: = C's share; 
then a: + a: — 20 +2a; = 500, 
transpose = 4 a; = 600 + 20 = 520. 

x = ^-= $130, A, ' 



a;— 20 = 
2a: = 



110, B, 
260, C. 



Ans. 



9. Let X = share of the youngest; 

X + 500 — ** ^^ next younger; 
X + 1000 = " " '' '' 

X + 1500 = " '' '' " '• 

X + 2000 = '' " '' '' 

then x + x +500 + a: + 1000 + a: + 1500 + a: + 2000 = 

10000, 
or 5 a: + 5000 = 10000, , ,. 

trans. 5 a: = 10000 - 5000 = 5000. 

X = 1000, 1st, 
a: + 500 = 1500, 2d, 
X + 1000 = 2000, 3d, !^ Ans. 
X + 1500 = 2500, 4th, 
X + 2000 = 3000, 5th. 



10. Let X = wife's age at time of marriage; 

a: + 6 = husband's age at time of marriage; 
a: + 12 = wife's age 12 years after marriage; 
cc + 18 = husband's age 12 years after marriage; 
then 8 (a: + 12) = 7 (a: + 18), 
8a: + 96 = 7a: +126; 



or 



trans. 



X- 126 
x+ 6 



- 96 = 30, wife, ) 
= 36, husband. J 



Ans. 
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73 



11. Let 



12. 



x+S = 

x+x+S = 

x+10 = 

a; + 18 = 

2x+lS=z 



X = age of the youngest; 






next younger; 

oldest; 

1st 10 years henoe; 

2d 10 

3d 10 



<< 



<< 



a 



i( 



then a; + 10 + a: + 18 + 2aj + 18 = 120, 

or 4a; + 46 = 120; 

transpose 4:X = 120 — 46 = 74. 

X = V^ = ISi, 1st, ) 
x^S = 264, 2d, \ Ana. 

22; 



Let 
then 



X 

2+« = 



a; = length of the body; 
" " " tail. 



X 

and the body or a; = tail or 5- + 9 + the head or 9; 



that is. 



X 



a; = 2+9 + 9 



CI. of f r. a^ = a; + 36, 

tr. 2a; — a; = 36 or a; = 36, body; 

?- 4- 9 = 27, tail; 

9, head; 



72 in. or 6 ft. whole length. 

Ans. 



IS. Let X =: sum divided. 



X 



— + 150 = A's share; 
4 



X 



I + 300 = B's " 

^ + 60 = O's " 
o 

then I + 150 + 1 + 300 + 1 + 60 = a;. 

Ci. of fi-. 15 a; + 9000 + 20 a? + 18000 + 12 a; + 3600 = 

60 a;, 

trans. 47 a; — 60 a; = - 30600, 
- 13 a; = — 30600. 

— 30600 A^oeoii A 
a; = r^- = ♦2353|i. Ans. 
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11 Let a; = distance. 

~ = -7- distance. 
3 3 

*—-. = -- 1st remainder; 
* 3 3 

1 of ^ = ^ 2d remainder; 
3 3 9 

then ~ + — 4- 36 = a:, or the whole distance. 

Clear of fractions, 3 a; + 22? + 324 = 9 a:, 
transpose, — 4 a? = — 324. 

:r = =i|i = 81 mileB. Aiu. 



16. Let X = whole distance. 

X 



- _|- 8 = 1st day's journey. 
5 



(\ 5 OS X 
^ -{- 81 = dist. that remained = -^ — 8 = 






l.(^ - 8) + 15 = 2d day's journey = i| - 1 + 15 = 



4^_875___4£67^ 
25 5 "*" 5 "■ 25 "*" 6 * 



(1? - s) - (^+ -y) = distance rfter 2d day = 

20a: 40 4a; 67 _ 16a; 107 
25 5 25 6 "" 25 6 "* 

1 /16a? 107 \ . -„ o^ , ,„ ,-^„^nx, - 16a? 107 . 

75" 15 "^15 75 "^15* 

/16^ ^ m) _ (?^+ ^) = dist. after 3d day = 
V25 5 y \75 ^15/ ^ 

48a? 321 16a? 73 _32a; 394 
75 15 75 15 "75 15 * 

As he finished the journey by travelling 35 miles on 
the fourth day, this must have l>een what remained after 
the third day, or 
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32 a? 394 _ 

76 """is"""^^- 

Clear of fractions, 32 x ~ 1970 = 2625, 

transpose, 32 a? = 2625 + 1970 = 4595, 

4595 
« = -g^ = 143^ miles. Ans. 



16. Let X = B's share; 
2a: = A's " 

then 2a; — 300 = a? + ^. 



Clear of fractions, 4a; — 600 = 2 a; + a?, 
transpose, 4a? — 3a; = 600. 



X = 600, B's share, ) * ^- 
2a; = 1200, A's " f ^^ 



17. Let X = rate. 

In 6 hours the merchant yessel would saQ 36 miles; 
add 15 miles' start = 51, 

less 1 mile = 50 miles to be gained. 
In 6 hours at x miles an hour the war yessel would sail 

6 X miles. 
.-. 6 a; = 50. 

a; = 8^ miles per hour. Ans. 

18. Let X = time of latter; 

a; + i = " " former; 
then wa; = A(a? + i), orfwa; = Aa; + iA. 
Clear of fractions, 2 ma; = 2 Aa; -|- A^ 

transpose, %mx — %hx = A, or 2 (m — A) a? = A. 

A A 

X = ;r-7 7T. Ans. 

2 {m — A) 

19. Let X = Ist number; 

then (x + 9)' - a;' = 351. 
Clear of fractions, 

a;*+18;r+ 81 - a;* = 351, or 18a? + 81 = 351; 
transpose, 18 a; = 351 — 81 = 270. 

a; = 16, 
a; + 9 = 24. 



[;[ Ans. 
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20. Let a; = number of good horses;! 
25 — ic = " " poor horses. 

80 (25 - x) + 130 a; = 2500; 
or 2000 - 80 x + 130 a? = 2500. 
Transpose, — 80 a? + 130 « = 2500 -- 2000; 

50 a? = 600; 

25-a = 15![ ^^ 

81. Let X = wife's age; 
a; + 5 = man's age; 
a; + 16 = wife's ago fifteen years hence; 
a; + 20 = man's " " " " 
then a; + 15 + a; + 20 = 3 a;. 

Transpose, 2 a; — 3 a; = — 35; 

- a: = - 35; 



X'\'b 



X = 35, w., ) 
= 40, m. ) 



Ans. 



22. Let <6 = nnmber of hours going; 

8 — a? = " ^* " returning; 

then 6 a: = 4(8 — a?), or 6a? = 32— 4a:. 

Transpose, 10 a; = 32; 

a; = 3^ hours, or 19| miles. Ans. 

*^- a: ""12+15- 

Clear of fractions, 60 = 5 a: + 4 a;; 

9 a; = 60; 
a; = 6| = 6f days. Ans. 

21. Let X = time required; ^ 

— = part filled in one minute; 

X 

i_-, u u a u u by both; 



12 

20 ~ 

1 1 



a a u a « by One; 



*^^^ 12 20 -X- 

Clear of fractions, 5 a; — 3 a; = 60; 

2 a: = 60; 
a; = 30. Ans. 
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25. Let X = timid of firat; 

1 • . 

- = part filled by first in one hour; 

•r- = " " " Bocond in <Hie hour; 

X 

4. 4i ?. = - = " " *' third in one hour; 

X ^ X X 

' then - + - + z- = 1. 

XXX 



1 -I- 2 + 3 = «• 
. a? = 6, time of Ist; 

1= 3, « " 2d 
|-= 2, " " 3d. 



:i 



An& 



26. Let 2; 2= sinmher bought; 

5 for 2 cts. =1 ct, each; 

2 X 
a; at f et. each =-—*=: the <9oat; 

2 for 1 ct. = i ct. each; 

^ ^ 1 ^ * of i. — * . 

^ati = j-. -at4-.g, 

then -+-= — + 60. 

Clear of fractions, 15 a; + 10 a; = 24a: + 3000; 
transpose, 25 a; — 24 a; = 3000; 

a? = 3000. Ans. 

27. Let X = number of pounds added; 
50 lbs. at 90 cts. per lb. = 4600; 

X lbs. at 60 cts. per lb. = 60 a;; . . 

total amount = a; + 50 lbs. ; 
... total cost = 4500 + 60 x; 

4500 + 60 a; ^ ^^^ .^^ j^^ ^j ^.j^^ mixture. 
a; + 50 ' ^ . ^ 

Clear of fractions, 4500 + 60 a; = 70 a; + 3500; 
transpose, 60aJ - 70 a; = 3500 - 4500; 

-10 a; =--1000; 

-1000 .^^ A i 

X = -z:^^ = 100. Ans. I 
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\ 



Let X = number of days idle; 

40 — « = " " " he worked; 
150 (40 — 2;) = amount he received; 
50 2; = amount forfeited; 
- then 150 (40 -a?)- 60a? = 5200 ctB.; 
6000 -. 150 a; - 50 a: = 5200. 
Transpose, — 200 a; = 5200 — 6000 = — 800; 

_ -800 _ 1 

* "■ — 200 "" ' f Ans. 
40 - a; = 36. ) 

29. Let X = amonnt diyidedj 

the amonnt paid for services = 2000; 
then X — 2000 = amount equally divided* 
a;— 2000 _^ 

3 ~4' 
Clear of fractions, 4a; — 8000 = 3 a?; 
transpose, 4 a; — 3 a; = 8000; 

a; = 8000. Ans. 
SO. Let X = whole amount; 

X 

- ^ 20 = share of first; 
o 



I 



a; — f o + 20] = what remained = 



1 /2 ic \ 00 

5-(-^ — 20 1 + 20 = share of second = 



3 a; X ^^ 2x 
____20=^-80; 



9 3 +■*"- 9 3 "^ 3 ~ 9 ■''3* 



^ 20 -(^+f)= what remained = 



2x 

3 

6x_60_2a_40_ 4ar_ 100 

a;_100\ ^ 3 "9" 3 "" T "T' 



1(1 
3 \\ 



. + 20 = share of third = 

4£_ 100 , 20- if _15^ J.152- if ^?? 

27 9 "^ 27 9 "'' 9 ~ 27 "^ 9"* 

As this exhausted the amount = 
/4 x 100\ /4 x 80\ _ 4a; 100 4 ar 80 _ 

I 9 3/ \27"'"9/"" 9 3 27 9 "" 

Clear of fractions, 12 a; — 900 — 4a; — 240 = 0; 
transpose, 12 a; — 4 a; = 900 + 240; 

8 a; =1140; 
X = 1142.50. An& 
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31. Let X = price per sheep of Ist lot; 
a;-2=? " « " " 2d " 

=: number of Bheep in let lot; 

480 

X— 2 

720 480 



then 



X a? — 2' 
Clear of fractions, 720 a; - 1440 = 480^;; 
transpose, 720 a; — 480 a; = 1440; 

240 a: = 1440; 

.32. Let X = rate of current; 

9 -f- a? = " ** boat going down; 
9-a;= " « " " np; 
then 9 + a: = 2(9 — x); 

9 -I- a; = 18 — 2 a?; 
transpose, a? + 2 a; = 18 — 9; 

3 a? = 9; 
a; = 3 miles per hour. Ans. 

83. Let X = cost of house; 

12 000 — X = amount remaining; 

i/ioAAA X 13000-a; 12000-a? ,. . 

J(12000— ar) = ^ . ^ »* 4 per cent = 

12000- a; 4 _ 48000-4a? 

3 ^ 100 " 300 ' 

y^«^^ X 12000— a; 36 000-3 a; 12000-a; 
(12000 - a;) ^ = g g = 

24000-2a: „, 
5 , 2d rem. 

24000— 2a; . - . 

— ^ — 5 at 5 percent = 

24000 -2a; _5^ _ 120 000- 10 a? ^ 

, a lOO""" 300 * 

., 48 000-4a; , 120 000-lOa; ^^^ 

*'^"^ 300 + 300 = ^^^• 

Clear effractions, 48 000-4 a;+120 000 - lOar =117 600; 
transpose, - 14 a; = 117 600 - 48 000 - 120 000; 
— 14a;= -50 400; 

a; = ^^^^ = WeOO. Ans. 
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84. Let X = the income; 

X — 3600 = amonxit taxed at 3 per cent; 

(a; -3600) 3 ^ , 

^ ^ = tax on aboye amount; 

"3000 = amount taxed at 2 per cent; 

160 = tax on above amount; 

%x 
rrTT^ = tax on income at 2 per cent; 

., (a? -3 600) 3 , ^^ 2i^ ,^AA 

*^'^ 100 +^^=100 + ^^ 

Clear of fractions, 3 a; - 10 800 + 6000 = 2 a; + 20 000; 
transpose, 3 a; — 2 a; = + 20 000 + laSOO — 6000; 

X =s 24 800. Ans. 

85. At 3 o'clock the minute-hand is 15 minutes behind 
the hour-hand. It therefore must gain 20 minute-spaces. 

Let X = number of minutes past 3 o'clock; 
then aj — 20 = number of spaces hour-hand moves; but 
the minute-hand goes 12 spaces while the hour-hand 
goes one; 

.•. 12 a; — 240 = a;; 
transpose, 12 a; — a; = 240; 

11 a: = 240; 
a; = 21^min., 
or the time = 3 hrs. 21^ rnin* Ans. 

86. Let X = capacity of dipper; 

X = gals, of brandy in first, ^ter changing; 

X 

— = amount of brandy per gal. of mixture; 

5 — a; = gals, of brandy in second, after changing;^ 

"b ■■" a? 

— ^— ^ = amount of brandy per gal. of mixture; 

X i — X - - 

• . — , • 
a 

Clear of fractions, 5a; = aJ — ax\ 

transpose, =^bx-\-ax^ ab or a; ( J + ^) = ^> 

X = — r— ;. Ans. 
a -f- 

87. Let X be the quantity to which the first part added to 
a, the second diminished by a, etc., must all be equal. 

Now if the first part must be increased by a to equal 
^, then it will equal x — ay and likewise 
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a; 4- a = 2d, — = 3d, and ax = 4th; 

then Xr^a + x + a-^ [-ax^^ m. 

a 

Clear of fractions, oo; — a* + aa; + a*+ x + a*a: = am, 
or a^x + 2 ax + a? = «^; 
(a' + 2 ^ + 1) ^ = ^^^9 

Now this quantity added to a, diminished by a, etc., 
wrll equal the giyen quantities; 

that IS, 7— r-s — i — % + ^^ — «, X a, and -h a = 
' 1 + 2 o + » 

the four parts* Ans. 

S8. Let X = share of youngest; 

X -{-n = ** ** next younger; 
x + 2n=: *' *' " " 
a; + 3»= " " " ^' 

then « + « + » + ^ + ^^+^ +3» + a; + 4n = a, 

or 5 a: + 10 w = a; 

transpose, 6 a; = rt — 10 «, 

a — 10 w ^ , 
a; = r , 1st; 

a; + n = — ^— + « = ^ =— ^-,2d; 

x-\-2n= — 1-;^ = --, 3d; 

a;4-3w= -+« = — '- — , 4th. 

O - u 



39. Let a; = number of hours before meeting; 
a; + 4 = '* ** ** first must trayel; 
afc 10 miles per hour the second will travel 10 x miles; 
at 8 " " ^' " first ** « 8 (a; + 4); 
since they are to travel the same distance, 

10a; = 8(a; + 4) = 8a? + 32; 
transpose, 10 a: — 8 a; = 32; 

2a; = 32; 

X = 16, the time; 
10 a; = 160 miles, the distance. 
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40. X =• the intervals of time; 
7 a; = " distance A goes; 
6a; = " " B " 

But A most go one mile more than B in order to over- 
take him. 

/. 7 a? = 6a; + l; 
2a; = 1; 

a; = i hour. 

In this half -hour A has made 2^ circuits, and B 3^. 

Therefore they overtake each other ^ a circuit farther 

ahead each time, and the points of overtaking will be 

two in number. 

41. 8a;=:5a;-|-l; 
3a; = 1; 

a; = J hour. 

In this thii*d of an hour A will make 2f circuits and 
B If. Therefore their points of meeting will be i of a 
circuit apart, and the points will be three in number. 

48. Let z be the required number of seconds. In x sec- 

X 

ends the faster will have made ^r^: rounds, and the slower 

X ^ 

^r= rounds. 

oo 

The horses first come together when the swifter has 

made one round more than the slower. Hence 

^ — -£. — 1 
30 35 "" 

X 210; 7a; - 6a; = 210, 

or a; = 210. 

Time = 210 sec. = 3 min. 30 sec 



48. Beasoning as in the last problem, if a; be the required 

X 

T 



X X 

interval, one planet will have made -^ and the other -^ 



revolutions. Hence 



^ — ^ — 1 



TT' 
which gives x = ^ ^ y^, the required interval. 



L 
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§138. 



X (l)by2 = 6a; — 4y = 66; 

X (2)bT3 = Qx — 9y= 64; 

(1) - (2) = 5y = 12; 



12 



48 
Sub. in (1) 6a:- ^ = 66; 

^ a ^ i aa 48 , 330 378 
trang.. 6a; = -r- + 66 = -^ 4--— = ---• 

5 5 5 5 



rc = 



y = 




Aiuu 



Ana. 



8. X (l)by2 ^^x- lOy = 26; 
X (2) by 3 = 6a; + 21y = 243; 
(2)-^(l) = 31y = 217; 

y = 7. 
Sub. in (1) 6 a; - 70 = 26; 
transpose, 6 a; = 96; 
a; = 16,) 

S. From (l)6y = a — 7a?. 

Sub. in (2) 6a; + (a - 7a;) = J; 

6a; + a — 7a; = J. 
Transpose, 6a; — 7a; = i •— a; 

— a; = J — a; 
a; = a — J. 



Sub. in(l)7a; + 6y = a; 

7(a-*}+6y = a; 

7a — 7i + 6y = a. 
Transpose, 6y = a — 7a + ''^ = — 6a + 7J: 

7&-6fl 7* 

y= — 5— 



7^ ) 

= a - 5. ) 



Ans. 
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4. From (1) 2 a; = m — 3 y. 

Sub. in (2) (w — 3 y) — 3y = »; 

w — 3y — 3y = n. 
Trauspose, — 6 y = « — m; 

_^ — m + ^t _ ^t — « 

Sub. in (l)2a: + 3 (2LZ^j = i^. 

^ , 3m — 3w 

2ajH 2^ = m. 

o 

Clear of f ractions, = 12 a? + 3 m — 3 » == 6 wi; 

trans., 12« = 6f»— 3 w + 3 w = 3//^ + 3 ?i = 3 (w+;i); 

— 3 (^ + ^) _ ^H -f w ^ 

^ - 12 - ~^'" 



_ w — n I 



Ans. 



(l)-(2) = 2*y=^-^; 

^ 2^ ' 

a; 



~ 2a ' J 



Ans* 



Ans. 



8. (1) + (2) = ^ ^ 28. 

Clear of fractions, 2x = 168; 

X = 84; 

(l)-(2) = ^=24. 

Clear of fractions, 2y = 168; 

y = 84, J 
a; = 84. f 

7. Clear of fractions, (1) = 5x + iy = .360; . . 

(2)= z + 4y = 2d2; 
(1) - (2) = ix = 128; 

Sub. in (2) 32 + 4y = 232; 

transpose, 4 y = 232 — 32 = 200; 

^ = 32:} ^s. 
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Clear of fractions, 2z<= 2(a + b); 
(l)-(2) = ^ = a-i. 



Clear of fractions, 2y = 3 (a — i); 

Amu 



y = 3(a-b\', 
y = I (o _ J), ) 

X = a-\-b. J 



9. (1) + (2) = U(x + y) = 168; 

(3) x + y = 12. 
(1) - (2) = 6 (a; - y) = 36; 

(4) a; — y = 6. 
(3) + (4)= 2 a; =18; 

(3) -(4)= 2y = 6"; 

- 1 = 1:} An«. 



10. (l) + (2) = 2(a; + y) = 24; 

(3) x + y = 12. 
(1) -: (2) = 2 (a; - y^ = 4; 

(4) a; - y = 2. 
(3) + (4)= 2a: = 14; 

y — 7 

(8) -(4)= 8» = 10: 



Ans. 



11. (l) + (2) = | = ^. 

Clear of fractions, 24 = 6 a:; 

. a: = 4. 

Clear of fractions, 24 = 4 y; 

y = l'\ Ans. 

X ^ 4:, \ 
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13. (1) + (2) = J=-^. 

Clear of fractions^ 48 = 6^; 

a? = 8. 
6 8 



Glear of fractions^ 72 = 8 y ; 



a; = 8. ) 



Ana. 



14 X(l)by2 = | + i = i|(3); 

(»)-(3)---j^ 24-24' 

1 3 





y 


24^ 
24 


^^ 




y 


" 3 " 


= 8. 


< (2) by 2 


_4 

~ X 


2 _ 


B<*)' 




5 


10 




(1) + (4) 


"" a: 


12' 






1 


2 






X 


-12' 
12 


- ) 




X 


- 2 " 


= ^'} Ans. 



y 

15. X(l)by3 = ^-|.= -1(3)5 

X(2)by5 = ^-i = 3^ = |.(4); 

(4) — (3) = — = — or — = — ; 

6 = y. 

Sub. in (2), i - 1 = 1; 
^ ^' a: 6 30' 

transpose, 1 = 1 + 1 = 1; 

1 = A. 

a; "■ 30' 
30 = 2a;; 

Ans. 



a = 16, ) 
y=6. f 



Z^'\ Ana. 
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18. x(l)by3 = ^-^ = -|(3); 

4 4 11 

(4) - (3) = — ^ = I- or — ^ = i-. 

Clear of fractions, 6 = y — 1; 
transpose, 7 = y* 

Q 1. • /o\ 3 1 1 3 11 

Sub,m(2)=^-p3-.^,--^ = ^ = ^-^-- = _; 

transpose, ^ = 1 + 1 = A. 

1 _ 2 

a; + 1 30* 
Clear of fractions, 30 = 2 re + 2; 
trans|K>se, 28 = 2^;; 
X = 

y 

Clear of fr., 48 = 6a; + 12; 
transpose, 36 = 6 rr; 
6 = a;. 

Clear of fr., 72 = 8y - 24; 
transpose, 96 = 8y; 

'\ = l\\ An. 

18. (l) + (2) = ^ = c + rf. 

Clear of fr., 2 a = x{c-\-d)\ 

%a _ 

W-(^) = j- = e-d. 

Clear of fr., 2J = y (c — d); 
2b 

= y; 




Ans. 



88 



KEY TO NEWCOMBTB COLLEGE ALGEBRA, 



18. 



20. 



Clear of fractions, a; + y = ^aJ — 2y; 
transpose, 3 y = re; 

2a; + 3y = 18. 
Sub. a:, 6y + 3y = 18; 

9y = 18; 



X 



= 3y = 6j 



Ans. 



Clear of f r., (1) aa: — ^a; + ay + % = 2 a* — 2 aV (3). 
" " (2) a;-y=4a^(4); 

a; = 4 a& + y« 
Sub. in (3), 4a'J+flfy-4ay- Jy+tiy+^y = 2 a*— 2^^; 

2 ay = 2 a*^ - 2 aV^ 4:aV - 4 a'^; 

2 ay = 2 a* - 4a'^>+ 2 aJ' = 2 a (a'-2 ah + V)\ 

y = — ^ 2";i — = a'-^ah + l\{ ^^^ 

if = 4a5 + a'-2a& + *' = «• + »«*+**. ) ^ 



3. 



§ 140. 

(l) + (2) + (3)+(4) = 42:ir=108; 



Sub. X\y 

transpose. 



Sub. X\y 

transpose, 
Sub. in (1), 
transpose. 



XI = 27. 
(1) + (3) = 2X1 + 2a;s = 70; 

xi '\- x% =' 35. 
27 + a;. ±= 35; 
xz = 8. 
(1) + (4) = 2a?i +2a:4 = 68; 

a:i + a;* = 34. 
27 + Xi = 34; 
xa = 7. 
. 27 + a;t + 8 + 7 = 64; 

a;« = 64 — 42; 
x% = 22. 



(l)-(2) =3y + 4;? 

X (l)by5 = 10a; + 25y-f 15;? 
X (3)by2 = 10a; + 10y- 4:Z 
(5) - (6) = 15y + 192; 

X (4) by 5 = 15y + 20« 

(8) - (7) = 
Sub. in (4), 3 y - 8 = 1; 
3y=9; 
y = 3. 
Sub. in (1), 2a; + 15 - 6 = 13; 
2a; = 4; 
a; = 2. 



1 

65 

58 

7 

5 



41 
^5' 

6^ 

X 

'8^ 



= - 2. 



KB7 TO NEWC0MB8 COLLEGM ALOESRA. 80 

4. x(3)by3 = 3a? + 21«-18y = 99(6); 
A 1 (a) = 2U - 19y + 4« = 90 (6); 
V (I) by 7 = 212 + 14« - 35y = 126 (7); 
(T) i fe) = 10 m - 16y = 36 (8); 
>^ /3)by2 = 2x+liz-12y = 66 f9); 
• (4\ + (9) = 19';!-20y + 2«=81. (10); 
>^ (1) by 19 = 57 2 + 38 « - 95 y = 342 (11);• 
X (10) by 3 = 57 « - 60 y + 6 » = 243 (12); 

(11)-(12) = 32« - 35.V = 99 (13); 
X(13) by5 = 160tt - 175 y = 495 (14^ 
X (8) by 16 = 160 » -- 256y = 576 (15); 
(15)-(14) = -81y = 81; 

y = — 1. 

Sub. in (8), .10t*4-16 = 36; 
transpose, 10 w = 20; 

« = 2. 
Sub.- in (1), 3 z + 4 + 5 = 18; 
transpose, 3 « = 9; 

■Sub.in(2),3a;-l-8 = 9; 
transpose, 3 a; = 18; 

X = 6, 

6. (1) + (2) + (3) + (4) = 

Sx+dy + 3z + 3u=:a + b + e + d; 

H-3;=« + y + z + »= 3 (5); 

/Kx /,x a+b+c+ d _ b+c+d-2 a _ '] 

(5)— (1) = M _. 3 a — g , 



(5)-(2) = X = «+»+^+rf _ ^ ^ a+c+d-2b , 

(5)_(3) ^.y = ?±*+£±^- ,^ «+&Y~^' ; 
(5)-(4) = . = ?±^±£±^ ^ rf= ?±*djz^. 



6. {l) + {2) + {d) = l = m + n+p. 
Clear of fractions, 2 = ic (^ + ^ +i^); 

(2)+(3). = ^ + i =n+;>(4); 



>■ Ans. 



90 ^ST TO NEWC0MB8 COLLEGE ALGEBRA. 

2 
(1) -(4) = --=im-{n-\-p)=m-n-pi 

2 

n -Y P — »* 
(l)+(2) =l-^ = m + «(5); 

(5) -(3) =-| = ,» + «^^; 

2 

2; = 



J3 — w — I* 



§ 140.— Problems. 

1; Let X = price of horse A; 
y = <* " ** B; 

thena: + 75 = 2y (1); 
y + 75= z(2). 
Sub. value of a? = y + 75 in (1) y + 75 + 75 = 2y; 

transpose^ — y = — 150; 

y=:150,A,) Ana 
a: = y + 75 = 225, B. [ ^^^v 

2d is solved. 

S. Let X be the Ist digit; 
y " 2d " 
then 10a; + y = 6(a; + y) = 6a: + 6y (1); 

10a;-fy — 9 = 10y + a; (2); 
transpose, (1; =4a; — 5y = (3); 
(2) =9a;-9y= 9(4); 
-5- (4) by 9 = a; — y = 1 (5); 
X (5) by4 = 4a; — 4y = 4 (6); 

^'«\5ll = l + 4:=6.f ^ Or number =64. 

4. Let X be the 1st digit; 
y " 2d " 

then 10a; + y==:6(a: + y + l) = 6« + 6y + 6 (1); 
10a: + y -- 18 = lOy + a? (2); 
trans., (1) = 4a: — 5y = 6 (3); 
« (2) = 9a;-9y = 18(4); 
^ (4)by9 = a;-y = 2(5); 
X (5)bv4 = 4a;-4y = 8(6); 
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& 



6. Let X be the Ist digit: 
y " ad " 

then 10a; + y = 6 (a; + y) + 8 = 5a; + 6y + 2 (1); 
10a; + y4-9 = 10y + a;(2); ^ 

trans., (1) = 5a; — 4y = 2 (3); 

" (2) = 9a;-9y=-9(4); 
•^(4)by9 = a;-y=-l(6); 
X (5) by 4 = 4a; — 4y = — 4 (6): 
(3) i fe = a; = 6. T' 

From (5),- y = - 1 - 6 = -7; ^ No. = 67. Ans. 
y = 7. ) 

6. Let X be the Ist digit; 

y " 2d " 

then 10a; + y = 9(a;4-y) = 9a; + 9y (1); 

f«.n. /?? «= + y = 11 (^-y) + 4 = 11 ^-11 y+4 (2); 

trans.^ (1) = a; — 8y = (3); 

(2)= ~a;+12y = 4(4): 

(3)+(4)=4y = 4r . 

y = i. 

Sub. in (3), rr = 8. No. = 81. Ana, 

7. Let a; be the numerator; 



€i 



denominator; 



a; 4- 2 2 
then — ' — = -, or, el. of fractions, 3 a: + 6 = 2y (1); 



y 

X 



— _ « « it 



7a; = 4y+16(2); 



y + 4 7' 
transpose, (l) = 3a; — 2y = — 6 (3); 

(2)= 7a;-4y=16(4); 
X (3) by 2 = 6a; - 4y = - 12 (6): 
(4) - (6) = a: = 28. 

From (3), — 2y = — 6 — 3ar = — 6 — 84 = — 90: 

y = 46. 

■^=:txaciion. Ans. 

Let X = A's; 
y = B's; 

then a; — 60 = |, or 2 a; — 100 = y (1); 

y - 64 = ^^^, or 2y- 108 = a;-60 (2); 
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transpose, (1) = 2 a; - y = 100 (3); 
(2) = ~ ^ 



(2) = ~a; + 2y = 58 (4); 
(4) + (3) = a; + y = 158 (5); 
j5)+(4) . = 3y = 216. 



_ y= 72, B;) 
from (3), 2 a; = 172; V 
»= 86, A.) 



An& 



8. ^ Let X = BTiinbor of ^od ones; 
y = " *^ bad " 
theua; + y = 42 (1); 
3a; + 2y = 100 (2); 
X (l)by2 = 2» + 2y = 84 (3); 

from (1), y = 42 — 16 = 26. J 



10. Let X be the numerator; 

y " denofninator; 

then --tr33 = ^/or 2ar=y + 13, or tr., 2rc-y=13 (1); 

X 4 2 

= g, or 3 a;— 1^=2 y, ortr., 3 a;— 2y=12 (2); 

r2)-%=a;^y=~l (3); 
(3) - (1) = - a; = - 14, x =z 14; 
fr-om(l), 2 a; — y=13; 
2 (14) - jr = 18; 

- y = + 13 - 28 = - 16; 
y = 15. 

.*. q-r, the fraction. Ans. 
lo 

11. Let X be the numerator; 

y ** denominator; 

then ?^ = |, or 3a; + 6 = 2y (1); 

X 1 

and ^^-p^ = -, or3a; = y + 3 (2); 

(l)-(2) = 6 = y-3; 
transpose, 9 = y. 
Snb. m(2), 3a; = 9 + 3; 4 

3 a; = 12; .•. --, the fraction. Ans. 

a; = 4. ^ 
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18. Let X = number of turkeys; 
y = '< " cliickcua; 
then 76 a; + 32y = UOO (1); 
100a; + 48y = 2000 (2j; 
^ (2) by 4 = 2o a; + 12y = 500 (3); 
X (3) by 3 = 75a; + 36y = 1500 (4); 
(4) - (1) = 4y = 100; 

y = 25; 
from (3), 25a; = 500 - 12y = 500 - 300 = 200, 

y = 25. f ^^®' 



13. Let X = number of pears; 

y = " " apples; 
a; — 7 = " " good pears; 
y — 11 = " " " apples; 
theny + 2a;= 170 (1); 
(2) 2 (y - 11) + 3 (a; - 7) = 260, or 2y - 22 + 3a? 

— 21 =260, or2y + 3a; = 303; 
X (i) by 2 = 2 y + 4a; = 340 (3); 

from (1),~ y = 170 - 2a; = 170 - 74 = 96. ) -^'"• 

14. Let X = Mr. S's age when married; 

y.= Mrs. " " " " 

then a; = y + 1^, or 3 a; = 3 y + y, or 3 a; — 4 y = (1); 

a;-f 12 = y 4-12+^^---, or 5a; + 60= 5y + 60 + y 

+ 12, or 5a;-. 6y = 12 (2); 
X(l)by3= 9a;~12y = (3); 
X (2) by 2 = 10a; - 12y = 24 (4); 

(4) - (3) = a; = 24; 
from (1), 3a; = 4y; 

72 = 4v; 

11 = ^4 Ans- 
24 = a;. ) 



15. Let X = time required by A; 
y = " '' « B; 

then- + - = ^(l); 
X y 6 ^ '' 



M i^flT TO NEWCOMBB COLLKOB ALOBBBA. 

Sub. - in (1) = - + ^ + - = ^; 

2 1,1 1,31 

'"*'"'P^'y = -18 + 6 ="18+18 = 95 
1- J.. 

y — 18' 

y = 18. 
Sab.in(l),i+l = l; 

^ 1113 11 

transpo8C,- = --- = -^--=-, 

a; = 9, A's time; ) . 
y = 18, B's time. J ^^^ 

16. Let X = husband's age; 

y = wife's " 

_ = 2, or a: + 6 = 2y — 12; hence a; — 2y = 

- 18 (1); 

V + 12 
__ ^y ^ = 5, or y + 12 = 5 a: — 105; hence y — 5 a: = 

- 117 (2); 
X (2) by 2 = 2 y - 10a; == - 234 (3); 
(3) + (1) — 9 a; = - 252, or x = 28. 
Sub. in (1), 28-2y=-18, -2y=- 56,'y = 23. 

17. Let X = 1st age; 
y = 2d " 

then a; + y =9 (a:— y)=9a;— 9y, or — 8a:+10y=0 (1); 
and (a; - 7) + (y .- 7) = 7[(a; _ 7) - (y - 7)], 



or a: + y — 14 = 7a:— 7 y, or — 6a:-|-8y = 14 (2); 
X (l)by3 = ~24a; + 30y = (3); 
X (2) by 4 = - 24a:-f 32y = 5G (4); 
[4) -(3) = 2y = 56, y = 28. 
in(l), -8a: = ^280; 
a; = 35. 



Sub. 1! 



18. Let X = rate of faster train; 

y = " " slower " 

1 hour 24 minutes = 1.4 hours; * 

then 1.4 a; + 1.4 y = 98; 

X by 10, 14a; + 14y = 980 (1); 

3iP = 4y; 

4 
x = ^y. 
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56 
Sab. in (1), y y + 14 y = 980. 

Clearof £r.,66y4-42y= 2940; 

98 y = 2940; 
y = 30 miles per hour, \ 

a: = -y = 40 " '« « f Ana. 

19. Let X = price of tea; 

y = ** <• coffee; 
then 50 a; 4- 100 y = 6000 (1); 

60(|.) + 100(|y) = 77.or?^ + ^^=7700, 

or, cl. of fractions, 750 a; + 1600 v = 92400 (2)' 

X (1) by 16 = 750a; + 1500y = 90000 (3); " 
(2) - (3) = 100 y = 2400; ^ '' 

y = 24; 
from (1), 50a; = 6000 - lOOy = 6000 - 2400 =s 3600. 

80. Let X = price of tea; 

y = '' " coffee; 
then ax + by = p (l); 
and wa?+Wy = jf? (2); 
X (1) hym= oinx + bmy = mp (3); 
X (2) by a = amx -f any = «;? (4). 
(4) — (3) = any — bmy =: ap — mp; 

y {an — iw) == ^ (^ — m); 
p{a-m) ^ 

an — ^m ' 
X (1) by 71 = anx + bny = np (5); 

^/Iv ^^.t = *^ + ^wy = Jp (6); 
(0) — (o) = bmx — awa: = ^Jt? — «p: 
X {bm — a;^) = Jt? (i — »); 
^_ p{b-n) 
^ d;« r- an * 

21. Let X = amount from 1st ingot; 
y= " " 2d ^* 

From the 1st, ~ = silver taken; 



2 

X 

2 



X 

s- = gold taken. 
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From tbe 2d, - = silver taken; 

-y- = gold taken. 

Hence, total silver = -4- 1^ ; 

total gold = 1+1^. 
Becanse the gold is 4 times the silver, 

Clear of fi'actionsy Zx-\- 5y = 12aT + 4y; 

or transpose, y = 9 z (1). 

a? + y = 5 ounces (2). 
Sub. from (1), X'\'%x •=-h\ 

10a: = 5; 

y = 5 — a:; 



22. Let a; = number of 1st denomination; 
y = " " 2d " 

= value of each piece of Ist denomination; 



a 

100 



a it €t 



2d 



^, 100 , 100 

then X h y -T-- = 100, 

100 ar , 100 V 
or — — + — ^ = 100. 
a 

Clear of fractions, 100 Ix + 100 ay = 100 ah; 

-^ 100; hx 4- flry = aJ (1). 

Because there are c pieces in all, 

x+ y=:c m; 

[2) X a, rta: + «V = ^<^ (3); ^ 

2) X J, Sa; + Jy = he (4). 
1) - (3), {h -a)x=i a(h- c); 

a(h-^c) 

— h ' 

(l)-(4), (a-i)y=b(a-c); 

h(a — c) 

^ a — h 
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23. Le6 X = A's investment; 

X +- 1000 = B's 
X + 1500 = C's 

"Tqq = a 8 rate; 

"loo""^^ 

-^^ = A's income; 
(X + 1000) ?^ = B's '* 

theu^=:(. + 1000)?^-80. 

Clear of fi-actions, xy — {x+ 1000) (y + 1) — 8000 

or ary := xy + x+ lOOOy + 1000 — 8000 

transpose^ xy — xy -^x ^ 1000 y = -- 7000 

a; + 1000 y = 7000 (1). 

Again, (ar + 1000) ?^ = (a? + 1500) ^Lt? _ 70. 

CI. of fr, (ar+ 1000) (y + 1) = (a; + 1500)(y+2)-7000 
or a:y+a;+1000y+1060=ary+2 a:+1500 y+3000--7000 
trans., xy — xy+ x -^^x-^- lOOOy — 1500y = —5000 

ora;+ 500y =5000 (2) 
(l)-.(2) =500y = 2000; 

y = 4; 

y+i = 5; 

y+2 = 6; 
then (2) x = 5000 - 500y = 6000 - 2000 :i= 3000; 
X + 1000 = 4000; 
X + 1500 = 4500, 

24. Let Xy y, and z represent the gallons in the several casks; 
then a? + y + 2; = 344 (1); 

a; — 50 + f = quantity in 1st after selling 50 gallons 

and pouring in one third of 2d; 

-~^ + T = quantity in the 2d after adding \ of 3d; 

o 5 

4 z 

-^ = quantity I'emaining in the 3d; 
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Because the 1st contains 10 gallons more than the 2d, 

^_50 + | = ^ + |- + 10; 

or, cl. of fr., 15a;- 750 + 5y = lOy + 3;?+ 150; 

or, trans., 15 a?— 5y — 32;= 900 (2); 

or, cl. of fractions, 10y + 32; = 12 2; + 150; 

or, trans., 10 y — 9z = 150 (3); 
X (l)by 15 = 15a; + 15^+15 2? = 5160 (4); 

(4) - (2) = 20y + 18;? = 4260 (5); 
X (3) by 2 = 20^^ - 18;? = 300 (6); 

(5) - (6) = 36 ;? = 3960; 

2?= 110; 
from (3), 10 y = 150 + 9 a; = 150 + 990 = 1140; 

y = 114; 
from (1), a; = 344 - y - ;5 = 344 — 114 - 110 = 344 

- 224 = 120. 

X = 120, 
y = 114, \ Ans. 
• z = 110. 



§146. 

1. Because {a + h)* must be positive. 

Now, since a; < 1, 

2 rt^a; < 2 ab\ .\ a' + J" — 2 abx > 0. 

2. By Ex. 1, a* + ^>' > 2 ab] 

2 a^ = 2 ab; 

Add, {a + ^)' > 4 «i; 

8. Transpose, 3 a; > 18; 

a; > 6. 

4. Cleai' of fractions, 12 a; > 3 a? + 36; 

transpose, 9 a: > 36; 

a; > 4. 

5. Clear of fractions, 21 a: — 25 a: > 5 a; — 46; 

transpose, — 9 a; > — 45; 

9 a; < 45; 
•*. a; ^ o. 
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6. 



Transpose^ qx — nx > p 
x{q— n) > p 

• X >^ 



-m; 

— m; 

— m 



• • 



q — n 



7. Glear of fractions, xy — y* < my — mx; 
transpose, xy + 7>ix < my + y'; 
x(y+m) < y\m + y); 
.'. X < y. 



^m + y; 



8. Since ^a — b)* + {b — c)* + (c — a)* is a sum of 
sqnares, it must equal a positive quantity, say x; then 

o" - 2aJ + y + *'- 2 ftc + c'+ c* - 2ac + a' = a;; 
or2a" — 2ai + 2i" — 2^>c+2c'-2(K: = a:; 



x 



-r- 2 and tr., a* + i* + c* = - + ai + Jc + oc. 



Buta'+*' + c'= 1; 



re 



•^ — ab ^bc-^- ac = 1; 
trans., ab + bc-{- ac == 1 — ~, or < 1. 



§164. 



1. 



20 33 ^ 



>- Ans. 



(1) 5 : 3 = 8 : a: = 12 : y = 17 : a; = 20 : tt = 33 : V. 
By Theorem IV., 
5 _ 8 __ 12 _ 17 

3 ~" a: "~ y "~ « 
Hence x = 8 -t- f 

y = 12 -^ f 
z = 17 -^ I 
w = 20 -T- I 
v = 33 -f- I 

(2) 3 : 5 = 6 : a = 
3_6_8_16____ 

Hence a= 6-f-| = ^ = 10; 
b= 8-^i = Y = 13i, 
c = 16-^| = ^ = 26|: ^ Ans, 
rf = 20-4-|=i^ii= 33i 

c = 29 H- f =H^= m 



u 
20 



12; 

19i. J 

16 : c = 20 : <? 

29 



= 29 : «. 
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8. Let X = Ist part; 

y = 2d " 
z = 3d " 
then a; : 2 = y : 4 = z 
or a; : y : « = 2 : 4 : 11. 
By Theorem IV., 



11; 



flc _ y _ ^ _ a; + y + g _ 
2 4 11 2+4 + 11 
.-. a; = 6 -5- i = 12; 

y = 6 -^ I = 24; V Ans. 

z = 6 '^^= 66. 
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17 



= 6, 



: 4 = t; : 6; 
4 :5. 



Let a; = Ist part; 
y = 2d " 
« = 3d '' 
u = 4th " 
v = 5th " 
then a::l = y:2 = 2;:3 = w 
or x: y : z : u : V =^ 1 :2 :d : 

By Theorem IV., 
X y z ,w__v __a; + y + 2f + w + r_ 1000 

r '2 'S'l^S"" 1 + 2+3 + 4 + 5"" l5~ 
Hence a: = ^-T-l = «iA= 66|; ^ 

y = i^-i = A^ = 133i; 

2j = i|iL^^ = A|iL=: 200; > Ans. 

«* = AjiL ^ J = A^ = 266f ; 

V = ijiL -^ I ==jjyuL= 333i. 
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5. Let X = 1st fraction; 

y = 2d " 
then a: : y = a : S. 
By Theorem IV., 
£_y _ a; + y _ 1 



a 



a+h 



Hence x = 



y = 



a + ^ 
1 

a + ^ 



o + d' 

1 

• ^_ 

1 



a 



b 
a+b' 



Ans. 



6. Let X 

y 

then X : y 



1st number; 
2d " 
7:3. 
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By Theorem IV., 



""°'j:i:|:S.1 '^ 



7. Let x = Ist number; 

y = 2d " 
then X \ y =^ m\n. 
By Theorem IV., 
a?__y_a; — y__ 1 



m 




n 




m 


— 


n 


m ' 


- n 


X 


= 


m 


1 


n 


• 


1 
m 






m 


-»' 


y 






1 




• 


1 




" 1 




m 


— 


n 


• 


n 


m 


-n\ 



h Ang. 



8. Multiplying extremes and means, 

ix = ay\ 
transpose, ia? — ay = (l)j 

X (1) by a = a&B — a"y = (2); 
X given equation by by 

abx — Vy = aJ 4- J* (3); 

(3) - (2) = aV - Vy = ai + *'; 

Sub. in (1), te ~ = 0; 

— <g^ _ g 
"" ^(a — i) ""a — J* 

9. By Theorem I, 

aB = ^5; 
and cD = Ctf, 
Multiplying member by member, 

aBcD = AbCd, 
or OCX BD = bdx AC; 
. n» bdxAG 
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• ^^' Id BD' 
or ac :bd :: AC: BD. 

10. Adding and subtracting 2 y, 

a; + 2y = ay + 2y = ra + 2)y; 

' ■ z — 2 y a — 2* 

11. CI. of fi*action89 a;+2y = 5a; — lOy; 

.*. 4x = 12y and ^ = 3y. 
Adding and subtracting y, 

... ^±y=:2, Ans. 
a;— y 

IS. By Theorem V., a* : J* = p* : y». 

By Theorem III., a* + J* : a" ==y + y* :^« (1); 
also, by Theorem III., a+.b :a=p + q :p; 

or a : a+b =p :p + q; 

or -^ = -^ (2). 
«+ * P + 9 
Multiplying the consequents of (1) by (2), 

a + o -^ ' 2 p + 9 
Also, from Theorems V. and III., 

a** + J»* : a» =^»-f- g» :«». 
Multiplying the consequents by the members of (2) we 
have the result to be proven. 

18. By Theorem III:/ 

{a + b + c + d) + {a + b'-'C-d):(a + b + c + d)- 

{a+b — c — d) 
= (a - * + c - rf) + (a - J - c +rf) : (d - ^ + c - J) - 

^ (a — b — c + d); 

or2a + 2b:2c+2d=:2a-2l:2c-2d; 

-^2=a + b:c + d=a--b:c — d. 
By Theorem IL, a + b : a — b = c + d : c — d. 
By Theorem III., (a + *) + («- b) : (« + i) - (« - b) 

= c + d+(c'-d):{c + d)'-'(c--d); 
or2a:2b = 2c:2di 
-^ 2 =i a : b =i c: d. 
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14. Let X = one share; 

2x = A's " 

3 a: = B's " 
Hx = C's '' 

then 7x - 1256 = dx + 1266; 
trans., 7 a; - 3 a; = 1266 + 1266; 

4 a; = 2512; 
a; = 628; 

2 a? = 1256; 

3 a; = 1884* 

' 7x = 4396.' Total, ♦7536. Ans. 

15. Let X = one share of profit, 1st year; 

2 a; = A's; 
5 a; = B's. 

Let y = one share, 2d year; 

3 y = A's; 
4y = B's. 

Then3y = 2a; + 3200; 
4y = 5a; + 1700. 
Transpose, 3y — 2 a; = 3200 (1); 
4y - 5a; = 1700 (2); 
X(l)bv4 = 12y- 8a; = 12800 (3); 
X (2)by3 = 12y - 15a;= 5100(4); 

(4) — (3) = 7a; = 7700= 2 a; + 5 a; = profit 1st year. 
X (l)by5 = 15y- 10a; = 16000 (5); 

X (2) by 2 = 8y - 10a; =3400 (6); 

(5) - (6) = 7y = 12 600 = 3 y + 4y = profit 2d yr. 

7 c 7 

16. The ratio of chickens to ducks ^^ 2 ' ^^rf " 2 ' 

, d 3 
also, - = ^; . 

c ^ _ f. _ ^i 
d ^ ^ "" y ■" 4 ' 

That IS, there were 4 geese to every 21 chickens. 
Hence X 2, there were 8 geese to 42 chickens. 

17. A : c = 4 : 9; 

A - 148 : c - 108 = 1 : 3. 
From first proportion, 

9A = 4c, or 9A - 4<; = (1). 
From second, 3/t - 444 = c - 108, or 3 A - c = 336 (2); 
X (2) by 3 = 9 A - 3c = 1008 (3); 
(3) - (1) = c = 1008. 
Substitute, 9A = 4c = 4032; 

A = 448. 



IM 



UL If tkB« are m porta water wmd i pvts wine, 
^ tiw xacLo of water to the whok; 






»• fc* 4* w-tMA *• *C C< 



11^* 



= til« SOB = 1. 



Itl Let r be the e«:^a^ weight taken from each ingot 
Then in>in the drst is^ot I take 

i ar of gold, ^ v of silver. 
From the second, f v of gold, i v of silyer. 

The combiuation thereforo 

coutains f v of gold, f v of silTer. 

The ratio is 7 : 5; that is, 7 parts ol gold to5 of silyer. 

Ml Since« in the first ingots, the quantities are equal, 
1 ounce from it will conuin 

^ OL gold, i OL siItbt. 
Since the second has two parts of gold to one of silyer, 
the aUoT from it wiU be } gold and i sQyer. This alloy, 
being 3*ounces, will hare 

^ ox. gold, 1 ox. silyer. 
Therefore both alloys togelher will contain 

^ -I- 2 = f ox. gold and ^ + 1 = } ox. silyer. 
The ratio is 

gold : silyer = 5:3. 

SI. As in Problem IS, one gaUon from first cask wiU contain 

^ , indlon of water and — j-^ gallon of alcohoL 

One gallon from the second will contain 

— -- — sallon of water and — ; — gallon of alcohoL 
f » + ^ w + » 

The mixture will contain 

a m 2 am 4- an -{- bfn ^ „ . _ . _ 

— 1 li!— = -J — -4^-;^ — \ — r- of agallon of water 

a + b^m + n (a + b){tn + n) ^ 

and 

_J-4.—g- = ^^ + ?"*:^of>gJL of alcohoL 

a + b^m + n {a + b){m + n) ^ 

Two parts from tho first cask will contain 

, parts of water and — r-v parts of alcohol. 

a + b^ a + b'' . 
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One eqaal part from the second will contain 

of one part water and — -r—- of one part alcohoL 



m-\-n ^ m + » 

The mixture will contain 

2a , m 3 am 4-2071 4- bni . . ^ 
H i — = "7 — rm — I — r P*^** ®' water 



a + b m + n (a + b) (m + n) 
and 
2 b , n Sbn+ an + 2bin . - , , , 

— TT H i — = -? — . AW I — r P*"^** o' alcohoL 

a + b m + 71 \a -{- b) (m -{- n) ^ 

Diyiding, we find the ratio to bo 

water : alcohol = 3am + 2an-{- bin :3bn-{- an + 2 bm, 

8S. Beasoniug as in the preceding problem, we find: 

Fromlst cask . , parts water and -— -i- pts. alcohol; 

a-\-b ^ a-\-b ^ ' 

ic 2d « g^ " ** « g^^ « ,i 
m+n m+u 

mu 1. 1 {p + q)am+pan + qbm ^ . , 
The whole, . . .v / . — -r^ — parts of water 

(a + b) (m + n) * 

and iP + 9)in+pbm + gan ^^ ^^^^^^ 

{a -i- b) (m -{- n) ^ 

Whence, for the ratio, water : alcohol 
= (^ + y) a7n +i?^ + qbm : {p + q) bn +pbfn -\-qan, 

SI. If r be the fraction of gold in the first ingot, and 8 in 
the second ingot, then 1 — r will be the fraction of 
silver in the first, and 1 — « in the second. Tlierefore 
2 parts from first ingot contain 

2r parts of gold and 2 (1 — r) parts of silver, 
1 part from the second contains 

s parts of gold and (1 — s) parts of silver. 
The combination will therefore contain 
(2r + s) p. of gold and 2 (1 — r) + (1 — «) p. of silver. 
Since these quantities are equal, we have the equation 
2r + 5 = 2(l-r) + (l-5) 
= 3— 2r — 5, 
or 4r+25 = 3. (a) 

Proceeding in the same way with the second mixture, 
we find that one part of the first ingot will contain 

r of gold and 1 — r of silver; 
two parts from the second will contain 

25 of gold and 2 (1 — «) of silver. 
So the second combination will contain 
(r 4* 2 «) p:irts of gold and 1— r + 2(l— «)of silver. 
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Equating the ratio of these quantities to 3 : 5^ we have 

5r+10« = 3-3r + 6-6*, 
or 8r + 16« = 9 (b) 

(a) X 2= 8r+ 4g=6 

12« = 3 .-. 8=.\. 

Sub. in (a), 4r + i = 3; 

4r =i; 
r =f. 
Therefore the fii-st ingot is f gold and f silver; the 
second is \ gold and | silver. 

25. The mistake wQuld consist in not having the quan- 
tities of gold, 2/7 and r, taken from the two ingots 
expressed in the same unit. If we suppose the word 
**part" to express the same quantity throughout^ and 
say^ as in the example, 

2 parts = 2j» + 2 g', (1) 

the units in which the second member is expressed must 
be different from a "part" in the first member, unless 
2^ + 2 y = 2, or j» + ? = !• I^ the same way, when 
we say 

1 part = r + «, (2) 

the unit of the second member will not be a part unless 

r + « = 1. ♦ 

If we suppose p-\-q and r + « different from unity, 
the unit of second member of (1) will be 

1 part 

and that of (2) will be 

1 part 

and if ^ + g' i= r + 5, these units will be equal and the 
quantities may be added. 

S6. Let a:b ::p\qy 

and p :b :;b: q, or J' = pq (1). 
By Tneorem I., ad = be; 

X c, cd = — . 
a 

Since the question states a certain relation between the 

first three terms of the proposition, we must eliminate 

the hust term q. From (1) we have 
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V 

P 
Substituting this in the original proportion, we haye 

a: J = « : — . 

P 
Equating products of extremes and means, 

— =*p; 

P 

whence , 

and p = Vaby the mean proportional between a and b as 

asserted. 
Sub. this Talue of cd in (1), 

a 
-i- J, ^ = — , or c* = aJ. .-. (2) is true. 

§167. 



2. 



•^»> -»/»»• 






5 (g + ft)' {a + ft)" 
8. o'ftV-", a*J*c-*. (a-j)»' (a-J)»- 

A ^*^* (^ + ft)' m^n^ (g + ft)** 

§168. 

9. cM^a^. 

10. «»»»a»» =«»+»•. 

11. %^p^'^q^. 

12. (a + J)»(c + J)». 
18. (a; + y)»(a;-y)-. 

IK '^ 



1. 


aTar'y'. 


2. 


64 a' 
*• • 


3. 


o*". 


4. 


*V'. 


5. 


8a«»n*». 


A 


ai6a*» 


W. 


J' • 


7. 


rt». 


8. 


tMl^. 



a** 



"• is- 
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17. i'' + yj*. 20. 8a*b'm\ 

19. '^,^^\ZT' "• 9"»*»*^*- 

(a — b)^c^ 

S2. 2 a (- 27 ft*t»V) or — 64 o^'mV. 

28. 240iygV". 26. 2»a«»a*». 

24. a<i»<. 26. m»\ 



.• 



§169. 



1. a*b-' = ^. 8. a'mtp— = ?^. 



i» 



• (a-^)-6H~(a4-i)ei»- 
10. ^'J-V-»=,^. 12. m-«-«wO = ^. 



11. fl-'JV=*^. 18. a;-»V=C 

14. ao»Jn*c-»* = , = ^. 



§ 170. 

1. 4. 2. -27. 8. 266. 

4. 26. 6. -126. 6. -V. 
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7. -(« + *)'. 18. -(a + *)*•-!. 

8. -»»V. 13^ 1«» = 1. 

9. pW. 

10. «^. 1*- -!-+•=- 1- 

11. —«*•+». 16. -l*»-» = -l. 

§172. 

8. The exponents of a are 9, 8, 7, 0, 5, 4, 3, 2, 1, 0; 

" h " 0, 1, 2, 3, 4, 6, 6, 7, 8, 9. 
Coefficient of Ist term is 1; 
" " 2d " " n = 9; 

" " 3d " " ^-^.9 = 36: 

2 

« " 4th " " ^^.36 = 84; 



ii 



3 
« 5th " " ^^.84 = 126; 



« « 6th '* ** ^^^.126 = 126. 

o 

'' " 7th ** " izL^.i26 = 84; 



" '' 8th " " ^-^.84 = 36; 



a (t 



9th '' '' ^-p-^.36 = 9; 

o 

" " 10th " " ^^^.9 = 1. 

.\{a + by == «• + 9 a"J + Sea'b^ + 84 a*b' + 126 a'b* 

+ 126 a*b' + 84 a*y + dSa^b' + 9ab' + b\ 

4. &' is in the 4th term, and the coefiScient is 
n{n^l) (n - 2) _ 10.9.8 _ ^ 

2:3 -^X"^^^^*- ^°^ 

6. = (2 amy + 8 (2 aw)' (3 n) + 28 (2 arw)' (3 ny 

+ 56(2«w)*(3w)"; 
= 266 aW + 3072 aW» + 16 128 a*w*w' 

• + 48 384 a'm'n\ 

6. 1"+18.1"(|)+ 153.1" g) =14 lB^ + 153^. 
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7. a" — 13o"x + 78a'V. Tho coefficients of the last 
terms are the same as the eoeilicients of the correspond- 
ing first terms; the exponents only change places, and 
the sign of the last term is negative. We get 

- 78 aV + 13 ax" — x". 

8. «• + 6.«- (i) + 15.«' (1)' + 20 «• (1)' + 15 a- (i)' 
-f.6a^-) + (i^j =a' + 6o* + 15a'-|-20 

■•" :^' + tf' + ¥•• 

9. L=i + „.:«.+ ^li!Lzi)^ + »l(!L=|M^zi^^. 

11. = l» + n.l— (2a;')+^^^^^^=^l»-'(2a!')* 

^ »(n-^lK»-2) ^,_.^^^. 

= 1 + 2 ».»- + 2 n (n - 1) ^« + M>^-l)(»-a) ^., 

IIL = 1 - n.1— ■ (2a;') + !L(^Lzi) i»- « (2a-)» 

_ n(n-l)(«-2) ^,_,^g^^,^ 

= 1 — 2 nar -|- 2 n (» — 1) a;* ^ ~-^ ^a?*. 

"• = (i)"+»(s)'°+«'S'«-+»«(^)"«-= 

1 ■ 8 I 28 56 
+ 219 620 ^ - 250 880 ^-. 

^ y 

VI. = (Sa/n*)"- 10 (3 amhy (5 Jw*) + 45 (3afw*)V5Jn*)* 

- 120 (3 amky (5 Jni)* = 59 049 a''mf 

- 984 150 a*wl^w*+ 7381 125a'i»*y« 

- 32 805 000 a^mWH^, 
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Ill 



10. 



1. 
2. 
8. 



5. 



6. 
7. 



8. 



= 14.7a: + 21a:» + 36a:' + 35a;* + 21a:» + 7a:* + «' 
1 - 7a;4. 21ic» - 35a;* + 35 j:* - 21 «•+ 7a;* - «' 

Sum = 2 + 42 x* + 70 a;* + 14a;*. 
Difference = 14a; + 70 a;* + 42 a;' + 2 z\ 

§173. 

= l + 4a;* + 9a;* + 4a;+6a;* + 12a;* 
= 1 _|_ 4a; + lOa;' + 12a;' + 9a;\ 

= 1 + 4a;*+ 9a;* + 16a;»+ 4jr + 6a;»+ 12a;*+ 8a;*+ 16a?* 
+ 24a;' = 1 + 4a;+ 10a;"+ 20a;*+ 26 a;* + 24a^*+ 16a;*. 

= l + 4a;*+9ir*4-16a;*+25a;"+4a; + 6a;*+12a;*+8a;' 

4- 16a;* + 24a;' + 10a;' + 20a;* + 30 z' + 40 a;' 

= 1 + 4a;+ lOa;* + 20 a;* + 26 a;*+ 34a;'+ 36 a;' + 30 z' 

+ 40 a;' + 25 a;*'. 

= 1 + 4a;'+ 9a;*+ 16a;'+ 25a;"+ 36a;"+ 4a;+ Ga;* 
+ 122;' + 8a;' + 16 a;* + 24 a;' + lOic* + 20 a;' + 30 z' 
+ 40a;' + 12 a;' + 24a;' + 36 a;' + 48 a:' + GOa:*» 

= l + 4a;+10a;'+20a;'+.25a;*+34a;'+48a:'+54a;' 

_^ 76 a;' + 48 a;' + 25 a;*' + 60 a;" + 36 x'\ 

= l + 4a;«4.9a;* + lGa;'-4a;+6a;"- 12a;'- 8a;' 

+ 16.r*-24a;' 
== 1- 4a;+10a;'- 20a;'+25a;* - 24a;'+ 16a;'. 

= a' + J* 4- c* + d* — 2a* + 2 ac — 2 6c — 2 rt^/ 

+ 2W-26'J. 

= 9a'+4y+c'+d'+2(3a)(2J)-2c(3«)-2(;(2i) 

+ 2d(3a)+ 2rf(2J) -2crf=9a'+4S' + c' + t/' 

^12rtJ— 6ac — 4J<;+ 6aJ + 4ftr/ — 2crf. 

--(i)-(-:)(i)-^-a) 



= «. + i,+j« + l,+2 



2a* 7 r+2 

a ab 





= (o - oy 


-l-4-t-- 


§176. 


a**' 


5 


1. 


fW*. 


4. 


(rt + ft)i. 




7. a». 


2. 


(>» + «)♦. 


5. 


»«*. 




8. (rt + ft)~. 


3. 


(a + ft)-. 


6. 


n 




9. (fl + ft) ». 
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• 




§177. 


t 

s 




1. 


■= ± (a + J)l, 


a + b. 


(a + J) ». 

o 


' 


2. 


= ±{.a + b). 


(a + b)i, 


(a + *) ». 

t 




3. 


= ± (« + *)», 


{a + b)i, 


{a + J) *. 

o 




4. 


- ± (a; + y% 


(» + y)*> 






5. 


= ± (a: + y)*, 


(» + »)♦> 


1 




6. 


= ±(a; + y)*». 


1 

(« + y)»» 
§178. 


(« + y)^*. 




1. 


= 2a;. 


10. 


11* 1 

- 4n 7* - 28 


• 


2. 




11. 


111 


1 
280 ». 


3. 




12. 


1 1 




4. 


= 3.4 = 12. 




1 1 




5. 


= da. 




1 




6. 


= 4.3.aS'= 12 a*'. 


13. 


= 6~ay. 




7. 
8. 


= aii^cdt. 

m 


14. 


i 2 
mm* 






n 

5aAy8 
1 


15. 


wH-l m — a 






— ^ 




9. 


= 7». 


■ 


^mjm 




16. 


= 3'a-' (a + *)*(« 

1 m 


- y).4.(3 


1 




17. 


= a'*(i — c)». 


20. 


"" 1* 




18. 






n 




19. 


= abP. 


21. 


(a — ^)'» 
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§179. 



a. 


a^ 


a«. 


o». 


a* 


a'. 


ai, 


«% 


8n 


a 


8 


a. * 


s 


8 


o«J. 


a'Uti^, 


8n 


n n« 


2m 


8m 


mn mn 
a« J8 . 


2p 2q 

a a b" p , 


8p 89 


np n9 



1, = 



2. = 



8. = 



4. = 



6. = 



6. = 



7. = 



8. = 

8 m 8m 

9. = (a + J)» (a- *)-«», («+*)»(«-*)-«», 

(a + *)•» (« - 1)- «*, 

10. = o-2»j8»^ a-8»j8i»^ a-»*J»». 



11. = 



12. = 



la = 



14 = 



16. = 



2 8 

a "^b 


a 


£ _8 




a-iJ. 


2 






s 


n 


(x + y)' p 


.(£ 


+ vT 


p 


(«+y) * 


2m' 

{x - y)' a 


(^ 


-yf 


9 


mn* 

(a; - y)~ a 


pm 








pm 


x^ y "^ . 




16. 


— 


a«». 


2m Am Om 




17. 


— 


x-l 


9 85 




•18. 


= 


^2m 


fl «i 4. 


^2m-r 
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§181. 

2. = [6 + 2 (a + *)] V^+y + [a -3 (a + J)] V^^. 

6. =(a — i + J — tf + tf — a)V« = 0. 
6. = (o-l + 2a-a-J)y« = (2«-l-})i^. 
■7. =(i-a+6-c + i)Vx = (7A-a-c)f^. 

12. = (4-i + o--})f9=(3H-a-*)i^ 

§182. 
2. = VTh = VSK 8. = VYa, 

4. = Va{a + y) = Va*+ ay. 
6. = Vab (a + *) = Va'* + a**. 



10. 



ft = ♦^(x + 1) (a: - 1) = t^a:* - X, 
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7. = Vix' + 1) (z + 1) {x - 1) = VS'^TL 

& = [(a* - J')J]' = (a* - J')». 

9. = [(x* + 1) (X + 1) (a; - l)]l = (a;' - 1)«. 

§ 183. 

1. = Vrx2 =2^2. 4 = i^8i = 9. 



le. 



2. = Vl6l<" 2 = 4 Va. 6. = Va'AV = oic 

8. = V64x~a = 8^2. & = Vis = 12. 

7. = Vm = V144X2 = 12 Va. 

8. = Va:* + 2a; + l = a; + 1. 

9. = V25 X 7 = 6 V7. 11. = V36 X 3 = 6 Vf. 
la = V25 X 6 = 5^6. 12. = « Va+1. 

18. = Vx{a' + 2ab + y) = {a + b) Vx. 

14 = Vy(a* + ia + ^) = {a + 2) Vy. 

16. = V« (4 »»' + 8 «t + 4) = (2«» + 2) V«I 

4V^ = **^ 

_ 6 V8 = - 6 VTxJ_ = - 6.2 i^ = -12 t^ 

10^32= 10Vir>r2= 10.4 V2= 40^2 

32 V%. Ana. 

17. Vl2 = VTx^ = a V3 

♦^= y 9l<~3 =34^ 
4/75 = V25 X 3 = 5^3 

10 f^. AnB. 

18. ViTi = V4Xrt = 2 Vrt" 

2 Vo - 2 Va = 0. 

19. Vl25 = VWx^ =5 4^ 
_ i/i£ = - v' Q^rs = -ZV6 
_ 4/8O = - VI6 X 5 = -4^5 

— 2 V^. Ana. 



116 KEY TO NBWC0MB8 COLLBOB ALQBBBA. 

2a 'j/eT = -V 27 X 3 = 3W 
-Vi9a = -V64 X 3 = -4V3 

-V3. Ana. 
21. *V^= i*V^ 



». y— . 



(i + C) Wa\ Ans. 

§ 184. 

1. =1^(5-3 4/2) = 10 -6 V2 

3 i/5 (5 - 3 i/2) = 15 i^5 - 9 t^O 

10-6 V2 + 16 1/5 ~ 9 f^ = 10 
+ 3 (5 V6- 2 i^- 3 VlO). Ans. 

2. = 7J9 - 5 V^)^= 63-35 V2; 

2 V32 (9-5 V2) = 18 |/32 - 10 i/64 = 18 VWx~2 

- 10.8 = 18.4 t^- 80 = 72 f^- 80; 

72 4/2 - 80 + 63 - 35 V2 = 37 V^- 17. Ans. 

8. = a (a — V'^) = a* — aVd^ 

Vb {a - 4/^) = a VI- b 

a* — i. Ans. 

4. = a + b -jj! + d +J Vab + 2 Vac + 2 Vbc + 2_Vad 

+ 2Vbd + 2Vcd = a + b + e + dJ-2{Vab+V^ 

+ Vbc+V'ad+ Vbd+ VO). 

6. =zm{m -\- 2ni) = tw' + 2mn^ 

wJ (m + 2 wJ) = mnl -{-2n l 

wi' + 3 wwi + 2 wl. Ans. 
6. = a\ la\ 4. rt§\ =r ^ _^ ^1 

flf — rtt. Ans. 
= o'+2fla-'+a-« = a« + 2+fl-« = fl«4.24-i- 
8. = (ai)* - 4 (a^y (fl - i) + 6 (a*)« {a - *)* - 4 (a*) (a - »)» 



7. 



a a' 
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9. = a + i j /ar + y 
a — h Vx -\- y 

«' + ah Vx ^ y 

-ab\/^T~y-V(x + y) 
«" - b^ (x-\-y) = fl'-*'a;-yy. 

10. m + M Va'+b 
m — n Va — b 






m* + m;^ Va-\- b — wm f/^ — ^ — n* Va* — ^■. 

11. a; + i/gCri 

a; — t^a:»>- j . 

- a; i^S^^n - ( .T* - 1) 

x^ - (a;" - 1) = a-" - a:' +1 = 1." 

12. VW+1 + b 



J* + 1 + ^^ t^d" + 1 



- Z> i/^^- + 1 - V 



b'^l--b'=\. 

18. = t^i^+i^=:i^(i/2 + l). 

14. = 3.3J + 2.3* = 3» (3 + 2) = 3».5. 

16. - (a + b){a + b)\. 16. = y* (1 + ay" - jy)l. 

17* = Vx — y Vx — y — j/a; — y = Vx-^y ( Vx — y — 1), 

18. =i^=VJ. 

19. =— J:S4^ = _i^ 

foT* Va + b Va + b 

80. Divide num. and denoni. by a* = ?£jr_£ 

•' ax — b 
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81. Divide num. and denom. by (a — jr)i = 7 77-^ • 

•^ ^ ' (a — a;)i — 1 



jU, ^ i^(g + b) {a - ^) ^ vg^ i^ ^]^ ^ 1^^^ ^^g^ 
V{a J^h){a + b) Va + b Va + b Va+b 



§185. 



1, X by 4/a — 6 = 



\^a^ - 36 
« — 






8. X by l/l - a; = -1^ 



X 



4. X by y o = "TTk" = — r-~* 

6. xby*^ = i^p = J^« = l|^ = l|^. 

7. xbya+|/J = ^^+41l. 

a — b 

8. X by a — vi = i—— i-L. 

a — X 

9. Xby|/^+ i/^ = IliilJ^)!. 

«-y 



10. X by « - 4/^+^ = " - '^ ^^"+-r+ f ^y-^("+y) 

o' - (a; + y) 
a* — X — y 
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_ 9 yl5"+ 7.5 + 2-3 _ 9 VJS + Al 

_ (Vz— y'g + y)* . 



18. x,,.+.^=J±f^=£±i^"!)i. 

= (a+l)*-a*. 

16. xby4/z + «+i^^=-L_^-^^^^^ 

_ x + a + 2\^x'—a:'+X'-a _ 2x + 2Vx' — a* 
"" x-{- a — x-{' a ~* 2a 

_ g + i^a;* -- g' 
a 

§186. 

1. =3 + 2. 2. =a; + 2. 8. =2a:* + tr. 

4. Is not a square^ as there is no double product and b' is 
negatiye. 

6. 2a^ + db^. 

6. Is not a square^ since b* is negatiye. 

7. a:' — ^ ay. 8. ab — cd. 9. w* + wK 

10. Is not a square, as 2 aa; is not the double product of a 
and y, the roots of the square terms. 

11. a* + 2W. 14. h + dm^. 

12. a* — o - *, or a* — — . ^ 

a* «/f 

16 3 m^^ — SjL 
18. 5^-3 J. "• '^'^ 3- 
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§187. 

1. of -\- %zy needs y* for its completion, making then 
a* + 2xy = {x+yy-y'. 

2. a* + 4:xy = {x + 2yy-iy'. 

5. a^+Qax= {x + 3ay — 9 a'. 
i. A3^ + ixy = {2x + yy-y'. 

6. 4a* + 4ay = (2a + y)' — y*. 

6. 9x' + ax = {3x + fa)' - |^. 

7. {ix + *^ my - {^y m\ 

8. (a; + 2)' - 4. 9. {ax + a)' — a*. 

12. (3 J. + !)'-! 18. (^+-)'-^. 



14. (~ 9a*x] - 81 a V. 

\oax I 



§188. 

1. (mi — n^) (w* + ni). 2. (m* — 1) (iw* + 1). 

5. (a*m* — ^»i)' (aim* + &*wi). 

4. (2 am* — 3) (2 am* + 3). 6. (a: — m*) (a: + m*). 

6. \x — (m + w)*] [a; + (m + w)*]. 

7. [(ic — a) — i (m — w)i] \{x — o) + |(m — n)*]. 

8. [a; — (m — w)*] [a; + (m — n)*]. 

9. [(a + J) _ (4«' - y)*] [(a + J) + (4/ - ^)i], ' 

or{a+*-[(2^-^)(2j9 + y0]*} 

{a + J+ [(2 j9-yJ)(2/> + ?»)]♦}. 

"» (a: 4- y)' - (m + n)» 

= [a; + y - (»» + «)*] [a; + y + (♦» + «)»]• 
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18. 


a* — y». 


18. 


2+V3. 


14 


3-V5. 


15. 


2ai — bi. 


1& 


{a + b)i + x 


17. 


V3 + V5. 


1& 


V3- V^. 

• 


la 


2 2" 


2a 


o»- 1. 


21. 


(^ — eA. 



1. 

8. 
3. 



4 
5. 



& 



7. 



22. <tl + 



23. oi- 



a* 
2* 

26 - + i 
'"• 4 ^^ 2- 

26. d+o-l. 

27. 2a:l-2a;-l. 



28. (fl + *)» - 



2 



(« + *)» 



§190. 

01. of fr., J? = qx^, a:* = ^; square, a; = ~. 



. of fr., aic = a + ^> ^ = ; cube, x = ^ — , * . 



01 



01. of fr., flKci — a* = Ja:* — J*; tr., aai — for* = a* — d', 

a* — b* 
or {a— b)xh = a* — b*; xi = — -^^^ = a + *; 

cube, a? = (a + b)\ 
01. of fr., 216 = x\x= 'V^e = 6. 

01. of fr., a^— 2 aa; — Ja; + ^ «* = 2 ^— 2ax — bx-{-ab; 
tr.. — 2 a?'H- a;*— 2ax-\-2ax — bz-\-bx== ab — ^ db, 

or — a;' = — ai, a;* = ai, a; = VaJ^ 



01. of fr., X* — ia;'— w«a:'4- wa5 = «a;*— nax^^ ba^-\- ab; 
tr., a:* — wa;* — ba^ + ba^ — imx^ + ^^^^ = ai — naby 

or a;* — na:* = aJ — waS, 

or (1 — n) x^ = flj (1 — ^), a;* = aby a; = V«*^ 

TO , p^ TOg4-np 

01. of fr., a* — y = a;» «; or x «« = a» — J»; 

ng 

a^wg+wp =r (a« — ^•)ng, a; = («* — ^')»m+n?. Ans. 



122 ^BT TO NEW00MB8 COLLEGE ALGEBRA^ 
8. 01. of fr., X =: y. 



9. 01. of fr., l/a:* — a* = J* — a*; square, a:' — a* = 
y - 2 a'b' + a*; tr., a^=zb*-2 a^V + 2 a*, 

x=z (i« - 2 a'y + 2 «*)*. 

10.- Oube the equation, x — a = V\ tr., a: = ^* + «. 

11. Square the equation, a:' — a' = wV; tr., a:'— mV= a*, 

— m') a;" = a% a;' = ^ j, a; = jrr. 

12. Square, VJ — V* = »"a:*; tr., a:* — w*a:4 = ^, or • 

(1 —n^yT^^i W; square, (1 — «*)' a; = i, a; = -r- jr^. 



§191. 

2a; 

1. Let X be the Ist, 2 x the 2d, -^ the 3d; then 

a;" + 4a;' + ^=196. ' 
01. of fr., 9 a;' + 36 a;' + 4 a;' = 1764, or 49 a;* r= 1764; 
extract y, 7 a; = ± 42, a: = ± 6, 2a? = ± 12, ^ = ±4. 

2. Let a:* be one, and a:* + 81 be the square of the other; 
then 2 a;" + 81 = 369, or 2 a;' = 369 — 81 = 288; 

a;' = 144, x =jt 12; a;' + 81 = 225, the squai-e of the 

second, or i/225 = ± 15, the second. 

5. Let X be the mean of the length and breadth; then 
a; + 6 = the length, and a? — 6 the breadth, and 

(a; + 6) ( a; - 6) = 1645, or a:* - 36 = 1645, a? = 1681, 
a: = ± 41, a; + 6 = 47 or — 35, and a; — 6 = 35 or - 47. 

4. Let X be the number; then {x + 9) (a; ~ 9) = 175, 
Q?— 81 = 175, or a;'=256, a; = ± 16, a; + 9 = 25 or- 7, 

a; — 9 = 7 or — 25. 

6. (a: + a) (a; — a) = 2 rt + 1, a;' — a* = 2 a + I; 

tr., a;' = a" + 2 a + 1; extract |/, a; = ± (a + 1). 

6. X = 1st, and 2a; = 2d; 4 a;" — a?* = 192, 3 a;' = 192, 

a?' = 64, a;= ± 8, 2a;= ± J6. 
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7. X = 1st, and Sa: = 2d; V8x +V5 = 12; that is, 

2 VJ+ ViK = 12, or 3 Vx- 12, \x = 4, «= 64, 

8 a; = 612. 

8. « = Ist, 3 a: = 2d, V^ X x = 128, or 2 i/ J^ = 128, 

/^= 64; square, x* = 4096, a; = 16, 3 a: = 48. 

9. Let 2 a; be one, and 3 x the other; then 

4a:' + 9 a;* =325, or 13 a;* = 325, a:* = 25, a; = ± 5. 

2 ^ = 10, 3 a; = 15. 

10. Let mx be one, and nx the other; 
mx-^nx={mx^fixyy ormx-{-nx = m^a^— 2 mnx*-\- nV; 
-!- a?, w + w = w*i*^ — 2 wwa? -f- n'a:, or (wi*— 2 W4«+ w')^» 

\ a? — = -r ; ., fflX — -; ^i* 

m — 2 i/t» + n {m — w) 

11. Let 9 a; be one, and 7x the other; 
(9a;- 7a;)i(9a; + 7a;)4 = 16, 

or 24a;* X 164a;* = 16, or 24a:4 x 4aA = 16, 4.2irl = 16, 

a.= ^^ = 2l. 

Raise to 6th power, a;' = 2". 
Extracting: 5th root, a: = 2' = 4. 
Therefore the numbers ai*e 36 and 28. 

12. X (1) by a', a' ax' + a'hy' = a'c (3); 
X (2) by a, a*a^ + aVf = «c' Wl 
(3) - (4), a'by' - aVy' = a'c - ac'*, 

(a'h — ab') y* = a'c — ac^; 
, __ a'c — ac' __ fa^c — ac^\ * 

^ ■" a'b - ab'' ^ "■ Wb - fliV • 
X (I) by ^>', a^a;* + Wy = b'c (5); 
X (2) bv b, a'bx" + Wy = be' (6): 
(5) - (6), ab'x' - a'Z^a;' = iV - be'; 

(ab' - a'd) a:' = ^'c - ^c'; 



. _ b'c - be ' __ iVcj-bcy^ 
^ '- ~^' '•• ^ ~ U' - a'bl ' 



/A> 



a*' - a'b 

13. Let a; be the amount by which each side differs from 
half their sum; then 
17.-|- a; = one side, and 17 — a? the other; 
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(17 ^ xy + (17 - a:)' = 26*, or a;* + 34a;+ 289 + a:* 
- 31a;+ 289 = 676, 2a;* = 676 - 578 or 98, x* = 49, 
a; = 7, 17 + a: = 24, aud 17 - a? = 10. 
Therefore the sides ui*e 10 uud 24. 

14. Let X be the required time; thea oue lias trayelled fiix 
feet uiid the other nx feet; 

w'x* + nV = c\ {in* + w') X* = c\ 

, __ (^ _ c 

X — : : =• X ■— 



»/*» + !*•' "" (m* + M'')* • 

16. Let / be the time; then f 16 = A, ^ = j^ ^ = -~^. 

§195. 

1. Redacing first member to common denominator, 

a;' + 4a; + 4 - Qt-' - 4a; + 4) _ 5^ 

a;' -4 ""6' 

a;* -f- 4a; + 4 — a;* + 4a; — 4 _ 5 

^'^^^l "" 6 ' 

8a; _ 5 

^'^^~' 6* 
CI. of fr., 48a; = 5a;' - 20; 
transpose, 5 a;' — 48 a; = 20, 

X* - ^<t a; = 4, 

^ - ¥ = ±V. 

a; = ^ or — {, 
a; = 10 or — |. 

8. Reducing the first member, 

y' + 8y + 16 + y' - 8y + 16 _ 10 2y' + 32 _ 10 

y' - 16 "" 3 ' y* - 16 ■" "3 • 

CI. of fractions, 6y« + 96 = lOy* - 160; 
transpose, — 4y' = — 256, 

f = 64, 
y= ±8. 

8. CI. offr., 3a; - 6 + 6a; - 6 = 4a;' - 12a; + 8; 
transpose, - 4a;' + 12a; + 9a; = 8 + 12, 

or4a;» - 21a; = — 20; 

complete sq., 4a;' - 21a;+ W = - ^0 + ^ = W; 
extract V, 2a; - V^ = ±^, 

a; = V ± V- = 4 or li. 
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4 Transpose, y* — %ay = J' — a*; 

complete, y" — 2 ay + a* = J' — a* + ^* = **> 
extract 4/, y ^ a ^ ±, by 

y = a ± b. 

S. Clear second member of fractions, 

1 ^ bx-\- ax -^ ab 

CI. of fr., abx = ate + »*i*^ + »** + b*x + ate + aV 

+ te* + aic* + «*^> 

tr., — oo* — te* + ^*^ "■ <»*^ — «*^ ~- <»*^ ~ **^ — ^'^ 

= a'* + ab'; 

unite and change signs, (a + J) a:* + (a* + 2 ai + i*) a? 

= -a'*-ai'=^aJ(a+*); 

-5- (a + *) = a:" + (a + *) ^ = "" ^*5 
complete, a;* + {(^ + b)x + ^ "T ^ = — ai 

g' + gg^ + y __ a'-2at + y 

+ ^ - 4 ; 

extract j/, x + ^-^ = ± ""2^' 

. a — J a + J , 



6. Clear of fractions, a? — a* ^ Tj.C.M. ; 

a* + te — Ja + te + 6a = «* — a'; 

a:'-2te = 2a*, 

a;' - 2 te +J':^2 a' + *% 

a: = ft± i/2a' + *'. 

7. Multiply num. and denom. by a;* — a' 
_ ar^-a* + a;V+2aa; + a* _ ^, 

- x^ -. a» _ (^« - ^ rt^ + a>) '» 

- 2a» + 2 aa; " 
CI. of fr., 2a:' + 2 aa; = - 6 a' + 6 oa;; 
transpose, 2 a;* — 4 a./J = — 6 a% 

a:* — 2aa:= — 3 a'; 
complete, a:* — 2 aa; + a* = —3 a * + «' = — 2 a*; 
extract V, x-a- ± |/-2a»= ±ai/-2. 



aj = a±ai/-2=a(l±f'-2). 



126 ^^y TO jnSWaOMBS COLLEGE ALGEBRA. 

8. First change the sign of the num. and denom. of 
second fraction, making the expression 
2 _ -y 2 _ 

2 + y 4-y«'^"2-y~ ' 

4:-'y* = L.C.M.; 
then4-2y-(-y) + 4 + 2y = 16-4y% 
or4-2y + y + ^+2y =16— 4y'; 
transpose, 4:y' + y = 8; 

complete, 4y' + y +_A =^ W; 

extract V', 2y + l= ± V'W= ±iVl29; 

y = - i ± ^ VT29 = i ( - 1 ± i/i29). 

9» Clear of fractions, 1st member = 

y* + 2 gy + g' - (y' - 2ay + «') _ ^^tf . 

y" - «• "" y* - «"' 

1 1_ , 1 _ y+g-l + y+g 



y_a y*— a* ' y — a y* — «* 

_ ay+2g-l . 
~ y* - a* ' 

y" — a' y — a 

4ay = 2y + 2a-l; 
transpose, 4ay— 2y = 2a — 1, 

(4a— 2)y = 2a — 1, 

_ 2a-l _l 

^ 4a-2""2' 



10. Cl.of fr., ax-^a^ -{ax + x*) + ^(f'-^x'=zO, 

ax-'X' — ax — x' + da^'-3a^=iO; 
iransiK)se, — 5 a?' = — 3 a', 

a;=±f — =±ai/^ 
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§195.— Problems. 

1. Let X = one, 

a; + 6 = the other; 
then a; (a; +6) = 567, 
a> + 6a; = 567; 
complete, a;' + 6 a; + 9 = 567 + 9 = 576; 
extract ^, a; + 3 = ± 24, 

a; = ± 24 — 3 = 21 or — 27, 
a; -f 6 = 27 or — 21. 

2b Let X = one, 

a; + 6 = the other; 
then {x + 6)' - a;" = 936, 
a;' + ISa:* + 108a; + 216 - x^ = 936; 
tr., 18 Q? + 108 a; = 936 - 216 = 720, 
2;' -(- 6 iC = 40* 

complete, a;' + 6 a? + 9 = 40 + 9 = 49; 
extract ^, a? + 3 = ± 7, 

a; = — 3 ± 7 = 4 or - 10, 
a: + 6 = 10 or — 4, 



3. Let X = one part, 

34 — a; = the other; 
then (34 -xy + a? 

or 1156 - 68 a; + a:* + a:" 

tr.72a:' + 2a;«-68a; 

4a;* -136a; 

a;* — 34 a; 

complete, a;* — 34 a; + 1'^'* 
extract ^, a; — 17 

X 

34 -a; 



2 (34 — x) X, 
68a; — 2a;"; 
68 a; = - 1156, 

- 1156, 

- 289; 

- 289 + 289 = 0; 

0, 

17, 
17. 



4 Let X = one number, 

60 — a; = the other; 

(60 - xy + X* 

3600 — 120 a; + a;" -f 7? 

transpose, 2 a;' — 120 x 

7? — 60 a; 
complete, a;» - 60 a; + 30" 
extract y', a; — 30 

a; = 30 ± 6 
60 —a; 



1872, 

1872; 

1872 - 3600 = - 1728, 

- 864; 

900 - 864 = 36; 

±6, 

36 or 24, 

24 or 36. 
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S. Let X = the first, 

a; + 5 = the second, 
2 (;c + 5) = the third; 

a;" + (a; + 5)* + (2 a; + 10)" = 1225, 
a:*4-a:'+ 10a: + 25 + 4a;* + 40 a; + 100 = 1225; 
transpose, 6 a;" + 50 a; = 1225 — 125 = 1100; 
-5-6 :c* -i- ^x = *t^* 

complete, a;" + Va; + (Vr = W + H^ = ^V^^ 
exti-act |/, a? + V = ± V> 

a; = ± V - V = 10 or - Y> 

a; + 5 = 15 or — ^, 

2(a; + 5) = 30or — JJ^* 



8. Let X = second, 

a; — 4 = first, 
a; + 4 = third, 
X + 8 = fourth; 
then a; (a; - 4) + (a; 4- 4) (a; + 8) = 312, 
a;« _ 4a; + a;" + 12a; + 32 = 312; 
transpose, 2 a;" + 8x = 312 — 32 = 280; 
-5-2, • a;" + 4a; = 140; 

complete, a;* + 4a; + 4 = 140 + 4 = 144; 
extract 4/, a; -f 2 = ± 12, 

a; = ± 12 - 2 = 10 or - 14, IL 
a; — 4 = 6 or — 18, L 

a; + 4 = 14 or - 10, III. 
a; 4- 8 = 18 or - 6. IV. 



210 
7. Let X = number of pairs. Then — = price per pair. 

X „ 

a; — 5 would be the number if there had been 5 less; 
then ■= would have been the price, but this price 

would haye been II per pair more. 

^, . . 210 210 , ^ 
That 18, ^^-^ = -— + 1. 

CI. of fr., 210 a; = 210 a; - 1050 + a;" - 5 a;; 

transpose, a;' — 5 a; = 1050; 

complete, a;"- 5 a; + ^^^ = 1050 + V = ^V^J 

a; - f = ± V, 

210 
a; = f ± V" == 3^ ^^ "■ 30. = 16 per pain 
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8. Let X = number of turkeys^ 
a: + 4 = " " chickens; 

•10 or r-T' = cost of each chicken, 

X + 4: ' 

115.75 or ^^^^^ = " *' " turkey; 

., 1575 1000 ^^ 
then -: r— i = 35; 

X X -\- 4: 

_ 315^ 200 __ 

' ^> X x + 4'^^' 

Clear of fi-actions, 315 a; + 1260 — 200 a; = 7 a:* + 28 a;; 
trans., - 7a;' + 315a; - 200a; - 28a; = - 1260, 
- 7a;' + 87a; = - 1260; 
-J- — 7, a;' — A^a; = ^A/^; 
complete, x' -- s^x + (ff)' = ^¥^ + VW = ^H^; 
extract |/, ic — fj = ± W> 

« = f J ± W = 21 or - ^, 
a; + 4 = 25. 
As the negative root gives a fnictional and negative 
result, it in this case is not a possible answer. 

9. Let X = number of sheep, 

240 ... 
= price of each; 

X ^ 

a; + 3 = number if there had been 3 more, 

^^^- price 

^^ 240 240 
then —^ = 4; 

X x + d ' 

cl. of fr., 240a; + 720 - 240a; = 4a;' + 12a;; 
trans., — 4a;» + 240a; — 240a; — 12a; = — 720, 
-4a;' - 12a; = - 720; 

-h - 4, a;! + 3a; = 180; 
complete, a;' + 3 a; + (f )' = 180 + | = ^f^; 
extract -f/, a; + | = ± ^, 

a; = ± V^ - I = 12 or - 15. 

As it is impossible for one to sell — 15 sheep, we might 
interpret the negative result by considering tnat he pur- 
chased 15 sheep. 

10. Let X be the number; then = price for each; after 

X 

2 left 2r = price for each; and as this was 24 cents 

X — 2 ' 
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more than the expected cost, __ = f- 24. 

CI. of fr., 960a; = 960 a; - 1920 + 24a;' - 48a;; 

eliminate and transpose, 24 a;" — 48 a; = 1920; 

-^ 24, a;' — 2a; = 80; 

comptete, a;* — 2 a; -(-■ 1 = 81; 

extract 4/, a; — 1 = ±9, a; = 10 or ~ 11. Ans. 

11. Let z = the number bought; 

= the price of each. 

X 

After taking away the 30 rotten ones ho had a; — 30 
left. If he gained $3.20, he sold them for 113.20 or 

1S20 
^- each; and as he sold them at an advance of 2 

^-"^^ ^ 1320 1000 ^ 

cents each, ^- = 2. 

a; ""~ o\j a; 

CI. of fr., 1320 a; - 1000 a; + 30000 = 2 a;' - 60 a;; 
trans., — 2 a;' + 380 a; = — 30000; 

» 2 ^« 190 ic = 15 000' 

complete, a;'- 190a; + (95)'= 15 000 + 9025 = 24025; 
extract -^^, a; — 95 = ± 155, 

a; = 95 ± 155 = 250 or — 60. 
The negative value can be understood as in example 9. 

12. Let r be the itite. 

— = the time, 
r 

48 _ 48 _ 



r + 1 r 

Clear of fractions, 48 r = 48 r + 48 — 4 r" — 4 r; 
transpose and eliminate, 4 r' + 4 r = 48, 

r' + r = 12; 
complete, r* + r + i = 12 + i = ^; 
extract ^, r + i = ± |> r = 3 or •— 4. 

13. If the whole perimeter is 160 if, one end and one side 

will be one half of 160 Jf = 80 Jf. 

Then let x = the width, 

80 — a; = the length, 

X (80 — a;) = whole area = 1575. 

80 a; - a;' = 1575, 
^ OQ ^ __ 1575* 

complete, a;' - 80 a; + (40)' = I6O0'- 1575 = 26. 
extract |/, a; — 40 = ±5, 

a; = 40 ± 5 = 45 or ?5, 
80 — a; = 35 or 45. 
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14. Let X = the breadth, 
a; -|- a = the length. 

x{x + a) = w', 
Q? ^ ax = !»*;. 

complete, ar -f.aa;-{---- = m' + -7- = 7^ — ; 

4 4 4 

. extract ^, a; + | = ± /i^^jt£' = j, 1 1/4 m»+ a\ 
« = - I ± 4 V4w*+a*= i(- fl ±V^m'+i?), 

a: + a = i (a ± 1^4 w* + a'). 

15. Let a; = the number of miles per hoar the 2d trayelled; 
then a; = " " " hours '* *• *• 

a^ = " distance the second travelled. 
As the first started 3 hours in advance, he travelled 
a; + 3 hours. 

a? 4- 3 hours at 8 miles per hour = 8 (a; + 3)* 
Now if the second travelled at the i*atc of x miles per 
hour, and by the conditions of the problem 18 hours 
were necessary to make the trip, the whole distance must 
be 18 a;. 

.-. a:* + 8 (a? + 3) = the whole distance, or 18 a;; 
a:' + 8a; + 24 = 18a;; 
transpose, a;' — 10 a; = — 24; 
complete, a;* — 10a; + 25 = 25 — 24 = 1; 
extract ^, a; — 5 = ± 1, 

a; = 5±l = 6or4, 
a; + 3 = 9 or 7; 
6 hours at 6 miles per hour = 36 miles; 
g <( '' 8 '^ ** ^^ ^ 72 *^ 
Whole distance = 108 " 
or 4 hours at 4 miles per hour = 16 miles; 

<v <t ^^8 ^' ' '^ '' ^ 56 '^ 
.*. whole distance = 108 or 72 miles. 

§196. 

1. Let X = the number; 

then a; + 2a;* = 99; 

complete, a; + 2a;* + l = 99 + l = 100; 
extract 4/, a;* + 1 = ± 10, 

a;* = - i ± 10 = 9 or " 11; 
square, a; = 81 or 121. 



I 
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2. Let z = the number; 
then a? — 2 a:* = 99; 
complete, a; — 2 a:* + 1 = 100; 
extract ^, a:* — 1 = ± 10, 

a:* = 1 ± 10 = 11 or - 9; 
square, x = 121 or 81. 

3. Let X = the number; 

then ^ — a:* = 30. 
o 

Clear of fractions, a; — 5 a:* = 150; 

complete, a: — 5 a:* + V^ = 150 + V^ = AfA; 

extract 4/, a:* — | = ± lyi, 

a:* = I ± ^ = 15 or - 10; 
square, x = »25 or 100. 

4. X + xi = 306; 
complete, x + xk+l = 306 + ^=z JJ^; 

extract |/, a:* -j- i = ± V-> 

a:* = - ^ ± iyi = 17 or - 18; 
square, x = 289 or 324. 

5. Let X = the number* . 
3 a; — 10 g* — 96 _ 

X 

Clear of fractions, 3 a: — 10 a:* —• 96 = 2 a;; 
transpose, a? — 10 ar* = 96; 

complete, a; — 10 a:* + 25 = 96 + 25 = 121; 
extract ^Z, a:* — 5 = ± 11, 

a:* = 5 ± 11 = 16 or — 6; 
square, x = 256 or 36. 

6. Clear of fractions, y* — 6y* = 45; 
complete, y* — 6y" + 9 = 45 + 9 = 54; 

extract |/, y'- 3=±V^=±3i/6, 

y« = 3 ± 3 i/6 = 3 (1 ± 4/6), 

y= Vd{l ±4/6). 

7. -3,y*-*?/' = Y; 
complete, y* - Jy* + (i)' = ^ + i^=^i^; 

extract i^, y« - | = ± v^ = ± | ^^9, 

y* = 1 ±'|i /349 = i(7 ± V349), 
y= i^i (7 ± i/349). 
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8. -^5, y*-|yi = ^; 

complete, y* - iy* + H = ^ + « = tt; 

extract ^y y* — i = ± i> 

yi = I ± I = 1^ or - 1; 

raise to 4th power, y = (^)* or 1. 

9. For x* + a* substitute y. 

Then jr" - 4/" = a' - 2 + -, ; 

m JTO 1 1 

complete, y*-4y** + 4 = a'~2 + ^, +4=«'+2+^t; 

~ 1 

extract^, y2n_2 = a+^, 

- 1 

or (a;' + a*)«'*=2 + « + -; 

/ l\2n 

raise to 2 nth power, (a;* + a')'» = ^2 + a + - j ; 

2n 



extract wth root 



a;« + aV= (^ + « + ^)"^ 



2n 



transpose, ^*' "^ r "^ ^ "^ a j "" ^*' 

/ 2n"" 



= / (2 + « + i)'-"- «'. 



2; 

§197. 

1 17 , « 25 
1. By adding 2 we get a;" + 2 + -, = -j + 2 - -j; 

extract y, ^ "■ ^ "" 2 * 

By. taking the upper sign and clearing of fractions, 
2a:" + 2 = 5a;, or a;' - |a; = - 1; 

complete, a;'' -'fa: + f| = fi - 1 = A; ^ ^ 

extract V. a: - f = ± }, a; = i ± } = 2 or f 

By taking the lower sign and clearing of fractions, 
2 a;' + 2= -5 a;, ora; + |a;=: - 1; 

complete, a;' + fa; + H=-l + H=A; 

extract V, ^ + f=±i'^=-*=^* = "*^^""^' 
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2. Add2,aV + 2 + ^ = m'; 

extract a/. ax A = ± m. 

^ ax 

Take first sign and clear of fractions, aV + 1 = maxi 
tr. and complete, aV - ,.aa: + ^ = ^ - 1; 

extract v, aa; — g- = ± « , 

— J!L -L ^^* — ^ 
'^"•2a'*= 2a ' 
By taking the lower sign we wonld get 



X- -7z-± 



m . Vm' 



2a^ 2a 

8. Adds, 16y* + 8 + -, = 36; 

extract 4/, 4y H — = ± 6. 

By taking the first sign, 4:y^ -{-1 = 6y; 

tr. and complete, y - -f+iQ = iQ - 1= i^y 

extract y, y - - = ± — , y = j ± -;^. 
By taking the other sign we would get 

y=±-T-r 

4. Add2w% ^+2m' + y' = 4m'; 

extract 4/, 1- y = ± 2m. 

Take the first sign and cl. of fractions, m* + y" = 2 f»y ; 
complete, y* — 2 my + w*' = wi " — m* = 0; 
extract y, y — «* = ± 0, 

y = m. 
Take the other sign, 

w" + y'= - 2fwy, 
y* + 2 Twy + m* = wi* — m* = 0, 
y + m = 0, 

y = - m. 



1. 

3. 
3. 



e. 

7. 

8. 

9. 

10. 

11. 

12. 

IS. 

14. 

IS. 
16. 
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If r is a root of the equation, — r will also be, since 
the square root of a quantity is ±. 

In the equation a;* + -5 = a, if we change «* into -j 

the expression remains unaltered; therefore the recipro- 
cal of the root ± r is also a root of the same equation, 

or and —. 

r r 

§199. 

a; - 1) (a: + 1) = a:* - 1 = 0. 

a; - 3) (a; - 2) = a;* — 6a: 4- 6 = 0. 
« + 3) (a; 4- 2) = a;* + 5a; + 6 = 0. 

- 3 - 2 ViO) (a; - 3 + 2 ViO) = a:* - 6a; - 31 = 0. 

- 7 - 2 V^) (a; + 7 - 2 f^) = a:' - 14a; + 37 = 0. 
a;-l)(a; — 2) = a;* — 3a; + 2 = 0. 

a; + i) (a; — 2) = a;" — a; — 2 = 0. 

a; + 1) (a; + 2) = a;* + 3 a; 4- 2 = 0. 

a; - i) (a;+ 2) = a;* + a; - 2 = 0. 

a;-2-i^)(a;-2+4/5) = a:'-4a;+l = 0. 

^ - *) (^ - ♦) = a^' - 8 a; + V = 0. 

- 2 - V^) (a; - 2 + i^) = a;' - 4a; + 2 = 0. 



X 



X 



X 



- 9 - 2 V2) (a; - 9 + 2 i^) = a;" - 18 a; + 73 = 0. 

- 5 - 7 V^) (a; - 6 + 7 i^) :^ a;* - 10a; - 220 = 0, 
a; — a — J) (a; — a + J) = a;' — 2 aa; + a* — y = 0. 



X 



X 



196 ^^Y TO NBWC0MB8 COLLBQS ALGEBRA. 



17. (X'-a-Va^- A') (x-^a+Va*- b') = 

§202. 

. 1. Olear of fractions, x —_a, L. C. M. ; 

i^x-'Va+Vx+Va^=2 Va - 2 Vx; 
tranfipose and eliminate, 4 Vx_ = 2 Vo^ 

2 V"^ = V'a; 

square, 4a; = a, a; = j. 



8. Clear of fractions, a Vs^+a = x ^a*— a;; 
sqnare, a'a;* 4- a' = a'x* — a?*, 

a; =: — a , 
a? = — a. 

S. Change sign of radical and multiply, 

Vx+J + Vx^ -1 = 0, 

V x + d — Vx^^ -1=0; 

transpose, ( V x'\-Z - 1)' — a; + 4 = 0, 

a? + 3-2f'a; + 3 + 1 - a; + 4 = 0, 

— 2 i /a; + 3 + 8 = 0, 

2 V'a: + 3 + 8 = 0, 
- 4 (a; + 3) + 64 = 0, 
4a; + 12 = 64, 
4a; = 52, 
X = 13. 



4L Tiranspose, Vx + 14 — 14 + Vx ~ 14 = 0; 

change sign of v'a; ~ 14 and multiply, 

( f a; + 14 - 14)' - (a; - 14) = 0, 

or a; + 14 - 28 Vx + 14 + 196 - a; + 14 = 0; 

eliminate, 224 - 28 V x -\- 14 = 0; 

-^ 28, ^ 8 - Va;.+ 14 = 0; 

change sign of radical and multiply, 

64 - a; - 14 = 0, 
X = 50. 

6. Transpose, (3 — a;)i = f3 + a;Ml; 
square, 3 — a; = (3 + a;')*; 

square, 9 — 6a; + a;*=3 + a;*; 
transpose, 6 = 6a;, a; = 1. 



KEY TO NBWC0Mff8 COLLEGE ALGEBRA, 137 



6. Transpose, ^^a+Vx + ^a - Vx - 2 l/a; + ^a = 0; 
change sign and mnl tiply, 

(i^a+ Vx + ^a- l/i)J - 4(a?+ia) = 0, 
or a + Vx + 2 Va' — X + a — V x— ^x — 2a = 0; 
transpose and eliminate, — 4a: + 2 Va^ — x = 0; 
-5-2, - 2x + Va* — a:= 0; 

change sign and mnltiply, 4ii:' — (a* — a:) = 0, 

or ia^+ X = a^; 

.1 , , 1 16a* + 1 
complete square, 42:' + x + j^= a + — = j^ — ; 

' . 1 i/16 ^' + 1 
extract 4/, 2 a? + j = j , 



a? = i(- 1± V16a*+1). 

7. Clear of fractions, a; — 4, L. CM; 

VJ-2 + f^-f^-2 = 0, 

1^ = 4, a; = 16. 

8. Clear of fractions,' 10 a; - 18 - 2 V^ - 6 = 5 ar - 9; 
transpose, 5 a: — 15 — 2 V^ = 0; 

change sign of radical and multiply, 

(5 a: ~ 15)''- 20 a; = 0, 
25a:' — 150a: + 225 - 20a: = 0, 

25a:'-. 170a; = - 225; 

-5-25, a;'- V^= '^ 9; 

complete, a;* - ^.r + W = W - ^ = ft; 
extract V, x — ^ = ± i, 

a; = 5 or \. 



9. Clear of fractions, a' — 2a;4-a; = J ^a* — 2x \ 
transpose and eliminate, a* — x — h Va^ — 2x = 0; 
change sign and mnltiplv,(rt'— a:)'— Via*— 2a;) = 0, 
or a' -- 2a'a: + a:' - a^b" + 2h'x = 0; 
transpose, a:' — 2 a'a; + 2 b^x = a*b* — a\ 

a.« -. 2 (a' - Z>') 4a; = a'^V - a*; 

complete, 

i^^2{a*-V)x+ («• - y) ' = g^ - a ^V + ^ - a^ 

extract!/, x - {a* - V) = l/Z>* - d^V^ ±hVb'' - a\ 



X 



= a''-'b' ±bVb'-a\ 
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10. Bationalize the numerator, 



-*- a:* — a:. 



rtl* 


x' 


-X 


~ 4 
1 

4' 
1 

- 2' 

0; 


X 


\}x 


'ix- 


1 


9 




(X- 


-V^y 




X 


X 

-2 


-Vx 

-sTx 





extract ^, 



change sign of radical and multiply, {x — 2)* — a; 
or ar* — 4 a? + 4 — ic = 0; 

transpose, ar' — 5 a: = — 4; 

complete, a:* — 5a;-|-V^=V^--^ = |; 

extract V, a; — f = ± |, 

a; = 4 or 1. 



11. Clear of fr., Vx-}- ax^l — a= Vx — a -{- Vox — 1; 

transpose, i/aj + ^^j — l — a— i^a; — a— V'aa: — 1=0; 
change sign and multiply, 

a;+aa;— 1— a— [a:~a+aa;— 1-|-2 i^(a:— a)(fla;— 1)] =0; 
cancell ing equal terms , 

2 '^{x '-a){ax — l) = 0, (a; - a) {ax - 1) = 0; 

1 
,\ X = a or a? = — . 

a 



§ 303. 

1. Prom (2), y = 12 — 2 a?, 

y«= 144_48a;+4a:'; 
sub. in (1), a:* - 2a; (12 - 2a;)+576-192a;+16a;'= 21, 
or X* - 24a; + 4a;' + 16a;* - 192a; = 21 - 576, 

21 a;* -216a; =-555; 

^21 a;' V^x = ig*^ 

complete, a;* - ^ a; + (^)" = - 14^ + 1^ = ^; 
extract 4^, x — ^ = ±\, 

x = ^±\ = ^ot5; 
y = 12 - 2 a; = 12 - ^ or — 10 = Jif or 2. 

2. Prom (2), a; = — 4 — y, 

x*=l6 + Sy + y*; 
sub. in (1), 
3(16 + 8.v + y*)-2y« + 5(-4-y)-2y=28, 
48 + 24y + 3y' - 2 y* - 20 - 5y - 2y = 28; 
transpose, y* + 17 y = 0; 
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complete, y' + 17 y + *|J^ = *|a, 

y = - V ± V^ = or - 17; 
a; = — 4 ~ y = — 4 — or + 17 = — 4 or 13. 

8. From (2), a; = ~2y; 

sub. in (1), -10y» + 7y + 2y-y = 72, 

or -3y* + y = 72; 

ir — — -^ = — 24-^ = : 

^ 3 ^36 ^36 36^ 

extract V, y - 1 = ± V^^ = ± | f-863, 

y = i ± i_l/--_863 = i (1 ± 4/^863) ; 

a:=-2y = -iq:ii/-863 = -l(l± l/^=^863). 

4. Transpose (2), 7 a; = 17 + 4 y, 

17-My. 

mb. in (1), 3 (11+1»)'+ ay. = 813, 

3 f° + '\y+' ^+«,-=813, . 

clear of fr., 867 + 408 y + 48 ^ + 98 y' = 39 837; 
transpose, 146 y' + 408y = 38 970; 

-T- 146, y* + ^y = i»,V» ; 

complete, y* + ^y + (W)'= ""M^ + -VuSV" 

= 1 V^/^* ; 

extract V, y + W = ± HF» 

y=-W±HF=15or- 1741; 

17-My _ 11±60 _ 77 _ „ 

7 7 7' 

17 - iLm 1241 - 5196 3955 565 

7 7.73 7.73 73 

= — 74f. Ans. 

6, Clear of fractions, 12 x" - 12 yV= 7 a:y (3); 
from (1), a; = 7 — y; 

sub. in (3), 12 (49 - 14y + y') - 12?/' = 49y ~ 7y", 
or 588 - 168 y+ 12 y' - 12?/ = 49y - 7y'; 
transpose and eliminate, 7y' — 217 y = — 588; 
-^7, y'-31f/=^84; 

complete, y* - 31y +-4^^ = -4^ - 84 = ^ji; 

extract Vy y — V = ± ¥- .V = ^8 ^^* 3; A 

a; = 7 - jf = ~ 21 or 4. 
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§204. 

1. x(2)bT6, 6iB* + 12a;- 18y = 108 (3); 
(3)_(1\ 15a;-14y = 83, 

15a; = 83 + 14y (4), 
^^ 83+14y 

Sub. in (2), («^^)V . (^-^3^)' - 3y = 18, 

6889 + 2324y + 196y' 166 + 28y ^ ^^ __ J^. 

225 ' 15 ^ "■ ' 

clear of fi-actions, 6889 + 2324 y + 196 y'+ 2490 + 420 y 

^QUby^ 4050; 
transpose, 196 y» + 2069 y = - 5329 

complete, y' + ^^y + (W^)'= - ^W+^rMUF 

— 183 8 64 9 

extract V, y + W^ = ± -818, 

y = - 5.278 ± .818 = - 4.46 or - 6.096. 
Sub. in (4), 15 a; = 83 - 62.44, 

15 a; = 20.56, 
X = 1.37, 
or 15 a; = 83 - 85.344 = - 2.344, 
x= - .156. 

2. X (2) by 2, 2y" + 6a; - 8y = 36 (3); 
(3)-(l), 6a;-9y = 8, 

6a; = 8 + 9y, 

Sttb. iu (3), y* + 3 {^-~^) - 4 y = 18, 

y'+.^-4y = 18 
clear of fractions, 2 y'+ 8 + 9y — 8y = 36 
transpose and -5-2, y' + « = 14: 

complete, y' + | + ^^ = U-f j^ = -3^-. 

extract V, y + i = ± -V^, 

y = - i ± V^ = 3i or -. 4. 

o , . ,.v 8 +^ 8-36 

Sub. in (4), X = — U-i: or — ^ — , 

a; = e^ or - 4f . 
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8. X (1) by 3, 

(3) - (4 
-5-16, 



3a!y-f 18a; + 21y = 198 (3); 
16a;+16y = 128; 

« + y = 8, 

a; = 8 — y; 
Bub. iii(l), 8y-y' + 48-6y+7y = 66, 

jr'-9y = -18; 

y = 6 or 3; 
a; = 8 — y=:2or6. 



complete, 
extract Vt 



§205. 



1. 



8. 



X (1) by 4, 
X(2jby3, 
(3) - (4), 



iar* - 4a;y 4- 4y' - 12 = (8); 
3a!»-6a;y + 12y'-12 = (4); 



complete, 
extract V, 



a:»-|-2a;tf-8y' = 0, 

ar + 2a;y = 8^; 
a^ + 3a;y + y' = 9y'; 

a; + y= ±3y, 

«= — y ± 3v = 2tf or — 4tf: 
sub. in (1), ar = 2y, 4y« - ay' + / = 3, 

3y' = 3, 

y* = 1, 

y = 1; 

sub. in (1), a; = - 4y, 16 y'^- 4y»+ y' = 3, 

21y'=3, y' = |, y= ± f/f ; 
» = 2y = 2or2»^, 
a; = — 4y = — 4 or - 4 f^. 

X(2)by2, 2«» + 6a;y-8y' + 2 = (3): 
(1) + (3), 4a;« + 9 w - 9y« = 0, ^ ' 

4ar + 9a;y = gy*; 
complete, 4** + 9a;y +|iy* = 9y' + f|-y» = Wy*; 
extract </, '%x-\-iy = ± J^y, 

2a; = - f y ± J^y = f y or- 6y, 

* = ly or — 3y. 
Sab, Ist value in (2), Ay' + Jy" — 4y*+ 1 = 0: 
transpose, — ff y* = — 1, 

y' = +ilj 

Sub. 2d value in (2), 9y* — 9y* — 4y' + 1 = 0; 
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trausposey — 4y* = — 1; 

-i- - 4, y' = i. 

y= ±i; 

§ 267. 

L Prom (1), y (a; + y) = 14 (3); 

(l) + (2), a:' + aa;y+»' = 49; 
extant </, a; + y = ± 7 (4); 

sub. in (3), y(±7) = 14, 

±7y = 14; 
y = ± 2; 
sub. in (4), « ± a = ± 7, 

a = ± 5. 

& (1) - (2), ix* -^ 4a;y + y* = 169; 

extract V, 2 a; — y = ± 13 (3); 

factor (1), 2 a; (2 a; - y) = 208 (4); 

8ub. (3) m (4), 2 a! (± 13) = 208, 

± 26 a; = 208, 
a; = ± 8; 
BTib. m (3), ± 16 - y = ±13; 

transpose and change signs, y = ± IC T 13 = ± 3. 

8. (l)-(2), a;' + y-y'-a; = 4a;-4y; 
transpose, a;' — y' = 5 a; — 5 y; 

-*-a; — y, a;4-y = 5, 

snb. in (1), (5 - y)* + y = 4 (5 - y), 

25-10y+y' + y = 20-4y; 

transpose, y' — 5 y = — o> 

complete, y'-5y + ¥:= -5 + V^ = i; 

extract V, y-i=^ ±V\- ±^Vb,_ 

y = I ± i V^ = i (5 ± V5); 

sub. in (3), x = 5-%^^\V^, 

• a; = f q;i4/5 = i(5T V5). 

4. (1) + (2), 3a;'+ 2y'= 702, or a;*+ y'= 351 (3); 

(1) — (2), 6a; + 6y = 54, or a; + y = 9; .-. a;= 9 — y; 
sub, in (3), 729 - 243 y + 27 y' - y* + y' = 3§i, 

or 27 y' - 243 y = - 378; 
-f- 27, y' - 9y = - 14; 
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complete, y* — dy + JJj^ = V^ -r- 14 = y; 

exti-act 4/, y ^ ♦ = i t> 

y = 7 or 2; 
a; = 9 — y = 2or7. 

5. Square (2), «* + 2 iry + y* = 144 (3); 

(3)-(l)> 2a:y = 70, 

a;y = 35, 

35 

re = — ; 

y 

sub. in (2), ^ f y = 12; 

y 

clear of fractions, 35 + y* = 12 y; 
traDspose, y* — 12y = — 35; 

complete, y* — 12 y + 36 = — 35 + 36 = 1; 
extract 4/, y — 6 = ± 1, 

y = 6±l = 7or5; 
sub. in (2), a; + 7 = 12, 

or re + 5 = 12; 
,-. a; = 5 or 7. 

6. (l)-{2|, «y + y* = -14 (3); 
(l) + (3), a? + 2rey + y' = 49; 
extract V, re + y = ± 7 (4); 
factor (1), x{x + y) = 63 (5); 
sub. (4) in (5), re(± 7) = 63, 

« = ± 9; 
sub. in (4), ± 9 +y = ± 7; 

transpose, y=:±7^9= T2. 

7. Clear of fractions, Vx + l^y = 4 Vz — 4 Vy ; 

transpose, 5 Vy = 3 V^; 

square, 25y = 9re, 

9a? 

sub. in (2), ^' - ^* = ^^^> 

clear of fractions, 625 a:* — 81 re* = 340 000, 

544 re* = 340000, 
7? = 625, 
re = ± 25; 
9re 
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8. (l) + (2). iP* + 8ary + y' = « + »J 

extract V, « + y :s= ± Va + b , 

X = ± Va + b — y; 
Bub.in(2), f + y{±Va+l--y) = b, 

y'±yVa + b-f = b, 

a? = ± Va + b - y = ± Va + b T ,——. , 

Va + b 

±(a + b)^b ±a±b^b a 

Va + b Va + b Va + b 

9. Let X = ««y; 

then (1) becomes «y + «y* =^ 10> 

y* = s^i (8); 

(2) becomes y* + u*y* = 5, 

._ 5 

Kow we haT9 two Talnes of y* which mast be equal, 

thatis, ^^;=_^; 

10 = 5 w, 
w = 2, 

y* = i* =^ 1, y = 1; 

sub. in (2), 1 + a? = 5, ic* = 4, a; = 2. 

10. Square^ af = a'rc + a'y (3) 

and y* = Vx+Vy (4); 

(3>- (4) = aj* - y* = a'a; - Vx + a^y - J'y, 

or ^-y' = a:(a'-y) + y(a'-t^ 

or ic* - y« = (a* - y) (a; + y); 

-^a; + y, a;-y = a?-J% 

a; = «• — J* + y; 
sub. in (4), y' = *• («« - *« + v) + Vy, 

or y* = «•*•-** + *i^ + yy; 

transpose^ y' — 2 J*y = a^V — J*; 

complete, y* - 2 Vy + b\ = a'J* - J* + i* = aW; 
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extract 4/, y — ft* = ± aJ, 

y == y ± ab; 
x=:a^ --b^ + y = a' — b* + V'±ab =^ a* ±ab. 

11. Square, x" (x + y) = 144, x' + x'y = 144 (3); 

fh + y) = 225, xy' + f = 225 (4). 
Let X = «y; 

then (3) becomes w*y" +' i*'y' = 144, 

.._ 144 ^ 



r = 



and (4) becomes «y* + y* = 2^5, 

144 225 

by axiom, -^-i — i = — r^J 

multiply by u + l=^ = 225, or 225 w* = 144, 

u 

or 15 w = 12, w = H or |; 

225 225 
sub. in (5), f = j-^j = "T" "= ^^^' 

hence 1/ ^- 5 * 

sub. in (4), 25 a? + 125 = 225, 

25 a; = 100, 
a: = 4i 

12. -f-(l)by2, a^ + f = ^K; 

also, »* + y* = a? — y; 

clear of fractions, x + y = 2a; — 2 y; 
transpose, a? = 3 y; 

sub. in (2), 9y* + y' = 3y-y, 

or lOy' = 2y; 
-^ y, lOy = 2, 

y = A or i; 

a? = 3y = |. 

18. -«-(l)by5, ^-f^^^; 

•• § "■ 3 ' 
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clear of fractions^ 3a; + 3y = 5ic— 6y; 
transpose^ 8y = 2a;, 

sub. in (2), 48y' - 3 y* = 4 y - y, 

45y' = 3y, 
45y = 3, 

y = A or A; 

14. X (2)by2, %xy + %yz + %zx = 34 (4); 

(4) + (1) = x* + y* + ^' + 2^y + ^yz + ^zx = 64 (6); 
extract V, ^ + y+^ == 8 (6)> 

(6) + (3), 2a; = 10, a; = 5; 

Bub. inm, y« + «« = 5 (7); 

sub. in (3), — v — 2;= — 3, ory + « = 3, y = 3--2P; 
sub. this value of y in (7), 9 — 6z + «* + ^* = 5, 

2«»-6« = -4, 
i?'-3«= ~ 2; 
complete, «* — 3« + f = f — f = i; 

extract 4/, 55 — f = ± i, 

2; = 2 or 1; 
y = 3 — 2P = 1 or 2. 

15. Square (1), -^iL ^ 6 + d ^^ = 4; 

^ ^' x — y 6y ' 

ic — y ^fx — yY ^/vic — v 

6y \ 6y y 6y 

a; *^ 1/ 
Solve as a quadratic in which ^ is the unknown 

quantity. 

X " 1/ 
For brevity put z = . *^ ; 

oy 
then 9«*--10;» = — 1; 

completing sq., 9;?*-10;? + W = W-l=||; 
exti-act^, 32;-J^ = ±f=±i; 

5 ± 4 ^ , a; — V 
.'.^ = -9-=l,ori=-^, 

a ^y 

a?-y = 6yor-^, 

a; = 7y or |y; (a) 

X (2)bya;-y, a;* -y' - 2 Va;' -y'=: 8. 
Solving this as a quadratic for a;* — y*, we got 1 
a;» - y« = 16 = (a; + y) (x - y). 
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Prom (a), if a; = 7 y, (a: + y) (a; - y) = 8 y X 6y = 48y'; 
.•.48y' = 16, y = Vh ^ = ^' 

If a; = f y, then (x + y) (a? -y) = f y X |y = Vy'; 
.'.^f = 16, y» = 9, y = 3, a: = 5. 
The Tallies corresponding to 2; = 7 y ait) only admis* 
sible when the radicals in the first equation are taken 
negatiyelj. 

16. Let r = i-ate; 

t = time; 
♦7100 - 15000 = |;2100 interest; 

then (I) $5000 X ^ X ^ = 12100, 

60 rt = 12100^ 

42 

rt = 42, r = y ; 

(II) 17800 - 15000 = 12800 interest, 
and 15000 x ^- (^ + 1) = «^800; 

50 (r^ -f r + ^ + 1) = 12800, 

r^ + r + ^ + 1 = 56, 

r^+r + ^ = 55, 

sub. r^ = 42, t + r = 13 (1); 

42 
sub. value of r in (1), t + ~ ^9 13; 

V 

clear of fractions, ^" + 42 = 13 ^, or ^ — 13 ^ = -- 42; 
complete, ^» - 13 / + {^Y = JL|^ - 42 = i; 
extract 4/, t — ^ = ± i, t = H or 6; 

r = -r- = 6 or 7. 
t 

17. Let X = time of first; 

y := rate; 
0? — 6 = time of second; 
y + 3 = rate; 
a; — 7 = time of third. 

xy = {x — 5) (y + 3), since the distance 

travelled was the same, and 
xy = 10 (« — 7), xy = 10 a: — 70, or xy — lOrc = — 70, 

^ - i^ 16' 
also, icy = a;y — 5 y + 3 a? — 15, 
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or Sz = IS + Sif,x = i^-^; 

making these Talues of x equal, 

3 y - 10' 

clear of fractions, 15y — 150 + 5 y' — 60y = — 210, 
or 5y» - 35y = - 60, y« - 7y = - 12; 

complete, y' - 7y + y = V - 1^ = i; 
extract y, y - J = ± i, y = 4 or 3: 
- 70 - 70 

y — 10 — 7 or — 6 * 

Distance, 30 or 46} miles. 

18b Let X = base; 

y = altitude; 
then a:* + y» = a« (i), 

.and ^ = i», or a:y = 26* (2); 

X (2) by 2, 2ary = 4y (3); 

(1) + (3), a:» + 2 o^y + y- == «• + 46^^ 
extract V, a? + y = Va' + 4^« (4); 

(1) - (3), af*-2iry + y« = a '-4y; 

extract V, a; — y = j ^g* - 4 y (5); 

(4) + (5), 2x = i^~fW+ Va' - 4y, 

♦ . l/?+ 4*' + Va* - 4^ 

35 =: ' • 



(*) - (5), ire get y = 



2 ' 



19. Let X = Ist ittimber, 

y = 2d nnmbcr; 
then xy =^x-\-y (1), 

ar+y = «»-y« (2); 
-T-(2)byar+y, 1 = a;- y, or a; = 1 + y (3); 

8ub.in(l), y(l + y) = l + y + y, 

y + y* = l + 2y; 

transpose, V* ~y — !» 

complete sq., g* — t/ + i = l + i = f; 
extract 4^, y - i = Vf = ±_i *^, 

y = i±iVo = i(l±f'5); 
sub. in (3), a; = l+i±iV'5; 

« = I ± i V^ = i (3 ± f^). 
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20. Let a? = the greater, 

y = the less; 

then ^y = 216 (1)* 

and: (^^4)(y + 3) = 240 

or ipy + 3x-4y-12 = 240 (2); 

216 y-rtV 

from (1), ^ ^ "7" ^^' 

Bub. in (2), • 216 + ~ - 4y - 12 = 240; 

transpose, 4 y = 36^; 

clear of fr., 648 - ^y^ = 36 y; 
transpose,. 4^^+361^= 648; 
-^4, y' + 9y = 162; 

complete sq., y* + 9y + \«^ = 162 + V = H*; 

extract 4/, y + 1 = ± V> 

y = 9 or - 18; 

. , V 216 216 ^. ^,^ 

sub. in (3), ^ = "9"" ^' ^^8 = ^^ ^^ "^ ^^' 

21. Let X = first, 

y = second; 
. .theia x + jr = 74 (1), 

1/5+4/^ = 12 (2);^ 
transpose, j/x =z 12 — Vy; _ 

square, oJ =± 144 - 24 f | + y; 

transpose, a; - y = 144 - 24 i^y (3); 

(1) - (3), 2y = 74 - 144+24 Vy =-70+24 Vy, 

y^ -36 + 12 Vy; 
transpose, y — 12 4/y = — 35; 
comp. sq., y-12V^+ 36 =- 36 + 36 =a 1; 
extract V, i/y — 6 = 1, 

4/y = 7 or 5, 

y = 49 or 25; 
sub. in (1), a; + 49 or 25 = 74, 

ar = 25 Of 49. 

Let X = first, 

y = second; 

then ic + y = 72, 

and ' a* + y* = 6; 

transpose, ^ — ^ "T y*' « .. 

cube, a: =^ 216 - 108 yi + 18 ^»'- y; 
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Bub. in (1), 216 — 108y4 + 18 yl — y + y = 72; 

transpose^ 18 yi— 108 yi = — 144; 

-v-18, yl-6y4= -8; 

complete sq., yi— 6yi + 9 = — 8 + 9 = 1; 

extract 4/, y* — 3 = ± 1, 

yi = 4 or 2, . 

y = 64 or 8; 
sub. in (1), a; + 64 or 8 = 72, 

a; = 8 or 64. 

53. Let X = the length of the rectangle of doable area; 

y = " breadth ** " " *< " 

mn is the area of the first rectangle; 
2 WW '* " " second " ora^y; 
2 fw + w^ " perimeter of the finst rectangle; 
4(w + w) " " " second " or2(a;+y). 

Then a;y = 2 mn (1), 

x + y =z 2(m + w) (2); 
squariDg (2), a^ + 2 a;y + y* = 4m' + 8 w» + 4 w'; 
(1) X 4, 4icy = 87wn; 

•subtiwt, «• — 2 ary + y* = (a; — y )* = 4 (m* + n^) ; 
extract 4/, x — y=^±'il l/m'+ n' (3); 

i[(^) + (3)], a; = m + n ± Vni^+^' ; 

i [(2) - (3)], y = m + w q: Vm«+ n'. . 

54. Let h = the number of hours per day; 

w = *' ** ** workmen. 

Work = 3wA = 6(»-4)(A~3) = 4(»+6)(A-6) 

= 6 (nA - 3n - 4 7^+12) = 4 (wA - 6n + 6A-36); 

1), = 3wA-18n-24A + 72 (1); 

2), = wA - 24w + 24 A - 144 (2); 

1)^3, wA - 6 w - 8 A + 24 (3); 

:3) - (2), = 18» - 32 A + 168; 

-*-2, = 9/1— 16A4-84; 

16A~84 ,,, 
n = ^— (4); 

, 16A'-84A 
nA = ; 

„. -24. 16 A + 24.84 
— 24 w = ■ • 

^ ^ 16^1-84j^-M.lL + 24.84 _^ ^^^_^^. 

= 16 A* - (84 + 24.16 - 9.24) A - 9.144 + 24.84; 
= 16 A* - 252 A - 9. 144 + 24.84; 
= 4A' - 63 A - 9.36 + 6.84; 
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= 4y-63A + ^ = ^ +9.36 -6.84= _, 



_ = _+9.36-.6.84 = — 

- 63 ± 33 96 or 30 ^ , ^« 
A = g — ~~1 — = 12or3i. 

Substituting the first value of h in (4), we have 

192-84 ,^ 
n = 9— = 12- 

Substituting the second value^ 

60-84 
n = — ^- = - I, 

a result algebraically correct, but practically inadmis* 
sible. 



Sfi. Let X be the amount by which the numbers differ 
from 9; 

then 9 + « will be one, 

and 9 — re the other. 

(9 4- xY + (9 — xY = 14 096 
or 6661 + 2916 a; + 486 ic* + 36 a;" + a?* + 6661 ^ 2916 x 

+ 486a;' - 36a;" + a;* = 14096, 
or 13 122 + 972 a;" + 2 a;* = 14 096; 

transpose, 2 a;* + 972 a;' = 974; 

-t 2, x' + 486 a;' = 487; • 

complete square, 

X* + 486 0? + (243)' = 69 049 + 487 = 69 636; 
extract 4/, a;' + 243 = ± 244; 

transpose, a;' = 1 or — 487, 

a; = 1 or V— 48 7; 

then 9 + a; = 10or9 + i/^587; 

and • 9 - a; = 8 or 9 - 4/- 487. 

26. Prom the proportion, 

19(a;- + y") = 36(a:--y), 

or 19 3^ + 19 y" = 35 a;" - 35 y'; 

transpose, 64 y" = 16 a;', 

27 y" = 8a;"; 

extract cube root, 3y = 2a; (1). 

24 
Prom the equation, a; = — (2); 

sub. in (1), ^^"^7' 
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clear of fractions, 3 jr' = 48, 

y* = 16, y = ± 4; 

Bub, in (2), X = -v-j = ± 6. 

S7. Let X be the amount by which the numbers differ 
from 7; 

then 7 + a? will be one, 

and 7 — a; the other. 

(7 + ^y + (7 - xy = 161 294, 
or 16 807 + 12 006z + 3430a;' + 490a;' + 35a;* + a;* 
+ 16 807 - 12 005 X + 3430a;* - 490 a;* + 35 a;*- x* = 

161 294; 
transpose, 6860 a;' + 70 a;* = 127 680; 

-r- 70, x' + 98 a;' = 1824; 

complete square, 

a;* + 98 a;' + (49)* = 2401 + 1824 = 4225; 
extract ^, «• -f ^9 = ± 65, 

a;* = 16 or ~ 114, 

a; = 4 or V— 1 14; 

then 7-.a; = 3or7- V - 114, 

and 7 + a?= llor7 + i^- 114. 

§208. 

1. *7, 10, 13, 16. 2. 11, 8, 5, 2, - 1, - 4„- 7. 

8. a — 4 w, a — 2 n, fl, a + 2 », a + 4 7». 

§210. 

8. Fixst find first term, 

fl = J - (4 - 1) (- c) = * + 3 (?; 
the series wiH be 

* + 3 ^, J + 2 c, * + c, iy b — c,b — 2c, b — Sc. 
2 = 7 J. Product, J (y - 9 c*) (J* -^4 «•) (i* ^ (*). 

8. First find common difference, 

the first term will be a + 2 i5 — (4 — 1) J = a — J; 
the series will be a--b, a^ a + b, a-{'2b, a-^db. 

- , 9a+7b-{a-b) 8a + 8* , ^ 

4. J = g-i^ '-= ^ — =« + *; 

second term is tf — i + a + J = 2 df. 
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a+I 108 ^^ , . ^ • 

--^=-^ = 12, « + ! = 24. 
One half of a -f Hs the mean value^ or 12. 

& ^^ 9a;-9y^^(7x^5y) ^2^^^^^^, 

a = 7ic-5y-(5-l)(a:--2y), 
or 7a; — 5y — 4ir + 8Sf = 3aj -|r 3y; 
the series will be 

3 a; + 3 y, 4a; + y, 5ic — s(, 6 a;— 3y, 7 a; — 5y, 8a? — 7y, 

9a;— 9y. 

7. :, = 501iyi^ = l4076. Ana. 

ft 2 = 100 .^t-^tll22 = 50.101 = 6050. Ana. 

o ^ - »(« + Q _ ^ (1 + ^) _ n + n " 
/• ^~ 2 - 2 ""^T"'- 

10. ^ = ±(l±|^LllI> = ^ = ^. 

Ift a ~ 134 - (m - 1)6 = 140 - 6m; 

m (134 + 140 - 6 m) 274 m - 6 w* 

137ni^3m*. 
«o 2^> — m + rf w + (Z 

,- , 10*- 1-* 9*-l 
11 rf = = —8—. 

f 

15. 2 times the middle term is equal to tbe first and 
last = 28; 

2 = 5" X 2« = n«; 
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if the third term is s, 

a == « — (3 - 1) — A = * + 2A, 
1=1 2 8- (8 + %h) =« -.2A. 

16. Let X he the middle term, and d the difference; then 
the series will be 

a; — 2 rf, a? — dyXy x-{- d,x-{'/ld; 
this sum or 5 re = 20, 

X ^^ 4 
{x-'2d)' + (x- d)'+ a^+ {x + dy+ {x + 2 rf)'= 120; 
x^ -- ^dx + ^d" + al" — 2dx + d" + 0^+ x'+'Z dx + d' 

+ a;' + 4(fo + 4d*= 120; 
collecting, 6 a;' + 10 cT = 120; 

-f- 6, a;' + 2 flP = 24; 

substitute, 16 + 2 d" = 24; 

transpose, 2tr = 8, 

^• = 4, 

£? = 2. 

Terms, 0, 2, 4, 6, 8. 

17. Let X be the second digit, and d the difference; 
then X — d will be the first, 

X »< « second, 

x + d " " third; ' 
the number will be 

100 (a; - 6?) + 10a; + a; + rf; 
from the first condition, 

x — d + x-{-x + d= 15, or3a;= 15, a; = 6; 
100 (a; - d) + 10 a; + a: + rf - 792 = 100 {x + d) + 10a; 

+ a; — dt, 
or 100a; - lOOd + 10 a; + a;+ d -792 = 100a; + lOOrf 

+ 10 X '\' X — d;. 
transpose, " — 198 rf = 792, 

rf = - 4; 
a; — rf=9, x + d =: 1. 
The number is 951. 

18. Let X be the second term, 

X — d = the first, 
x + d = the third. 
x{X'-d){x + d) = 640, 

a;* - efa; = 640 (1), 
x + d =: 4:{x— d) = 4a; — 4 d, 

bd =^ dx, X =1 ^d; 
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Bub. m (1), --^ ^ = 640; 

clear of fractions, 125 rf* - 45 cT = 17 280, 

80rf" = 17280, 
d" = 210, 
rf = 6; 

* 0? = ^ = 10, re - rf = 4, 

a; + d = 16. 

19. Clear of fractions the given equation, 

264 = 54w - 3w' + 3w; 
transpose, 3 w' — 67 n = — 264; 

-^ 3, »• - 19 w = - 88; 

complete sq., »* - 19 7» + {^y = ^tjx - ip = j; 

extract 4/, w — V- = ^ l> 

w = 1 L or 8. 
Continuing the progi'ession after the 9th term the 
terms will become negatiye, indicating a return of the 
traveller in the opposite direction, which will bring him 
back to his destination on the 11th day. 

20 ' 14Q = 27»- ^"^"~^) ; 

z 

, dear of fractions, 280 = 64 ;i — 3 w' + 3 »; 
transpose, 3 w' — 57 w = — 280, 

complete sq., w'- ^n + (V)' = H^ -^^ = - W ; 
extract 4/, , w - V^ = ± V"- J^, 

which is imaginary. As the traveller, following the law 
of progression, would commence his return journey be- 
fore reaching his destination, no answer is possible — a 
fact indicated by the imaginary result. 

21. As in 19th, 160 = 25 n - ^^(^-^). 

clear of fractions, 320 = 50 w — 2 w' + 2 /i; 
transpose, 2 n' — 52 ;i = — 320, 

m'— 26w = - 160; 
complete, w* — 26 w + 169 = 169 — 160 = 9j 
extract 4/, n — 13 == ± 3, 

w = 13 ± 3 = 16 or 10. 

22. 135 = 3n + ^''^^'"^^ ^ 
clear of fractions, 270 = 6 7* + ? w* — 3 /*; 
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transpose, — 3w' — 3w= — 270, 

3;i' + 3» = 270, 
w' + w = 90; 
complete, ;i' + ;*4-i = 90 + i = ^; 
extract y, » +i = ± V^> 

w = ± y ~ i = 9 or — 10. 

23. Let a; = 3d term; ' 

then ic — rf = 2d term; 

a?-2rf= 1st " 
a? + d = 4th " 
ic -4- 2 d = 5th '* 
(a?-2rf)(a;-d)x(a: + rf)(a: + 2rf) = 12 320, 
or a:' - 5 tTa?* + 4 £?*a; == 12 320 (1); 

also, a? — 2rf + a? — rf + i» + i» + ^ + ic + 2rf = 40; 

5 a; = 40, 
dC = 8* 
sub. in (1), 32 768 - 2560 cP + 32 d* = 12 320; 
ti-anspose, 32 rf* — 2560 d« = — 20 448; 

-^ 32, d* — 80d* = - 639; . v^* 

complete, rf* - 80 ef + 1600 = 1600 - 639 = 961; 
extract 4/, ef — 40 = ± 31, 
d* = 40 ± 31 = 71_or 9, 

d = Vn or ±3. 
The numbers are 2, 5, 8, 11, 14, or 14, 11, 8^ «►, 2. 

84. Clear of fractions, y— ^ = — g^ + ^> 
transpose, 2 g^ = r +i^> 

which shows that q is the mean« 

85. Let X be the first term, 

y the difference; 
then a:4-a^+2y + a: + 4y + a;+6y + a? + 8y = 90,. 
or5a? + 20y = 90, a;-i-4y = 18 (1), 
anda;4-y+a; + 3y + a;+5y + 8+ 7y4-aJ+9y = 110, 
or6aj4-25y = 110, a; + 5y = 22 (2); 



(2)^- (1), y = 4, :. = 18-4 y = 2. 



'he progression is 2, 6, 10, 14, 18, 22, 26, 30, 34, 38. 

86. Let 2n -{- 1 represent the number of terms; 
then there will be ^ + 1 odd and n even terms« 
Put S19 the sum of the odd terms; 

8i, the sum of the eyen terms^ 
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If a; be the middle term, 

X (» + 1) = fl^i, or w» + « = & (1), 
and nx = 8% (2); 

(l)-(2), x^S^^8., 

^~ a; "■ Si- 8^' 
As this is trae for all yalues of d^ d is indeterminate* 

S7. Let 2 { = number of terms; 

d = the common difference; 
a = the first term of the odd series; 
a -f* ^ =^ the first term of the even series. 
Because, in the series of odd terms, as well as in the 
series of even terms, each considered by itself, the num. 
ber of terms is i and the common difference 2 d, 

& = l±±SLzmAi = 119 (1), 

^. = ii^±i) + (i:=i)l^ .• = 105 (2); 

. also, i = a+(a»-l)<^, (2»-l)rf=Z-ass86 (3); 
^iminate a from (1) and (2): 
(1) - (2), id = 14, 

from (3), d = ^jzr\ = T' 

clear <rf fraotiolu, 26 % = 28 1 — 14, 

2 1 = 14, »• = 7, <i = i* = 2; 

sub. in (1)^ fl = 3. 

••. the series is 3, 5, 7, 9, 11, etc. etc. ... 29. 

88» If we wish % means there will be t + 2 terms in all; so 

that d = -r-T-::. 

1 + 1 
*• . the progression is «, a + -^-j^> ^ H — . , .. > etc. 

§211. 

1. 1, 5, 25, 625, 3125. 4. t, i, |, A, iVir- 

2. 7, - 21, 63, - 189, 567. 5. 4, f , \, ^, A. 
8. 1,-1,1,-1,1. 



f 
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§212. 

1. From 3d term to 5th term inclusiTe are 3 terms: 

a = 9, r = f , ?i = 3. 
Z = 9 X (I)" = 9 X i = ^. 
Now find 1st term, / = a^, ^ = 5, r = |; 

« = -(|t = \^ X H = 4- 

The series will b^ 4, 6, 9, V> ¥• ^^s* 

«• «=(ir|)^ = Mxfi = 6. 

The series will be 6, — 4, f , — ^, ff . Ans. 

\1 / r~- 1 — w ' 

1, al, a*, at. — 1, w, — w% m*. 

6. ^ = a = 1. — — ^ = $42,949,672.95. 

r — 1 1 y y . ^ 

Last nail, 2" cents = $21,474,836.48. 

7. -2 = 2 (2*' - 1) = 2 (1024 - 1) = 2046. 

8. I. r*. 11. r~ 

9. If X is the required ratio, 

x" = r*, X = r*. 

10. Let the progression be 

a, ar, ar% ar', ar*, ar*, ar', etc. 
Then, by addition, we have 

a + cir, ar + ar\ ar" + ar\ ar* + ar\ ar* + ar', etc.; 
factor, a(l + r), ar(l + r), ar'(l + r), ar"(l + r), etc. 

This is a progression, since eacli term is r times the 
preceding term; likewise by subtracting we have 
a(l — r), ar{l — r), ar\l — r), etc. 

11. Let « be the given arithmetical mean of a and Z, and 
y the given geometrical mean; 

then =^ = ^^' 

y' = a^. I, 
a = t (2); 
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Bub. m(l), . 2a: = |' + Z; 

clear of fractions, P+y" = 2 xl^ 
transpose, F — ixl = — y'; 
complete, P— 2 a;/ + ^" = ^' — y*> 



extract f', l — x = V^ — y% 






12. a + ar* : flr4-«^ - 21 : 6, 
a(l + r') : a{r+r^) :: 21 : 6; 
-f- first ratio by a, 1 4* ^' J ^ + *^ •• 21 • 5; 
-s- first ratio by 1 + r, 1 — r + ^' : r :: 21 : 5, 

6 (1 - r + r') = 21 r, 

6 - 5 r + 5 r^ = 21 r; 

transpose, 6 r' — 26 r = — 6, 

r'- Vr = - 1; 

complete, r» - V ^ + (¥)' = W - 1 = W; 
extract f', r — ^ = ± V> 

r = H ± ¥ = 5 or f 

IS. a, or, flr', ar', . • . . ar**-*. 

Multiplying, the exponent of a will be n. 
The exponent of r will be the sum of the exponents 
from 1 to w — 1; so the product will be 

n(n— 1\ 



§214. 

1. Limit of 3 = j^ = ixi = i = i. 

2. Limit of 2 = j-i-| = f X I = I = 3. 

8, Limit of 2 = ^ _ ^_ ^^ = j^ = ^ X A = tV 
4. Limit of 2 = yZTI = ♦ X i = f 
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§216. 

1. $80 is the principal on which the company's interest is 
computed. 

^ - 80 (l+.04r-(l+.04) . 
^ ~ ^" .04 • 

^^3.64837 - 1.04 

^ = ^^—04 > 

2 = 80 ^'^^f^^ = 2000 X 2.60837 = $5216,74. 
.04 

This sum, less the $5000 insurance, is $216.74, the 
gain for the company. 

8. From the given equation p = 



8. The present worth of the first payment, by Problem II., 
giyes 

2d= « 



(1 + ThsY' 

^ — 7T~i — rx* ' '^^^ *®**^ present worth 

1.05 V ^ 1.05 ^ 1.05V 
In parentheses is a geometrical progresi^on, in which 

1 ^ 

n = 3, r = -s-^r=y a = 1. Hence 

1.05 

l--i-. 
,, , a 1.05" a 1.05* - 1 

Value = 



1.05 - 1_ 1.05' 1.05" — 1.05* 

1.05 

_a_ 1.05"- 1 _ 20a 

1.05"; 1.05 - 1 " 1.05* ^ '"^ ^^* 
Computing by logarithms we find 

2.72 325 a. 

4 jt? = r -r- = present value of Ist payment; 



(•+ra>) 



_• — - — ■ — 1 
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a 



('+155) 



-« = present value of 2d payment; 



tt 



p = — —, = " " " 3d 

p = -. = " " " nth « 



(1 + i^y 



The sum of present values will be 
a a a 

+ 1 r""\~i + 



+ /i^-^^*' 



(1+100; 

or^ as this is a progression^ it may be written 

\ ^ 100/ \ ^ y)oj 

If the first payment were due immediately, 
r = 7—2-^. = a for Irt paymenl; 



a 



p = -^ — = rt « 2d 

p = — n =a '' di 



€€ 



g€ 



(> + 4)' 



a 



«i 



(i + iod) 

The sum would be 

a a a 

+ 1 TT + 



[' + mi i' + m) i'+mJ 



a 

c 



+ - rr^i- 



1 + 100. 
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Afi this is a progression^ it may be written 



2 = 



(^ + U- [' + m) 



If^Il* 



PAET IL 

ADVANCED COURSB. 



§281. 

1, Transpose, « = 3 — fa;; 

for a? = 1, 2, 3, 4, 6, etc.; 

u = ih 0, - H, - 3, - 4i, eta 

§822. 

1. 2a + b = c (1), 

6a - J = (? (2); 



(l) + (2), 7a^2c, 

«=y-(3); 

X (l)by5, 10a 4- 65 = 5c (4); 
X (2) by 2, 10a -25 = 2c (6); 
(4)- (5), 75 = 3c, 

, Sc 

sub. in general equation, ax + by =: e, 
we get ^cx + 4 cy = c; 

cl. of fractions, 2cx + 3cy = 7 c; 
-r- c, 2 a; + 3 y :;:;= 7. 



(2) - (1), 



H-c, 



-2a~5 = c (1), 
2a + 5 = c (2); 
4a + 25 = 0, 

4a - - 25, 

2a = — 5, a = 


b 


ax — 2ay = 0; 
a: — 2y — 0. 
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3. 



5. 



1. 
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— 6a + 2* = c 



6« - 2* 



(1) + (2), 



la. 








= 26- 






/. c 


-0; 


* 


5a 


-2b 


-0, 




h 

ax + iay 

2x + by 


= t«; 

-0; 
= 0, the 


required equation. 


Oa 


- 7* 


- c, 




lb a 


-7J 


= c, 






b 


c 

7' 






lb a 


~ c, 






a 


c 
■"15^ 





substitute. 



15^- yy- ^; 



clear of fractions, 7 ex — Ibcy = 105 c; 
-5- c, 7a: — 15^= 105. 

2ba + 2b = c (1), 
dOa + db = c (2); 

X (l)by3, 75a + 6b = 3c (3); 

X (2) by 2, 60a + 6ft ='2c (4); 

(3)~(4), 15 a = c, 

^ = 15' 
X (1) by 6, 160a + 12 J = 6c (5); 
X (2) by 5, 150a + 15 5 = 5c (6); 
(6) - (5), 35= ~c, 

5 = - 3 ; 

substitute, — a; — 3- J = c; 

lo o 

clear of fractions, ca; — 5 c5 = 16 c; 

-=- c, a: — 5 5 = 15. 

§ 223. 

If w = 0, a: = 3 in (1); If w = 0, a: 

w = 1, a; = 5; etc. 

w = 2, a; = 7; 
etc. etc. 



5 in (2); 
etc. 
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§225. 

1. ay* — fl"y. 8. aVy* — a*by. 

2. az^ — a'z. 4. a (« + y)" — a" (a? + y)* 
6. a{x-{' ay — a' (a: + a) = oa;* + a'o:. 

6. fl (a; — a)' — a" (x — a) = aa;" — 3 a'a; + 2 a*. 

7. o (a; + «y)' — «* (a; + ay). 16. a. 



8. 


a{x — ay)*—c^{x- 


-ay). 


16. 


1. 


9. 


ax* — aV. 




17. 


x\ 


10. 


ya». 




18. 


x\ 


11. 


• 




19. 


x\ 


18. 


3yo^. 




20. 


a:". 


18. 


(a; + j^)o*+». 








14. 


{x-y)a*-y. 




21. 


a;**. 



22. (p(x-\' y) = a*+» = «« x ay, and <?> (a:) = a«, <p (y) = ov; 
hence ^{x) X <p{y)=^ a^-^v; .-. ^(a: + y) = ^(a:)x<?>(y); 
^(xy) = a^y = (a*)* ; but {a')y = y power ol^(ft). 

23. 6 (6 - 1) (6 - 2) (6 - 3) = 360. 

24. 6 (6 - 1) (5 - 2) (5 - 3) = 120. 

26. 4 (4 - 1) (4 - 2) (4 - 3) = 24. 
28. 3 (3 - 1) (3 - 2) (3 - 3) = 0. 

27. 2 (2 - 1) (2 - 2) (2 - 3) = 0. 

28. 1 (1 -. 1) (1 - 2) (I - 3) = 0, 

29. (0 ^ 1) (0 - 2) (0 ^ 3) = 0, 

80. - 1 (- I =^ 1) (-. 1 ~ 2) (- I - 3) = 24. 

81. =r ? (- 2 ■- 1) (- 2 - 2) (-^ 2 - 3) = 120. 
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1. = 



8. = 

4. = 

6. = 

6. = 

7. = 

8. = 

9. = 

10. = 

11. = 

12. = 

13. = 

22. = 

28. «= 

24 = 



1. 



3y — 4ar. 
3 a — 4 i. 

3.3 - 4.4 : 

3.4 - 4.3 = 
3.10 - 4.1 
a' + h\ 

ab •{• ab = 
ay + ix. 
la — 35. 
aq — pb. 
az + bx ~ 
ah + 5o — 
o' + y - 



§236. 

14. 
16. 



= - 7. 
= 0. 
= 26. 

2a5. 



ahy, 
2a5 = 
abc. 



0. 



1& = 



17. = 



18. = 



19. = 



20. = 



21. = 



a' + b* — abe. 
_ o» _ j« 4- a'J». 

3(3-1 



3(3-1 
4(4-1 



3 (3 - 1 
6(5-1 



3(3-1 
6(6-1 



3(3-1 

7(7-1 



3(3-1 
8(8-1 



3(3-1 



(3 - 2) _ , 

T^ oA — ^* 



(3-2) 
(4-2) 



(3-2) 
(5 - 2)_ 



= 4. 



(3-2) 
(6 - 2) 



(3-2) 
(7- 



=10. 



=20. 



I *J ■ •i\ 



(3-2) 



2(2- 


-1)(2- 


-2) 




-1(-1 
3(3- 


-1)(- 
- 1) (3 - 


- 1 - 
-2) 


•2) 


- 2(- 2 

4(4- 


-1)(- 
- 1) (4 - 


-2 - 
-2) 


■2) 



= 0. 



= -i. 



-2 (-2- 1)(- 2 - 2) 

§ 226 (a). 



= -1. 



flo = (0 + ] 


Q = 





m = 1 (I - 


- 


[) = 


2 


aj = 2 (2 H 


- 


V "" 


6 


as — 3 (3 - 


- 


[) = 


12 


rr4 = 4 (4 - 


- " 


V ~ 


20 


£U» = 5 (6 - 


- 


[\ =z 


30 


at = 6 (6 H 


h ] 


L) = 


42 


«i = 7 (7 H 


- 1 


V ~ 


5a 


«8 — 8 (8 H 


- 1 


I) = 


78 


at = 9 (9 + 1 


li: 


90 


aio — 10 (10 H 


h^ 


110 



/. flo + ai + ,...+ flio = 440 
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1 



5. 



6. 



1. 



= 2 (2 + 1) = 



2 

6 

8 



ai = 

di + (1% 
rt, = 2(2 + 1) = e; fat = 8; 
.*. ai + a« = ^ a*, 
ai = 2, «« = 6, as = 12; 
ai + a« + as = 20, as == 12, | as = 20; 
/. the equation is true. 

ai + aj + ^» + ^* = ^^> ^* = ^^> f ^» = ^5 

/. etc. 

/y4 = 1 + 2 + 3 + 4 = 10; 
& =1 + 2 + 3 + 4 + 5 = 15; 
iS. = 1 + 2 + 3 + 4 + 5 + 6 = 21; 
iSi = 1 + 2 + 3 + 4 + 5 + 6 + 7 = 28; 
.-. 8a + 8^ + 8^ + 8^^ 74. 

In Example L we found 

ttA = 20; 
as = 30; 
as = 42; 
a? = 56; 
/. a^ '{' ai + a% -{- ai =■ 148, 

2 ^s = 30; 
ai = 30; 
2 iS's — as = 0, 

2/Ss = 42; 
as = 42; 
25s— as = 0. 

§227. 



llAi^-i = -4» — yl»-i. 
Let i = 1; 
then Ai-\- 



When i 



ii 
ti 
ii 
ii 
ii 



i = 2, ^i + 
i = 3, -4i+ 
f = 4, J» + 
t = 5, Ai-\- 
i = 6, Ai + 
i = 7, -4f+ 
i = 8, -4t4- 
t = 9, Ai-^ 



= ^s = ^8 — ^1 = — ^o; 

= A* = At ^ Ai =^ — Ai'y 

=z As := Aa ^ At = — A\ -{• Ao; 

= -4s =: A* — A* = -4o; 

^= Ai = A* — As =^ All 

= -48 = .4i — -4s = -4i — -4o; 

= -49 = -48 — -4i = — -4o; 



= ^10= -4s — -48 = — -i4i. 
Each subsequent term is equal to the third term pre- 
ceding with its sign changed, or 

An = — An - s. 
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6. 



6. 



2. If^<+i = 2Ji 
When i = 1, At f 

" t = 2. J.- + 
'' i = 3, Ai^- 
" i = 4, ^» + 

3. If Ai-\-\ — i^ 
When i = 1, J»-|- 

" i = 2, ^» + 
" i = 3, Jt-f 



^. = 

.44 = 



2^1 — Ja; 

itA% — ^0= 4^1 — 3^o; 
2^. -^«= 8^1 - 7^o; 
2^4 -.^.=16^1 -15^0. 



+ ^» 
= ^» 

= ^s 

= ^4 
= ^6 



.— 1 



= -4i + -^oj 

= 2^s + ^»= 3^1+ 2^o; 
= 3 j8 + ^s=10.4i+ 7^o; 
= 4 ^4 + ^«=43 Ax +30 ^0. 



IfJf 
When i 






% 

m 

% 



Jt - 1 + 

Ao, 

1, Ai ^ Ax = ^0 

2, ^» = Ai = ^1 

3, ^» = Az = Ai 

4, Ai = A* = -4» 



A; 



Jo 

Ao 



2 A; 
3A; 
4 A; 






i = n— 1, Ji=-4n - 1 = Jn - s + A= Jo+(w— 1)A; 
i = ?i, Ai = An =z An " I -{- h = Ao -{- nh; 
.*. Jo+Ji+Js+Js . . . An=iAo'\-Ao-{-h-^Ao-{-2h . . . 

-4o + mA, 
Since the second member of this equation is un arith- 
metieal progression of « + 1 terms, it may be written 

{2Ao + nh)-^. 






rAo; 



U Ai+i = rA^: 
When i = 0, Ai+i = Ji = rAo = 

i = 1, Ai-\-\ = Jj = r/li = r^Ao'y 
% = 2, -4i-|-i = ^8 = r-4j = r'.4o; 
i = 3, J» + i = ^4 = rJs = rMo; 

" i = « — 1, Ai-^ \ z= An= rAn - 1 = f^Ao; 
.\ A\ -{- A% -\- At . . . An = Ao{r-\-r* -\-r* , . . r»»). 
Since r, r', r% . . . etc., is a geometrical progression, 

the snm may be written Ao — ^ =— ^. 

r — 1 

It Ai+\ = iiJ< + J<-i: 
When i = 1, J»+ 1 = ^8= JcAx + Jo = iJi + Jo; 
" 1 = 2, Ji-hi = Js =2*J« + Ji 

= (2*'+l) Ji4-2iJo; 
" ♦ =3, J< + i = J4 = 3AJ» + J« 

= (6*' + 4*) Ji+(6*' + l) Jo; 

« 
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When i = 4, Ai-\-\ = -46 = 4i^4 + At 

= (24** + 18F + 1) ^1 + (24* "+ 6 * ) ^o; 
" i = 5, Ai-\-\ =^ ^6 = 5*^6 + ^* 
= (120** + 96*" + 9*) ^1 + (120*V+ 36** + 1) ^o. 

§228. 

1. As this is the scries of natuml members, with n for the 
last term, there must be n terms, of which four are 
written; hence 

n — • 4 = number omitted. 



Of » — 2 terms, 4 are written; hence 
(w — 2) — 4 = n — 6 omitted. 

8. Of » + 2 terms, 4 are written; hence 

(w + 2) — 4 = ?i — 2 terms omitted. 

4. In this series the quantity subtracted from n is less 
by 1 than the place it occupies; hence 

n — s is the {s + l)st term, 
or 5 + 1 represents the number of terms. Four terms 
being written, the number omitted is 

« + l-4 = «-3. 

6. We may reason in the following way: Since the terms 
form an arithmetical progi-ession, the number omitted 
is one less than the difference between the two preceding 
and following the gap. This difference is 
w — 2 — (n — 5 — 1)=« — 1. 
Hence there are « — 2 omitted terms. 

6. Reasoning in the same way we find 8 terms omitted. 

7. w + 1. 8. w — « + 1. 9. 2 *. 

Note. The above answers may also be obtained inductively 
by assigning special values, 2, 8, 4, or 5, to ?» or «, and comparing 
the results. 



1. =1.2.3.4.5 = 120. 2. =1.2.3.4.5.6 = 720. 

8. = 1.2.3.4.5.6.7.8 = 40320. 

__ 1.2.3.4.5.6. 7 _ o 
*• "■ 1.2.3.1.2.3.4~'^^" 

ft — l'^'3.4.5.6.7.8 _ 
^' "" 1.2.3.1.2.3.4.5 ■" 
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6. Factoring each term for 2, fliere being n terni^ we 
may write the first member of the equation thus: 

2»(1.2.3.4.5 w) = 2».»! 

/. 2.4,6.8. ... 2n = 2».»I 



7. — I = 1.2.o*4.... ^. 

Multiply each of the ^ factors in the second member 
by 2, and divide by the product of these factors, namely, 

n 

23, and we have 

n . _ 2.4.6.8. 10. ...n _ w (w — 2) (» — 4) . . . . 4 . 2 



/8\ _ 8.y. 6.5.4 _ ^^ /^8^ _ 8.7.6.5.4.3 __,^o 
\5/~ 2.3.4.5 ""^^^ lej^ 2.3.4.5.6 "~ "^^^ 
/8\ _ 8.7.6.5.4.3.2 _ /8\ 8.y.6.5.4.3.2.1 __ 
V7y~ 2.3.4.5.6.7 "' \8/ 1.2.3.4.5.6.7.8"" 
By adding = 255. 

* l3J 1.2.3~ ' \3>'~1.3.3~*' 
/5\ 5.4.3 ,- /eN 6.5.4 .. 

\3J~ 1.2.3 -. 
By adding = 70. 

/5 \ 5 4 
3. (o) = i~2' Multiplying both terms by 1 . 2 . 3, the 

5.4.3.2.1 . 5! 



fraction becomes 



1.2.1.2.3~2! 31 
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Multiply both terms 6t the second member by (n — ^)I 
= 1.2.3....^ — «. Becaiise » — « is the numbdr 
next less than n-^ s + l^ the numerator will become 
1 . 2 • 3 • • • • ^. Therefore 

;/nV^__ i.g>3 n 

uy 1.2.3. ..•,« X 1.2 • 3... . (« — «)' 
n\ 

* 1 (.« — s) 1' 

U + iy"" (« + i){i.2.3 8\ '^s + iur 

» (r) - - %) = "-^' 

(» — 1) _ 2» + »(» — 1) 



""^ i.a ~ 1.2 



_ n[2 + « — 1] _ m(n + l) /« + !' 

~ i.a ~ i.a '^ 



-m 



n{n-\) [3+ n — 2] _ w(n— 1) (n+1) _ /n + V 
1.2.3 ■" 1.2.3 



7 fn\_w(nr-l). 
^^ A2; 1:2^"' 

ln\ _ w (n — 1) (yt — 2) 

13/"" 1.2.3 

n(n-l) n(yi-l)(n-2) _ 3ft(n-l)+n(ft— l)(w-2) 
1.2 "^ 1.2.3 1.2.3 

*• I3J- 17273 ' . 

n(n-»l)(»-2) n(;^— l)(n~2)(yt-3) _ 

1.2.3 "•" 1.2.3.4 ■" 

4n (w - 1) (n - 2) + w (w - 1) (n - 2) (w - 3) __ 

1.2.3.4 ■" 

n(n -1) (n~2) [4 + w - 3] _ (yt4.l)n(n-l)(»-2) 

1.2.3.4 1.2.3.4 

= m 



fn\ _ n{n-' 1) (w — 2) (w — 3) 
^ 1.2.3.4 ' 
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1. 
8. 
3. 

4. 

ft 

7. 

9. 
11. 
12. 



§230. 

2 X 3 X 2 X 2 = 3*. 3. 

3X3X2X2X2 = 3*. 2'. 

5 X 2 X 2 X 13 = 6.2*. 13. 

13.13=13*. 6. = 3.3.6.6 = 8*. 6*. 

2.2*2«2«2.2»«*/0 = 2tt 

13 . 7. 8. = 11 . 13. 

3.3.2.2.2.6 = 3\ 2'. 5. 10. =7.31. 

2.2.2.2.2.2.2.2.2.2.3 = 3.2". 

2. 3. 2. 2. 6. 2. 3. 7. 2. 2. 2. 3. 3 = 2\ 3*. 5. 7. 



§23!3< 



IMvideiid. Divisor. Quo. 

3. 427 = 399 X 1 

399 = 28 X U 

28 = 7X4 



3. 



5. 



131 

91 

40 

11 

• 7 

4 

3 

13 
8 
6 
3 
2 

1000 

212 

152 

60 

32 

28 



91 X 
40 X 



11 

7 
4 
3 
1 



X 
X 
X 
X 
X 



8 X 

6 X 

3 X 

2 X 

1 X 

212 X 

152 X 

60 X 

32 X 

28 X 

4X 



1 
2 
3 
1 
1 
1 
3 

1 
1 
1 
1 
2 

4 
1 
2 
1 
1 
7 



28 
7 



40 
11 
7 
4 
3 
1 



5 
3 
2 

1 



152 
. 60 

■ 32 

■ 28 

4 



.•; 7 = G.O.D. 



.\ 1 = G.O.D. 



.% 1 = G.O.D. 



.-. 4 = G.O.D. 
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6. 



7. 



8. 



9. 



10. 



11. 



Dividend. Divisor. Quo. 

1232 = 799 X 1 

799 = 433 X 1 
433 = 366 X 1 
366 = 67 X 5 

67 = 31 X 2 

31 = 5X6 

5 = 1X5 

1729 = 800 X 2 

800 = 129 X 6 
129 = 26 X 4 

26 = 25 X 1 
25 = 1 X 25 



Rem. 

433 
-366 
• 67 
. 31 
5 
1 



129 

26 

25 

1 



.-. 1 = G.O.D. 



625 
250 

1000 

370 

260 

110 

40 

30 



250 X 2 +125 
125 X 2 



.-. 1 = G.C.D. 



.-. 125 = G.O.D. 



370 X 

260 X 

110 X 

40 X 

30 X 

10 X 



2 
1 
2 
2 
1 
3 



260 

110 

40 

30 

4- 10 



,-. 10 = G.C.D. 



It n ^p and n had any common factor, then, by 
8 231, Th. IL, their difference, p, would haye this same 
factor. But, by hypothesis, n and p hav6 no common 
factor because they are prime to each other. Therefore 
n ^p and n can haye no such factor, and are prime to 
each other, by definition. 

By § 231, eyery diyisor of both the numbers n and p is 
also a diyisor ot n — p. Also, eyery diyisor of both 
n and n — /? is. a diyisor of their difference p. There- 
fore the common diyisors of n and p are the same as the 
common diyisors of n and n -- p, wherefore the greatest 
of them must be the same. 

We may also proye by applying Ex 10, because, if D is 

ft f) 

the G.O.D., jj- and ~ are prime to each other, whence 

jr and —=r-^ are also prime, by Ex. 10, showing D the 
G.C.D. of n and n —p. 
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12. Every diyisor of — ^ — must also be a divisor of its 

double^ or of n 4- !• But no number can divide the two 

consecutive numbers n and n -\-l. Therefore no num- 

n+ 1 
ber which divides —5— can divide », and these num- 

bers are prime, by definition. 

§233. 

1. Each tooth of the smaller will gear into four different 
teeth of the larger, and no more. 

2. Dividing by G. G. D. = 3, 24 revolutions of small wheel 
= 5 of lai'ge wheel, when the same teeth will gear again. 
So each tooth of small wheel will gear with 24 of large> 
and each tooth of the large wheel with 5 of the small. 

3. The ratia is 3:4, so that each tooth of the small 
wheel will gear into 4 of the lar^e one, and each tootii 
of the large one into 3 of the smtul one. 

4 and 5. The numbers being prime to each other, every 
tooth of the one will gear into every tooth of the other. 

§ 235. 

1. Because the number leaves a remainder 1 when divided 
by 3, it is of the form 3 ft -f- 1; &^d because it is even, it 
is of the form 2 m. Therefore 

3 « + 1 = 2 w. 
The half of the number being m, let 8 go into m 
p times with the remainder r; then 

m = 3j[? -f r; 
2m = 6j9 + 2^ = 3w + 1; 
2r — 1 = 3m — 6p. 
Because the second member of the equation is a mul- 
tiple of 3, so is the first member. !Now r may have 
either of the three values 0, 1, or 2, and 2 is the only 
one of the three for which 2 r — 1 is a multiple of 3. 
Therefore it is the only remainder when m is divided 
by 3. 

8. Let the number be 

alO' + J10* + clO + A 
Subtract, af + Ji" + ci + rf, and we have 

a (W - i:') + h (10« -e)-\-c (10 - t). 
This is divisible by (10 - t) (§ 93). 



KEY TO NBWC0MR8 COLLEGE ,/LLQEBRA. 



1T7 



§345. 



1. a = 

P = 

P' = 



a 
P 

P' 



3. a = 
P = 

P' = 

A. a = 

P = 

P' = 



6. 



a 
P 

P' 



3, 


I' 

3, 


1' 

3, 


1' 

3, 


1' 

a, 


1' 



7, 
1 

3' 

2, 

1 

3' 

1, 
1 

3' 

6, 
1 

3' 

h 
1 

a' 



16; 

22' 
2, 

a 

7' 

3, 
1 

4' 

«; 

5 
16' 



c: 



113 . 
355- ^^ 



3; 

17' 

1, 
4 

15' 



58* ■^°*' 

3, 

6 19 . 

19' 72* ^ 



5a! + l 
16a; + 3 



. Ans. 



cJ + 1 



Ja + 1' c(io + l) + a 



. Am. 



1. m 



3 + tS^; 
7 + T^; 



§246. 






tH "" 



8-1- 



7-f 



16 



SW = 6 + +*♦; 
«f = 1 + tVt; 
W = 6 + A; 

Tfftr — 1 



8 + 



6 + 



1 + 



6 + 



e + i 
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3. 



1. 



1 ^ m = w = 1 + m; 

W = 2 + ,Vt; 

W = 8 + M; 

« = 1 + iV 

¥fT — 1 



1 + 



2 + 



8 + 



1 + 



a + 



1 + 



»+l 



§ S48. 

Because 1 is the greatest vhole namber in 4^3, we pat 

i^ = l+i; (1) 



X = -7=r 



whence «, — ,_ 

♦^3 - 1 

Bationalizing the denominator, § 185, 

2 a; = 1^+1. 
Substituting for V^its value in (1), we have 

a; = 1 + H— . 
2x 

Putting this value of x in (1), and again in the denomi- 
nator, and repeating the substitution indefinitely, we find 



V3"=l + 1 



1 + 



2 + 



1 + 



2 + 



1 + 



2 + 



1 + 



2 + 



1, etc. 



2. 



KEY TO NEWCOMES COLLEGE ALGEBRA, 179 

Forming the convergentSy we find them to be 

X %. 3. ,8^ XX aia At etc 

Adding unity to each of tiiem^ we find the approxi- 
mate values of V8: 

h i I, \\, \\> Ih li, etc 

whence z = — := 



Vo - 2 
Bationalizing the denominator, a: = 1^5 -|- 2. 

Substituting for i/5 from (1), we have a; = 4 -| — • 

Putting this value of x in (1^, and again in the denom- 
inator, and repeating the substitution indefinitolr, we 
find 

4 + - 



4 + i 



4 + i 



4 + i 



4 + i 



4 + ^ 



4, eta 
Forming the convergents, we find them to be 

T» TT' Ty» TnTB"' 1S9B> bItI* ®*^' 

Adding 2 to each of them, we find the approximate 
values of 4^5: 



S. V6 = 2 + ^; (1) 
whence ar = 



X 

1 



i/6 - 2* 
Bationalizing denominator, 

From(l), 2a; = 4 + 1, and a; = 2 + ^. 

X 4i X 

Putting this value of a; in (1), and rei)eating the sub- 
stitution of X indefinitelv, we find 
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1 



1^6=2 + 



s+i 



4+i 



J + i 



* + i 



2 + i 



4 + ^ 



. 2, etc. 

Forming the convergents, we find them to be 
A^^- ^ i^ *^ «V *». 1%. H*. etc. 
Adding 2 to each of them, we find the approximate 

yalues of V6: 

h ¥, H, W> Hi Vi^, etc. 

/10 = 3 + ^; (1) 
whence a; = 



X 

1 



yio-3 

By rationalizing denominator, 

X = /lO + 3. 
Substituting for V^ from (1), we have 

a; = 6 + -. 

a; 

Putting this value of x in (1), as in previous examples, 
we find 



♦00 = 3 + ^ r 

6 + - 



6 + i 



6 + 1 



6 + 1 



6 + ' 



6, etc. 
Forming the convergents, we find them to be 

*...*' A' lAAr vtWj' Ml' t^Htt* etc. 

Adding 3 to each, we find the approximate yalaes of 

VIO: 

¥, W> *tt, HH, ^liW, WW^. etc 



6. ~ .r and we.have a; — a = ~: 
whence x ^ a A — . 

X 
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Bepeating this valTie of x indefinitely in the second 
member of the equation, and we hare 
, 1 



« + i 



« + i 



a + i 



« + l 



« + ^ 



a, etc. 
Forming the convergents, we find them to be 
1 a g' + l a' + 2a a^ + 3a' + l 
a' a*+ 1' a^ + 'Za' a*+3a' + r a»-f 4a' + 3a' 

Adding a to each, we find the approximate Ytdues of x 
to be 
g' + l g'-h2ff a* + 3<g' + l <i' + 4<t' + 3g 

a ' a* + l' a' + 2a ' a* + 3a' + l' 

a'+4a' + 3a * a« + 5a* + 6a* + l ' ^^ 

§251. 

1. {Vi bcdf hdCy cbdy cdb, dbc, deb, 

2) acdy adc, cad, cda, dac, dca. 

3) abdy adb, bda, body dab, dba, 
[4) abed, abdc, acbd, acdb, adbc, adcb; 

bacd, bade, beady bcda, bdac,. bdca; 
cabd, cadb, cbad, cbda, cdab, cdba; 
dabc, dacb, dbac, dbca, dcab, dcba. 

2. The well-known English words are mate, meat, tame, 
and teajn — ^four in number. The total number of permu- 
tations being P4 = 4 I = 24, the proportion is ^ = ^. 

S. 1234, 1243, 1324, 1342, 1423, 1432; 

2134, 2143, 2314, 2341, 2413, 2431; 

3124, 3142, 3214, 3241, 3412, 3421; 

4123, 4132, 4213, 4231, 4312, 4321. 

4 Evci-y difFcrent permutation of six different figures 
giyes nse to a different number. Therefore the whole 
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nnmber of different nnmbers which can be formed by 
permuting the six figures 1, 2, 3, 4, 5^ 6 is 

P. = 6 ! = 720. 

5. Since the host and two of the guests are relatively fixed, 
there remain subject to permutation this group of three 
and the three remaining guests. Hence there are four 
things subject to permutation, and the total number of 
arruugements is 

P4 = 4 ! = 24. 

6. The total number of different numbers that can be 
formed by permuting the seven first digits is 

Pt = 7 ! = 5040. 

{a) Three of the digits are even and four are odd. Since 
any one digit will be at the end as often as another, \ of 
the numbers will terminate with an even digit and 4 
with an odd one. Therefore 

total even numbers = 5040 X 4 = 2160; 
" odd *^ = 5040 X j = 2880. 

(J) Since there are four odd and only three even digits, 
a number in which the digits are alternately even and 
odd must begin and end with an odd digit. 

A number may begin with any one of the four odd 
dibits. 

With whatever odd digit it begins, this digit may be 
followed by any of the three even ones. 

This dig^t again may be followed by any one of the 
three remaining odd ones. 

This again may be followed by any one of the two re- 
maining odd ones. An even and an odd one will then 
be left for the last ones. 

Therefore the total number of combinations subject 
to the condition of being alternately even and odd will 
be 4 . 3 . 3 . 2 . 2 = 144. 

The result can also be reasoned out from the theory of 
permutations alone, as follows: Suppose anyone of the 
required numbers to bo written. The even numbers 
may stand in their places, and the four odd numbers be 
permuted among themselves in every way. We shall 
thus have 4 ! = 24 different numbers. 

Then in each of these numbers we mav permute the 
three even digits in every possible way. We shall thus 
have six numbers from each of them, making the total 
number 6 . 24 = 144. 
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{c) Consider tbe eyen nnmbers as a group or one thing; 
the foar odd numbers as four additional things. *Then 
for every possible permutation we can perform on these 
five things we shall have the group of three even num- 
bers together. 

The total number of these permutations is Ps = 120. 

Then in each of these arrangements we may i>ermute 
the three even numbers in every way, and they will still 
be kept together. ^ 

Hence the total number of arrangements subject to the 
required condition is 

jP« . jPfi = 6 . 120 = 720. 

{d) Keasoniug in the same way, the four things com- 
posed of the three even digits and the odd digits as a 
separate group will admit of Pa permutations. 

In each of these permutations the odd numbers may 
be permuted in Pa different ways without being £ei)a- 
rated. 

Therefore the total number of the required permuta- 
tions is ^4" = 576. 

7. Since the letters d, e,f must stand in alphabetical 
order they admit of no permutations among themselves. 
Hence the total number of things which can be permut- 
ed are the five remaining letters and the group def^ mak- 
ing six in all. 

Hence the required number is 

Pe = 720. 

8. In order that the word deaf may be found, the letters 
which compose it must stand together in alphabetical 
order. Hence the total number oi things which can be 
permuted is made up of this word deaf and the remain- 
ing four letters, making five in all. Therefore the re- 
quired number is Pi = 120. 

9. Taking out the words age and bid from the first nine 
letters, we have three letters left. Hence the total num- 
ber of things to be permuted are these three letters, the 
word age, and the word hid, making five in all, and the 
answer is P^ = 120. 

10. Supposing the gentlemen to be arranged in numerical 
order, the first gentleman may choose any one of the five 
ladies, the second any one of the remaining four, etc. 
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Hence the total namber of ways in which they can be 
divided into couples is 

5.4. 3.2. 1 = 120. 

We may also reason by i>ermutation, as follows: 
If we suppose the ladies in any invariable order, we 
may permute the gentlemen in every possible way, and 
pair them with the ladies in the corresponding order. 
Therefore the total number of ways will be . 

i>, = 6 1 = 120. 

11. The condition requires that the group of letters ade 
shall be together. There being five letters in all, there 
will be three things to permute, ade, by c. The number 
of these permutations is 

P, = 3 ! = 6. 

In each of these permutations we may chan^ the 
group ade into eda and still fulfil the given condition. 
Therefore the answer is 

2. Pa = 2.3! = 12. 

12. The two groups abc and df^admit of two permutations 
as groups. 

In each of these permutations the letters a, b, c maybe 
permuted in every way without being separated, making 
six permutations. Similarly for the group def. Hence 
the required number is 

2 . Ps . P« = 72. 

18. Since we are obliged to begin with the letters a, b, c, we 
have left four other letters to be permuted at pleasure. 

We may permute these four letters in P* difEerent 
ways. 

For each of these permutations we may permute the 
letters a, J, c in every way. Hence the required number 
is Ps . P4 = 144. 

14. Since the letters a, b, care not required to come first, 
but may be permuted as a group with the four remain- 
ing letters, we shall have Ps permutations in which these 
letters are together and in alphabetical order. 

Then we may permute the three letters in every way 
in each of these permutations. Hence the requii*ed 
number is Fi. Ft= 720. 
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§25S. 

1. 35, 37, 39, 53, 57, 69, 73, 75, 79, 93, 95, 97. 

2. 123, 124, 125, 132, 134, 136, 142, 143, 145, 152, 

163, 164. 

3. Total number of permutations is 

nin ' 1) (w — 2) . . . . (w — « -|- 1) = 
6 (6-1) (6 -2) (6-4 + 1) = 6.6.4.3 = 360. 

4. The digit 1 may be followed by any combination of 
three ont of the five remaining di^ts 2, 3, 4, 6, 6. 

Hence the number that will begm with 1 is 

6 (5 - 1) (5 - 2) = 60. 
In the same way we may show that the digit 2 will 
lead in 60 permutations, and so for the six digits^ 
Therefore the total number of permutations is 

6 X 60 = 360. 

5. The gentlemen may select any permutation of three 
out of the five ladies. 

Hence the number required is 

6.4.3 = 60. 

ft There are three even digits with which an even num- 
ber formed in the required way may end, namely, 2, 4, 
and 6. Each of these even digits may be preceded by 
any permutations of two out of the remaining six digits. 
The number of these permutations is 6 . 6 = 30. Hence 
the total number required is 

3 . 30 = 90. 
The question may also be reasoned out by showing 
that thei*e are 7 . 6 . 6 numbers of three digits, and that f 
of those are even. 

7. The required number may end with any one of the 
three even digits, each of these preceded by any one of 
the four odd digits. Each of these may be preceded by 
any one of the two remaining even ones. Hence the 
required number is 

3 . 4 . 2 = 24. 

§ 253. 

1. w = 7; 

ft = P, = 720. 

2. Since the host is to have one particular guest on his 
right and another particular guest on his left, this group 
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of three cannot be permuted among themselves. The 
total number of objects to be permuted are therefore the 
five remaining guests and this group, making six. Hence 
the required number is 

a=z Fs=z 120. 

3. Considering the five works as five separate objects, 
they may be permuted on a circular shelf in 

Ci = F4= 24 different ways. 

Each work may then be arranged with the volumes in 
two different orders from right to left or from left to 
right. If it be required that this order shall be the same 
for all the volumes, the total number of arrangements 
will be 2 . 24 = 48. 

But if uniformity is not required in the arrangement, 
there will be twenty-five different orders for each permu- 
tation of the five works. The number required would 
then be 24 . 25 = 600. 

4. Considering h, a, d as one group, we shall have three 
things subject to the circular permutation. The num- 
ber of permutations is ft = 2. • 

In each of these permutations the letters h and d may 
be interchanged and a still stand between them. There- 
fore the required number is 

2.2 = 4. 

6. The five even digits may be permuted around the 
circle in ft = P4 = 24 different ways. 

The five odd digits may then be permuted in every 
possible way among the five vacant places. 

The number of these permutations is not ft but Ps, 
because if in any one arrangement the five odd num- 
bers move to the right or left bodily the arrangement 
including all the numbers will be different. Hence for 
each circular permutation of these five odd digits there 
will be five different arrangements, making 5 ft = P». 
Hence the required number is 

>6. ft = 5! 4! = 2880. 

The same result may be reached by the following 
course of reasoning : Starting with any one of the ten 
digits, we may place next to it any one of the five of the 
opposite kind. Next to this we may place any one of 
the remaining four of the first kind. Next to this any 
one of the remaining four of the second kind, etc. 
Hence the total number of permutations will be 
6.4.4.3.3,2,2 = 2880, 
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6. Considered as two gi'onps of eyen and odd digits 
respectively, they admit of only one circular an^augc- 
ment. 

In this arrangement the even numbers may be per- 
muted among themselves in Ps different ways. In each 
of these arraixgcmeuts the odd numbers may be per- 
muted in Ph diSerent ways. 

Hence the total number of arrangements subject to 
the given condition is 

P»' = 120' = 14 400. 

7. If the word deaf is to be spelled in but one direction, 
its letters will admit of no permutation among them- 
selves. Hence the total number of things to be per- 
muted will be three, and the number of circular permu- 
tations will be two. 

If the word may be spelled in cither direction, we may 
reverse the letters in each of these permutations, making 
four in alL 

§ 254. 

1. €Mab, aaba, abaa, baaa, 

2. aabc, abac, abca, baca, bcaa^ cbaa, caba, acba, acab, 
aacb, caab, baac. 

8. aaabc, aaacb, aacab, acaab, caaabn caaba, cabaa, cbaaa, 
bcaaa, bacaa, baaca, bacuw, abaac, aabac, aabca, abcaa, 
abaca, aacba, acaba, acbaa, 

4. » = 7, r = 3, « = 3; 

"^^"rl^!"3!3!""^*^- 
6. ' fi = 13, r = 4, « = 2, / = 2; 

^- = r-TTrn = 4TyiT! = «*««*«««• 

§S55. 

1. b is followed by 1 letter of lower order; 



c 






1 






d 






1 






a 













9 






2 






a 






A 







.*. number of inversions is 5. 
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2, Number of inyersions is 5. 

8. 3 is followed by 2 digits of lower order; 
2 << '^1 '^ ^^ 



5 


a 


iC 


2 


C€ 


it 


9 


i€ 


it 


2 


€€ 


a 


4 


t€ 


l€ 


1 


t( 


i€ 



•'. number of inyersions is 8. 
4. Similar to Ex. 3. Number of inyersions is 6. 
6. Number of inyersions is 16. 
6. Number of inyersions is 17. 

§ 256. 

1. By permuting the thi'ee symbols we have /i + J + c, 
a + ^ + *> h + a + Cy etc., which are aU equal because 
the sum is the same in whatever order the numbers which 
form it ai*e added. 

2. Because the product is the same whatever the order of 
its factors, the product abc remains unchanged by a 
permutation of its factors. 

3. By interchanging the factors a and hy the given ex- 
pression becomes 

ft (a + c) + « (<? + ^) + ^ (^ + ^)y 
which we see to be identical with the given expression. 

In the same way making any other permutations we 

please among tlie letters, we shall find the expression to 

remain identically equal to that given. 

4. The given expression may be put in the form 

(1) a^b + Vc + (?a - (aV + Va + c^b); 
by interchanging a and b it will become 

(2) Va + e?e? + c»A - {Vc + a'J + (?a). 

This is equal to the given expression with its sign 
changed. 

Remark. A function which changes its sign when two letters 
are interchanged is not a symmetric function, but is generally 
called an alternating function. By performing all possible per- 
mutations upon the letters which enter into it, we shall have 
two sets of values nil equal in absolute value, but one half posi- 
tive and the other half negative. 
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§257. 

1, dby aCy ady OBy bCy bdy bey cdy cBy de» 

2. abcy dbdy obey acd, acey adey bed, bee, bdCy cde. 

In writing the first set of combiuations of two letters 
we leave behind a combination of three letters. Since 
these combinations of three letters are necessarily differ- 
enty we must have at least as many combinations of three 
as of two. 

We may show in the same way that there must be at 
least as many combinations of two as of three. 

Hence the number of combinations of two and of 
three must be equal when the number of things is fiye. 

This is expressed by the formula 

In this case W = C^' - != Ci\ 

m 

3_ Qn- « (» - 1) (« - 2) (»-< + !) _ ln\ 

' «I \»/ 

(1) « = 3, « = 2; 

.-. C.» = a' = YT = 3- 

(2) n = 7, « = 2; 

7 6 
.-. C." = C = -yr = 21. 

(3) « = 9, « = 2; 

.-. C.« = C* = ^ = 36. 



* = (i)- 



(1) n = 4, < = 2; 

.-. C/^ = ft* = ^ = 6. 

(i) n = fly « = 2; 

..c. -U - ^j - g . 

If we draw a linp from each point to every other point, 
we should draw every line twice, the two drawings being 
in opposite directions. Hence the actual number of dif- 
ferent lines would be half of the « (w — 1) lines drawn. 



190 KET TO NEWC0MB8 COLLEGE ALGEBRA. 



6. 



^•" = (t)- 



(1) The number of lines is five, and the intersection 
of any two of them gives a point. 

Hence we have . 7i = 5, 5 = 2; 

.-. Gs'' = ft* =~ = 10. 

(2) w = 7i, 5 = 2; 

6. Any combination of three out of the given n lines will 
form a triangle. 

Since no two of the lines are coincident, these triangles 
will all be different. 

A triangle can be formed only by some combination of 
three lines. Therefore the required number of triangles 
is equal to the number of combinations of three things 
in n. 

Hence we have « = w, .9 = 3; 

7. When two are paired, the other two may be paired to 
fulfil the conditions. Hence we have only half as 
many two pairs as combinations of two things in four. 
Therefore number of two pairs is 

1 14.3_ 

2^' -2 172-^' 

8. Same exactly as Ex. 7. 

9. {a) There are three things, namely, the three aces, 
ana we have to take three at a time. Therefore number 
of ways = ft' = 1. 

{h) Since each die has the number 2, and they are 
to be taken in pairs, therefore we may have as many 
of the desired combinations as there are combinations of 
the three 2's taken two at a time, which is 

(c) The 1 of the first die may be combined with the 
2 of the second die and 3 of the third, or with the 2 of 
the third die and the 3 of the second; thus making two 
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of the required combinations by beginning with the 1 of 
the first die. Similarly, by starting with the 1 of the 
second die we would haye two more, and also two such 
combinations beginning with the 1 of the third die. 
Therefore in all we have six of the required combinations. 

10. » = 15, « = 5; 

. ^ ^,.. ^ 15 14 13 1a 11 ^ 3^3 

1 . /2. o . 4. 5 

§258. 

1. Ill, 112, 113, 122, 123, 133, 222, 223, 233, 333. 

Increasing second number by 1, and the third by 2, we 
have 

123, 124, 125, 134, 135, 145, 234, 235, 245, 345, 
which are the combinations of 1, 2, 3, 4, 5, taking 3 at 
a time. 

8 j.-c.-+.-i- »(^ + l)(n + 2)...(n + *-l) 

(1) » = 4, « = 4; , 

(2) n = n, s = n; 

. p^- p^- n{n + l){n + 2). ..{n + n-1) 

1. 2. 3.4. 5 ... n 

Z. m = n — 1, 8 = n + 1; 

_ (y^ ~ 1) y^ (y^ + 1) <n + 2) . . . (2n - 1) 

^ . ■" 1.2.3. 4. . . (w--l)w(w + l) 
_ (y^+2)(n-^3). . . {^n-l) 

"■ 1 . 2 . 3 . 4 ...(»- 2) ' 

§261. 

1, First take a as the leading letter; then we may choose 
any two letters of the remaining four to complete the 
combination. Therefore 

ft* = -j^- = 6 combinations beginning with a. 

Those be^nninff with b are followed by any two letters 
of the remaining uiree. The number of these pairs is 
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To form those beginning with c and not containing 
a or b,c, can only be followed by the single combination 
of the two letters d and e. The number is 

(/j« := • 

1.2' 
multiplying by |, we have 

~ O ^ 3 ~ 1.2.3' 
• r.* -U ^,* - ^•3(2 + 3) _ 5.4.3 
••^' +^' - 1.2.3 -1T3T3' 
and 

^, 5.4.3 

'" -17273' 

Hence 

ft* = Ct* + Ct\ 

(1) The proof «k8 suggested in the text. 

(2) C,«+»= Ci» + Ci»_t 
To prove: 

m = (7) + L-^y 

fn\ n («— 1) («— 2) («— 3) . . .(» — < + 1) , , 

U J ii ' ^"f 

« (» — 1) (» — 2) . . . (n — a + 2) 

(«-l)l 

Multiplying this last expression by -, we have 

s 

n (» — 1) (w — 2) . . . (w — « + 2) * ,^v 
. (J) 

Adding (a) and (i), we have 

w (w - 1) (w - 2) . . . (» - 5 + 2) j(w - « + 1) + «} 

_ (n + l)n(n-l)(n — 2)...(»-« + 2) 
- 51 ' 



ultiplying 

(7^)= 
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/ «4-l \ _ (» + 1) « (» — 1) (» - 2) . . . (w — a + 2) 

= («) + (*); 



S. The number 7 may be combined with any two of the 
remaining six. Therefore the number which contain 7 

will be ft- = |-^ = 15. 

The number which will not contain 7 will be the com- 
binations of 3 out of 1, %y 3^ A:y by 6; the number of 

which is Ct' = f^l = 20. 

4. The letter a may be combined with any combination 
of « — 1 letters out of the w — 1 letters by c, . . . n. 
Therefore the number which contain a is 



^■--\ = (f^). 



The combinations which do not contain a will be the 
combinations of 8 letters out of the n— 1 letters byCy. . . n. 
Therefore the number which do not contain a is 

Note. By taking the sum of these quantities we have for the 
total number of combinations 

The accordance of this result with that of Ex. 2 should be 
understood by the student. 

6. The combination abc may be combined with any 5 — 3 
letters out of the w — 3 letters which remain aiter taking 
away abc. 
Tjierefore the required number is 

§ 263. 

1. Since any one of the ten horses forming the first stud 
may be combined with any one of the twelve forming 
the second, the total number of combinations is 

10 X 12 = 120. 
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2. Since 9 may bo followed by either ch, c, or k, there is 
here a choice of three combinations. 

Next we haye a choice of four, making with the first 
choice 3 • 4 or 12 combinations. 

Similarly for the others. 

Therefore the total possible number of ways is found 
to be 3.4.2.5.2 = 240. 

S. Two ways may occur each time it is thrown. There- 
fore in two throws we would have 

2.2 = 2* ways, 
and in n throws we would have 

2» different ways. 

4. Similar to Ex. 3. • 

^1 = 4, a = J = {? = (? = 8; 
.•. number of routes = 3* = 8L 

§ 266. 

1. Since one side is as likely to come up as another and 
the total number of sides is 6, this is the total number 
of cases. 

Two of these cases leading to white and four to black, 
we have 

Probability of a white side f = i; 
'' " black " I = |. 

Si. "When n is odd, the number of black balls is 

n+ 1 

2 • 

Therefore probability of drawing a black ball is 

n + 1 

n '" 2n 
When n is even, the number of black balls is 

n 

r 

Therefore probability of drawing a black* one is 

n 

2 ^1 

n " 2' 

5. Number of white balls = w + 1; 

'* red " =-w + I5 
'' black '' = n. 
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* w -f- 1 

.•. probability of a wliito ball is ^ — 379; 



•*< " red '' 

" '' black " 



3 ;i + 2' 



§367. 

1. Since there are four keys and any three may be taken, 
the number of cases S^ 

rt * 4.3.2 - 

The number of cases the two safe-keys may be taken 
is the number of combinations of the two safe-keys with 
one of the other two, which is 

Ci' = 2; 
.*. probability is f = J^. 

2. The number of cases is 

P. = 1 . 2 . 3 = 6. 

(a) The number of times the brothers may sit together 
is equal to the nuinber of permutations of the brothers as 
a group with the third person, which is P« = 1 . 2 = 2, 
multi|)lied by the number of permutations of the 
brothers among ihemselves, which is P« = 1 . 2 = 2. 
Hence the total number of times the brothers may sit 
together is 2.2 = 4. 

Therefore probability of the brothers sitting together 

is i = I- 

(b) The third man m«y only be between the brothers 
twice, which is the number of "times the brothers may be 
permuted, the third man remaining fixed; 

.*. probability is f = ^. 

S. By Prob. 3 the total number of cases is 6' = 36. 

(a) There is but one case for both aces; 

.'. probability is -giy. 

(b) The ace side of one die may be combined with any 
one of the five sides of the other die; the same for the 
ace side of the other die with the five sides of the first 
die, — making ten cases; 

.*. probability is ^^ = -j*^. 
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4. As before, tbe total number of cases is 36. 

The maximum number of one face being 6, the num- 
ber 8 may be formed by 2 + 6, 3 + 5, 4 + 4, 5 + 3, 
or 6 -f- 2> giving five combinations. 

Therefore the required probability is ^. 

5. A party of thirteen persons may seat themselves around 
a table in C\z = Pi« different possible ways. 

This is the total number of cases. 

The cases which bring Mr. Taylor and Mr. Williams 
together will be found by permuting the group composed 
bf these two gentlemen m every possible way with the 
eleven remaining persons. • 

The number of these permutations is 

Bat Mr. Taylor and Mr. Williams may change places 
and be still together^ so that there are 2 Pu arrange- 
ments in which they are together. 

Therefore the required probability is 

2Pii 2.1.2.3 11 2 1 



\i 



1.2.3 12 12 6 



6. There being four volumes in all, the total number of 
ways in which the servant may an*ange them is 24. The 
two groups of two volumes each may change places and 
in each position the two volumes may interchange and 
still be kept together. 

Therefore the total number of permutations in which 
each set is together is 8. 
The required probability is therefore 

7. There being six individual groups in the closet, the 
yalet may choose any combination of two. 

The total number of these combinations is 

W = 15. 

To form a combination of right and left, any one of 
the three rights may be combined with any one of the 
three lefts, making three square combinations. There- 
fore the probability that it is right and the other left is 

A = 1. 
There being three pairs of boots, there will be three 

combinations out of the fifteen belonging to the pair. 

Therefore this probability is 
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Note. This last result may also be right by the consideration 
that after picking up one boot he will have five boots left, one of 
which will be the mate to that picked up. The probability of his 
selecting this mate is |. 

8. Total number of ways in which they may be placed is 

Pa = 1 . 2 . 3 = 6. 
Only two would read in order in either direction; 
.'. probability is f = -J. 

9. The total number of spans among the eight horses is 

From the five horses taken at random W = 10 spans 
may be selected. 
Therefore the required probability is 

« = *. 

10. The three digits drawn may be any one of the 

(7a* = ' ' = 10 combinations. 

A combinati6n containing % and 5 can haye but 
one of the three remaining numbers combined with it. 
Therefore the total number of these combinations is 

Ci' = 3. 
The required probability is therefore •^. 

» 

11. 1 -{• b and ^ -^ Ai die the only two whose sum is 6» 
There is only one chance for each^ or two chances in all; 

.'. probability is ^ = -J^. 

IS. Since each purse contains only one kind of coin, the 
probability of selecting an eagle is simply that of select- 
mg the purse which contains eagles. 

One purse is as likely to be selected as another; the 
probabiuty of selecting each is ^; 

.*. probability of selecting an eagle is ^. 

IS. There are seven balls in all, and two are to be drawn. 
Therefore total number of cases is 

Number of cases when both are white is 

C. - ^p-^ - 3. 
Number of cases when both are black is 
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3 + 6 = 9 cases when both are of same colorj 
.'. required probability is /j = ^, 

14. Since there are two chances for the better player to 
one for the poorer one, we may suppose three cases to 
each game, two of which are in favor of the better 
player. Any case of the first game may be combined 
with one of the second, and this again with any case of 
the third, making the number of combinations 

3 . 3 . 3 = 27. 

The weaker opponent's chances are those of winning 
games 1.2, 1.3, 2.3, 1.2.3. The number of this 
IS 4. 

Therefore his total probability is ^. 

15. The total number of possible combinations is 

* r.m4^n - (^ + ^)x(w + y^-l) 
^* "" 2 . • 

A combination of one white and one black ball may be 
formed of any one of the w white balls combined with 
any one of the m black ones, making mn in all. 
The quotient of these numbers is 

7 ; — T—. ; rr, thc required probability. 

(w + w) (wi + » — 1) ^ ^ ^ 

16. There being six balls in all, of which three are drawn, 
the total number of cases is 

W = 20. 
In order that the three may be of different colors, the 
one white ball may be combined with either of the two 
red ones, and each of these with either of the three black 
ones. The number of these combinations is 6; 
.*. the probability is ]fl^ = f^. 

17. By § 267, Prob. 2, the number of cases is 2«, of which 
there are n cases of one bead and no more; 

. • . probability is -^. 

18. The total number of snb-committees is 

. ^.._ 11.10.9 _,^, 
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Any two of the six Kepublicans may be combined with 
any one of the five Democrats. 

The number of combinations of the required kind is 

6 . ft« = 5 ^, = 75; 

. • . probability is ^ = -j^. 

§269. 

1. The probability that the first will succeed is f , and 
that the second will succeed is f . 

(1) Therefore the probability that both will succeed ia 

I . I = A = *• 
In the same way we find that the probability of the 

first one failing is |, and of the second failing 4. 

(2) Therefore the probability that both will fail is 

i X I = A. 

2. Probability of man living is J. 

" wife " A- 

a\ Probability of both living is | . ^ = fj. 
JM Probability both are dead is | . ^V = ^' 
y) Probability of husband living but wife dead is 

(d) Probability ot husband dead but wife living is 

8*10— »©• 

S. In order that a man may be unable to ro through a 
door it must be locked, and the two keys wliich he ha« 
must neither of tliem be. the right one. The first prob- 
ability is I and the second is 1. 

Therefore the probability that he will be unable to go 
through is ^. 

Subtracting this from unity, we find f to be the prob- 
ability that he can go through. 

4. By the theorem the probability that both balls will be 
white is equal to the product of the probability that the 
first one drawn will be white multiplied by the proba- 
bility that in case this is white the second one will be 
white also. The probability that the first ball drawn is 
white is \, If he draws this ball and puts it into the 
other bag, which then contains an equal number of white 
and black balls, the probability that the second ball 
drawn is white is then -J. 
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Hence the probability of two drawings of the white 
ball is . ^ X i = A. 

6. The total number of possible committees will be 
C8»+»». A comniittee consisting of two Democrats and 
one Kepublican may be formed of any one of the 6'«"* 
combinations of two Democrats with t^ny one of the n 
Republicans, of which the number is n . U%^. 
The quotient of these two quantities is 

3w.m(m— 1) 

(m + w-) (w -j- w — 1) (w + w — 2)' 
the required probability. 

6. There being but one prize, no one can gain it unless 
all who precede it may fail. 

There being seven balls, A's chance is f . 

If A fails, he must have drawn one of the five black 
balls, leaving two white and four black ones. The 

Erobability of his doing this is \. Supposing this to 
a])pen, B, having to draw from six balls, will have a 
chance of f = J. 

^ . ^ = ^, the probability of B winning. 
In order that may succeed, A and B must both faiL 
The probability of As failing is 4> and in case he fails 
the probability of B failing will be |, because he draws 
from two white and four black balls; and the probabilitv 
of C succeeding will be | if A and B fail. Therefore C s 
probability of success is 

In order that D may succeed, A, B, and C must all 
fail, and in this case he will draw from four balls, of 
which two are white, giving him a probability of ^. 

Reasoning as before, we find the product of the several 
numbers which lead to his success to be 

f • t . i . i = A = i. 

In order that E may succeed, A, B, C, and D must 
all fail, and if this happens he will have two white balls 
and one black to draw from, giving him a probability 
off. 

Reasoning as before, we find the probability to be 

In order that F may succeed, the five preceding ones 
must all fail, and then he will be certain of success be- 
cause only the two white balls will be left. 

The chances we find to be 
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7. A's probability of winning is evidently !• If A fails, 
then B has a probability of f. 

Since B's success requires the concurrence of two 
events, each of probability ^, his probability is 

The remaining probability is \y which is X's chance for 
retaining the prize. 

8. A has a probability of i of winning on the first throw, 
and the probability of ^ of losing. 

If he fails, but not otherwise, B has a probability of ^ 
of winning. 

If B fails, but not otherwise, A has a single throw 
with the probability of ^. 

Multiplying the several probabilities we find: 

,T- that A wins on his first throw; 
1 « ^ « « second " 

/v 

_. i€ Tl it it H it 

Adding up the several probabilities, they are: 

111 2 

A's = ^ + ^, + ~. + etc. ad. in. = ^ . 

B's = ^, + 2* + ®*^- ^* ^"' = s' '^ 

The solution may also be reached by the following 
more elegant process. 

Let X be the unknown probability that A will win. 

If A fails on the first throw, B will have exactly the 
same chance that A had before he began; that is, B's 
probability of winning will in this case be x. 

But there is a probability of i that A will win on the 
first throw, and that B will have a chance at the prize. 
Therefore before the throws. begin B's chance is ix. 

Therefore the sum of the two probabilities is 

x + ix=rix. 

Since one or the other must ultimately win, this sum 
is unity. Therefore 

1^ = 1; 



B's probability 
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8. Reasoning as in the last example, and remembering 
that if the first man fails on the first throw he will have 
no other chance unless the remaining w — 1 men fail, we 
find his total probability to be 

2 "^ ¥^^ "^ ¥^^^ "^ ®^" " 2 \^ "*" 2"^ "^ 2*^' ®*^T 

In the same way we find the chances of the second 
man to be 

r "^ 2^2 + 22^T2 + ®^^- = 4 ("^ + 2^ "*" 22^' ^^* j' 

The sum of the geometrical progression in the second 
member is 

2^^ 

2** - r 

Therefore the several probabilities of winuiiig are: 

1 2** 
A's = ^ 



B's = 



2 2^ - 1' 
1 2~ 

4 2'^-"l' 



10. The probability that the first man will win on the first 
throw is \, If he fails, he has no other chance unless the 
two following men fail. The probability that these men 
will both fail is 

5^_25 

6" "" 36* 
Therefore his chance of winning on a second trial is 

1 5' 

6 ' 6** 

Summing up his chances of winning on the first, 

second, and third trial, etc., we find it to be 

1^/. , 6_* 5; 5" \ 1^ 216 _ 36 

g (^1 i- gs -t- g. i- g« -t etc. j - ^ . ^^- - ^j. 

Summing the chances of the second man in the same 
way and remembering that he has no throw unless the 
first man fails, of which the probability is f , we find his 
total probability to be 

5 1^/ 5; 5;; \ _5 216 _ 30 

6 '6 r + 6» "^ 6« + ®^^V "" 36 • 91" "" 91' 

The third man has no chance unless the two preceding 
fail. 

Summing up his several chances of winning on the 
first, second, third, etc., trials, we find them to be 
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6' . 6* . . \ 25 216 25 



5« 1 /. , 5« 6« . \ 



216 ' 91 "" 91' 
The sum of these probabilities is unity, as it should 
be, for some one is ultimately sure to win. 

11. Suppose the four cards to be drawn in succession. Any 
suit whatever may come first and leave an equal chanpe 
of the following cards being all different. Hence the 
probability of tne first card being favorable is unity. 

To fulnl the required condition the second cara must 
be of a different suit from the first. There are left in 
the pack 51 cards, of which 12 belong to this suit already 
drawn, so that any one of the remaining 39 will be 
favorable. 

Therefore the probability of the second card being 
favorable is |f . 

If this happens there will be left 50 cards, 2.6 of which 
will belong to the two sets not drawn. The probability 
that some one of these 26 cards will be drawn is ff. 

If one of these 26 cards is drawn there will be left 49 
cards, 13 of which belong to the remaining suit. The 
probability of drawing one of these 13 cards is ^. 

Taking the product of all these probabilities, we find 
it to be 

8ft 86 13 

TT • Ta • *»• 

18. When five pieces are taken out of the six which the 
first purse holds, only one will be left. 

Hence there is a probability of \ that the dollar is left 
in the first purse, and the probability of | that it is 
transferred to the second. In case the transier is made, 
the second purse will contain eleven pieces, one of which 
will be the dollar. When five pieces are taken out of 
it, the probability that the dollar is one of these five 
is ^, and the probability that the dollar is left behind 

We how have the following possible results: 

1. That the dollar is left in the first purse to begin 
with. Probability = \. 

2. That it is transferred to the second purse and left 
there. Probability = 4 . ^fij^. 

3. That it is transferred to the second purse and again 
transferred back to the first. 

Probability = | . X. 
In the first and last cases it will be in the first pursp 
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and in the middle case in the second. Summing up the 
respective probabilities, we have: 

rrobability of being in the first purse = ff ; 
*' '' " second " = ||. 

Therefore there is a balance of probability m favor of 
the coin being in the first purse. 

13. It being an equal chance which purse is taken, the 
probability of each is ^. 

If the first purse is chosen, the probability of the eagle 
will be f , and of the dollar f . If the second purse is 
chosen, the probability of the eagle will be ^, and of the 
dollar ^. 

Multiplying each of these probabilities by the first 
probability, ^, and summing the probabilities which 
relate to the dollar and those which relate to the eagle, 
we find: 

Total probability of eade, i • | + i • f = A5 
Hrobability of dollar, i . I + i . f = tV- 



1. 



2. 



§371. 

Probability is (7 *»j»» (1 — pY - : 

1) « = 6, ^ = i, «=1, Ci« = | : 
.•. probability is 5 {i) (f )* : 

2) » = 5, ;? = i, « = 2, Cs''= CV 
.-. probability is 10 (i)' (f)' 

[3) « = 6, ^ = i, « = 3, Ci»= Cz' 
.-. probability is 10 (i)' (f)' 

[4) » = 5, /? = i, « = 4, Ci« = C^ 

.\ probability is 6 (i)* (|) 

5) « = 6, ;? = i, « = 6, Ci*»= a' 

.\ probability is (i)* 



5; 

5.4 



80 

TTS 



1 .2 

80 

TTS' 

5.4.3 



= 10; 



= 10; 



1.2.3 

5.4.3. 2_ 
1.2.3.4""^ 

1; 



Probability is C,»p* (1 — />)» - •. 

.'. probability that three and no more will live is 

20(ir(|)' = :AW- . 
To find the probability that four will live, make « = 4, 

which gives 2^^« ^^^ ^^^ make « = 5, which gives 



KEY TO NEWCOMffa COLLEGE ALGEBRA. 205 

1 
y^. That all will live is j, = i^. Hence the total 

probability is 

540 + 135 + 18 + 1 _ 694 _ 347 

4096 "" 4096 "" 2048* 

8. Probability is Ci~jo (1 ~^)'*-«. 

n = 4,i? = t,^ = 3, Cin=lL|^ = 4; 

.". probability is 4 (iV (i) = |f that he will win three 
games and no more, probability of winning four games is 

c«* (*)♦ = (f)* = M; 

.*. probability required is ff + H = if = H- 

§374. 

I 

1. {a\ No person can live to 70 unless he first lives to 30. 
The table of mortality shows that out of 89 042 people 

aged 30, 38 241 live to the age of 70. 

Hence the required probability is fg jji = 0.43. 
In the same way we find the remaining probabilities 
to be: 

probability is iHfl = 0.159; 
'' " 4f IH = 0.812; 
" " iH^i = 0.655; 
" " H4H = 0.371; 
" " iV4tir = 0.11; 

" " iWr = 0.15; 
*^ " -g^^ = 0.025. 

2. To solve the question we find at what age half the 
people aged 40 are still living. 

The table gives 81 326 people living at the age of 40. 
Half this number is 40 663. 

Looking for this number in the table, we find it to 
correspond nearly to the age of 69. Therefore we may 
expect that half the people aged 40 will live to 69. 

3. Probability that a man aged 30 will live to 70 is, by 
the table, jg ;|| . 

Probability that a person aged 30 will live to 60 is 

Probability that a person aged 60 will live to 70 is 
which was to be proven. 
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4. Probability that he will live is 

iHH = 0.95 767. 
Hence probability of dying is 

1 -0.95 767 = 0.04233. 
$7000 X 0.04-^33 = $296.31 
is the premium that ought to be paid. 

8. Probability that any one will live is 

fHi4 = 0.9239. 
The probability that all ten will live is 

(0.9239)'\ 

8. The easiest way of proceeding with this question is to 
ascertain the probability that the planing-mill will not 
burn down within the limit of time for which it is insured. 
Subtracting this probability from unity, we shall have 
the probability of the loss, which, multiplied by the in- 
surance, will give the premium. 

The probability that it will not burn down the first 
year is, by the terms of the question, f. If it escapes, 
there will be a probability of f that it will survive an- 
other year. Therefore, by §268, Th. II., the proba- 
bility that it will last two years is (f )'. 

Continuing the reasoning, the probability that it will 
last n years is (f)**. We then find insurance for one 
year ^ of amount = $1000. 

For two years (1 — ^) of amount = $1666.67. 

For three years (1 — ■^) of amount =^ H = $2111.11. 

For four years (1 — \\) of amount = || = $2407.40. 

7. Eeasoning as in the last problem, the probability at 
any epoch that the house will survive one year is 1 — jt?. 
Therefore the probability that it will survive s years is 

The probability that it will burn within the limit of 
8 years is 1 — (1 — pY) multiplying this by the amount 
a, we have {1 — (1 — pY] a, the premium. 

8. In order that a couple may celebrate their golden 
wedding the man of 25 must live to 75, and the wife of 
20 to 70. Reasoning as in Ex. 1, we find the required 
probability to be 

Wm X fHii = 0.1123. 

8. Since the company must pay the money if either of 
them die, it can avoid payment only in case they both 
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live. We readily find the probability that they both will 
live through the five years to be 

„ , ffM! X ffm = 0.62 105. 

Subtracting this from unity, we find the probability 
that the company will have to pay to be .37 895. The 
product of this by $5000 is $1894.75, the required pre- 
mium. 

10. The company will not have to pay the money except 
upon the concurrence of two events, the death of the 
wife before the age of 55, and the survival of the man to 
the age of 70. The probabilitv that the wife of 35 will 
live to 55 is |f |^ = 0. 7701. 

Subtracting this from unity, the probability that the 
wife will die is 0.2299. The probability that the hus- 
band of 50 will live to the age of 70 is 

4HH = 0.5325. 

Multiplying this by the former probability, we find the 
probability that the company will have to pay the money 
to be 0.122 421. 

Multiplying this by $10 000, the amount to be paid, 
the premium is $1224.21. 



5276. 

(n + 2) (w + 3)' n\' 

2. (2«-l)(2n). 1 -^^:^^. 

6- i. H. M, m! etc 

8. 1 . 2 . 3a; + 2 . 3 . 4a^ + 3 . 4 . 5 a;' + 4 . 5 ; 6a;* H- etc. 

7. To find Ist term put w = 0; 2(1, » = 1, etc., and we 
have 

3.4 , 4.5 , , 5.6 , , 6.7 , . , 

8. To find 1st term put w = 2; 2d, w = 3, etc., and we 
have 

3, 8 15 24 

1.2^1.2.3^1.2.3.4^1.2.3.4.5^ 
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§378. 

1. ^2V = l* + 2* + 3* + 4' + 5' + 6*4"7* 

'"' = 1 + 4 + 9 + 16 + 25 + 36 + 49 = 140. 

8. 2*n(n-l) = 1.0 + 2.1 + 3.2 + 4.3+6.4 + 6.5 

= 2 + 6 + 12 + 20 + 30 = 70. 

8. 'J'n^u+l) = 1.2 + 2.3 + 3.4 + 4.5 + 6.6 + 6.7 

= 2 + 6 + 12 + 20 + 30 + 42 = 112, 

4. 2 w< = wi^ + r», + m, + wi, + wi,. 
6. '2w* = 4* + 5* + 6*+7* = 22*. 



8. 2(» + i)(y_i) = o--i) + 2(y-i) + 3(y-i) 

+ 4(y-i) + 5(y-n + 6C;-i) + 70*-i) 
= 28 (y - 1). 

7. -2 fw< = 2 m, + 3 w, + 4^^. 

8. '2 w*wi' = 2*m* + 3'm* + 4'm* + 5W = 54 m\ 



•5»»-l_ -. ■ 1 2 3 4_11 



10. '2 hi. 12. "2*»(» + l). 



11. 2n\ 18. 2 " 



» = l » = 1 W + 1 

§28!^. 
1. = = «. + «,« + «,«'' + a,«' + oX + etc. ; 

JL "^ •€/ 

.-. 1 = a, + ( flr, - ^o) ^ + (^. - «,) »' + («« — «a) «* 

+ (a^ — a,) a;* + etc. 
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Hence «, = 1; 

a, — a, = 0, or a, == < = 

a, — a, = 0, or a, = a, = 

a, — a, = 0, or a, = a, = 

a^ — «, = 0, or a^ = a, = 
etc. etc. ; 

and we have 

■z = 1 + a; 4- 2:* + ^* + ^* + etc 

1 — a; _ 



2. ^_^^ = «• + «.a; + «,«* + «,a;* + a,a;* + etc,, 

or 1 = a, + («, — 2a,) a; + (a, — 2 «,) a? 

+ (a, — 2ff,) a;* + eta; 

••• «• = 1; 
a, — 2 a, = 0, or a, = 2 a, = 2; 

a, — 2 a, = 0, or a, = 2 «, = 4; 

o, — 2 a, = 0, or a, = 2 a, = 8] 






l-2a; 



= 1-j- 2a; + 4a;' + 8a;* + 16a;* + etc. 



1 — a; 
3. Y+^ = ^0 + «i^ + «^.^ + ^.^* + «4^* + etc. ; 

1 - a; = a, + (a, +ao)« + K + «,)^* + K + ^,) a?* 

+ («4 + <*«) ^* + etc. 
Hence o^ = 1;. 

a, + a, = — 1> or «, = — «o -^ 1 == — ^i 
a, 4" «i = 0> or a, = — a, = 2; 

«» + ^» = 0, or fl, = — a, = — 2; 



a. 



a, = 0, or a^ = — a, 
etc. etc. 



= 2; 



l-a; 

1 + a: 



= 1 — 2a; + 2a:" — 2a;* + 2a;*— eta 



.. r= fl^ -f- o^a; + ^a^;* + ^«^* + «4^* + ete. ; 

1 + a; = a, 4- (a, — aj a; + (a, — a,) a:" + (a, — a,) a;' 

+ (^4 — a,) a:* + etc. 
Hence a, = 1; 

a, — a, = 1, or a, = o, + 1 = 2; 

«, — «, = 0, or a, = 2; 

«, — «, = 0, or a, = 2; 

eta eta 
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6. 



.-. ^-t£=a + 2aj + 2a:' + 2a;*+2a;* + eto. 
1 — ar ' 

l_L2^+3a?' = ^" + ^*^ + ^"^* + ^'^^ + ^^* + ^*^* 

+ etc. ; 
or 1 + ^ = «« + (^> + 2 «o) ^ + (««+ 2 ai+ 3 flo)a;* 

+ (flr«+ 2 aj-f 3 a\)z*-\- (a4+ 2 as-f 3 a%)x^ 
+ etc. 
Hencd ^ao = 1; 
oi + 2^0 = 1, or ai = 1 — 2ao = 

as + ^^» + 3ao = 0, or as = — 2ai — 3ao = 
a* + 2 ^« + 3 ai = 0, or a« = 
a4 + 2 as 4" 3 a« = 0, or a4 = 
as 4- 2 a4 + 3 a* = 0, or as = 
ae + 2 as + 3 a4 = 0, or ae = 



— 2a« — 3ai = 

— 2a« — 3a« = 

— 2 a4 — 3 as = 

— 2 as — 3 a4 = 



- 1 

- 1 
5 

- 7 
^ 1 
23 



l + 2a; + 3a?' 



+ 23 a:* + etc. 



6. 



1-a; 



aix* 



' — — -^ = ao + aia; + ««3;' + «»^* + ^^* + 

+ etc.; 

or 1 — a; = ao 4- (cf» — 2 ao) a; + (^« — ^ «» + ««) ^* 

+ (as — 2 as + «0 i*^* + («*— 2 as+^O a^* 
+ (as — 2 a4-[- as) a;'-[- etc. 
Hence ao = 1; 

ai — 2ao = — 1, or ai =1 

a« — 2 ai + ^^^ == ^j or as = 2 ai — ao = 1 
as — 2as 4- «» = 0, or as = 2a8 — ai = 1 
04 — 2 as + «« = 0, or a4 = 2 as —^a% = 1 

••. -. — \~"^ , = l+a; + a^* + ic' + a:* + a^' + etc. 
1— 2a;+^ 



7. 



l -2a; + 3a;* , . • , . , * , 

14.2a;+3a:' = «o + aia; + asar + azx^ + a4a?* + 



asa; 



+ etc.; 



or 



1 — 2a: + 3a^ = ao+ (ai+ 2ao) a:+ (as+ 2ai + 3ao)a;* 

+ (a«+ 2 aj+ 3 ai) a:* 4- (a44- 2 as4- 3 as) x* 4- etc. 

Hence ao = 1; 

ax -^ ^m = — 2, or ai = — 2 — 2ao = — 4; 

as 4- 2 «» + 3 ao = 3, or as = 3 — 2 ai — 3 ao = 8; 
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at -\- 2 m -{- S ai = 0, or as = — 2^fl8 — 3fli = — 4 

a4 + 2 ^» + 3 as = 0, or a* = — 2 as — 3 as = —16 

as + 2 ^4 — 3 «8 = 0, or «» = — 2 a4 — 3 as = 44 

a« + 2a6 — 3a4 = 0, or ae = — 2a5 — 3^4 = —40 



+ 44 a;'- 40a;* + etc. 



8. 



1-a; 



- = ao + aix + a8a;'4- a»a^* + cl*<^*-{- aiX*-\-etc. ; 



1 + x-x' 

1 — a; = flo + (ai + ao)x + (as+ai) a;' + (as+as— ao) a;* 
-|-»(a4 + a* — a*) a;* + (a* + a4 — as) a;' + etc. 
Hence ao = 1; 

ai + ao = — 1, or ai = — 2; 

= 0, or a« = ai — = 2; 

or as = ao — as = — 1; 

or a4«= ai — as = — 1 

or as = rts — ^4 = 3; 

a9 -jf ai — as = 0, or ae = as — a* = — 4; 

etc. etc. 

, '[""^ — , = l-2«+2a;'-a;'-a;*+3a;'- 4a;* etc. 

1 + a; — a;* ' ' 



as -|- ai 
as + as — ao = 0, 
a4 -f- as — ai = 0, 
as + a4 — as = 0, 



1. 



§283. 



l-2a; 



1- 


2a; 

X 


|1 + 


X 


1 + x 


• 






1 + 


1- 


dx + 


3 a;'- 


3z' + 3x*-3x* 


-\-3x* 


etc. 




Sx 
dx 


-3a;' 

3 a;' 
3a;' 


+ Sx' 

-3 a;' 
-3a;' 


-3a;* 

3a;* 
3a;* 


+ 9x' 
-3a;' 

-33* -Zx' 







3 a;* etc. 
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8. 



1. 



1. 



l + « 



l^x I 1 - a; + a?* 

l-ar + a:* 1 + 2a; + a^ - a?" - 2a;* - a?» 

2a; — a;" 

2a;~2a;* + 2a;* 

a;' -2a;" 

a;' - a;' + x* 

- a;' + a;* - a?' 



--2a;* + a;* . 

-2a;* 4- 2a;' -2a:* 



-a;' -4- 2a;* 



— a;' 



a;*-a;^ 



X* — a;* etc 



§284. 



In {b) the coeflScients of x and 2rmust yanish; 
.". am + flf'w + «" = 0; 
(;'4^ + c" = 0. 



We find 



cni 



m = 



n =i 






c'a — ca' ' 

Substituting these values in (J), the coefficients of x 
and z vanish and we have 

rb {(f'af - c'a'') + 6^ {ca'' ^ c''a) ^,,"1 

L o'a — ca' J ^ 

c'a — ca' t" ) 

_ h (c''a'- c'a'') +h'{ca''- c''a)+?i''{c'a-ca') 

•'• * "" d (c'V- cV) + J'(m"- c"a)+y\c'a''cay 
Similarly, 

*^ "^ c (a"i - ab'') + o\aV'- a"b)-\-c"\a'b^aV)' 

§ 284 (a). 

It is evident that the product will contain only odd 
powers of a;, and so will be of the form 

A^x 4- A^^ + ^^a;* -fr etc. 
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We fiad by performing the multiplication, 
-4. = 1; 

^» ~ 3 ! "^ a I ~ 3 !' 
. _ 1 , J^ 1 I i J: 
^•~5l'^31*3!"*'4l'ir 

, _ 1 , 1 2,1 ij.1 i 

^'■"Ti"'"2!*6l"'"41*3!"'"6l*ll' 
and, in ireneral, 

111 1 

-4» = ^r"t + oTTzr 5ai + TTTimri + • • • + 



»1^2!(»-2)!^41(»-4)1^ •••^(»-l)r 
Multiplying both sid^s of this equation by^^*!, we have 

•'^-(f) + &) + (?) + -• + t^x) 

If we sabtract from this sum the alternate combina- 
tions (7,*+ Ci*+ (7j»»+ . . . + (7n*, the remainder will, 
by § 262^ Th. 11. , be zero. Therefore the two sams are 
equal. 

But, by §262, Th. I., the sum of both sums is 2». 
Therefore each sum is half this, whence 

n\An =i^^ 

and An. ^ -: — M 

* 2 w r 

Substituting this general Talue of Any and putting 
n = 1, w = 3, « = 5, etc., we have 

Product of senes = j 2a; — 5-.- + —. =-r- + etc. >-. 

r 

8. It is evident that the square of each series will contain 
only even powers of x, Now if we square the series 

«, + ^*^* + ^4^* + eta, (1) 

and suppose the square to be represented by 

1 + A,x' + A,x' + A^^ + etc., (2) 

we shall have 

An = afin + ^a«n-' + «4^n- * + . . . + On^o* 

To' put the first series in the form (1), we have 
a. = l; a, = -^j;...a»=±i.j- 

Then 

A, = a: = 1; 
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-^4 = «.«4 + «, + a4«. = i"! + aT 2~! + 4!' 
and, in general, 

the sign being + when ^ is even, and — when ^ is odd. 

By substituting these values in (2), we shall have the 
square of the first scries. 
In the second of the given series wc have 

Supposing the square expfessed in the form (2), bat 
accenting the ^'s to distinguish them, we shall have 
A\ = 0; 
A\ = a,<F, = 1; 

^', = .,.. + ..., = -(1. J, + ii 4); 

" 1 'SI + SI'SI + SI '1' 
and, in general. 

An- ±\^. (n~l)! + 3 ! ' (w-3)! + * ' '+ w! ' 1 j' 
the sign being + when — is odd, and — when it is even. 

By substituting these values of A in (2), we shall have 
the square of the second series, 
3. To add the two squares together, we must add the 

coefficients of like powers of a;; that is, the correspond- 
ing values of A^ . So if we put 

On ^^ An 'J' A n9 

we have 

S, = l; 

8 =1-':l 1 + l 1 L.+1 

* 41 31 11^2! 2! 1131^41 

= i_l . 1_1 .1 = 0- 
24 6^4 6 ^ 24 ' 

and, in general, for all values of n, 
^ ^ =^ l»! ~ 1 1 (n-lj\ + 2! (»-2)l "•••"'"«!)• 
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It must be observed that the accented ^'s are always 
of the opposite sign from those of the first set^ which are 
not accented. Hence if we put the sign + before the 

second member of the last equation when ^ is even, and 

the sign — when -^ is odd, we shall have the correct sign 

for all the terms. 

Kow multiply both members of the last equation 
by w ! 

n\8n- 

/. n\ n\ n! i a \ 

=*=V l!(w-l)!"^2!(w-2)! 3!(w~3)!"^^^7- 
By §§ 357, 259, this equation reduces to 

by 8 262, Th. IL 
Therefore for all values of w, except n = 0, we have 

8n = 0, 

and the sum of the squares of the two series reduces to 

§!388. 
1. Total number of shot is 

^, - 2 • 
There are {n — r) rows removed, or 

^ ^-^-^ ' shot removed; 

.-. No. shot jv-^«(« + l)-(»-r)(n-r + l) 

_ r(2n — r + 1) 
"" 2 

S. JT^ = > ^"^ ^ total number; 

N^ = J" number removed; 

..iV- -^— . - ^ 

8. The successive rows form an arithmetical progression 
pf which the extreme terms are m and n, ana the num- 
ber of terms (rows) n — w + !• Hence 
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_ (n — w + 1) (w + *y>) _ n{n-^l) '-m{m^l) 

^^ 2 " a • 

4. In bottom row = (2? + * — 1); 
In top row = i; 

5. Each triangular number being formed by adding to 
the preceding the numbers 1, 2, 3, 4, etc., we see that if 
an eyen number is added, the character of the sum will 
be unchanged, whereas adding an odd number will 
change it from even to odd or from odd to even. Hence 
only the alternate additions will change the character, 
and the even and odd numbers succeed each other in 
pairs, thus: 

1, 3; 6, 10; 15, 21; 28,36; etc. 
The same result may be reached by considering that 
of the factors n (w + 1) 

one must be even and the other odd. 

If half the even factor is even, then ^ ^ - will be 

even; but if odd, this product will be odd. Therefore if 

is even, we shall have 



2 



7J + 1 

n + 1 



n — 2"- ' ^^®"5 



2 



{n + 2), even; 



(» + 2) ^, odd; 

^ in + 4), odd; 
etc. etc. 

6. The row through the centre of a hexaffon will contain 
n + {n — 1) balls, or 2 w — 1 balls. Taking that as the 
bottom row, we have a pile of n rows, with 2 w ■— 1 in its 
bottom row and n in the top row. In this pile are 

• - 2 .• 

Then, on the other side, below the middle row we have 
a pile of w — 1 rows, having n in its bottom rov jipd 
2» — 2 in its top row. The number of b^llg .ar§ 
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« 

j^^ ^ (n-l)(3«-2) . 

= 3«'-3« + l. 
§ 289. 

1 N - «(» + M» + g) . 

*• -"" 1.2.3 

ft = 9' 
. 9^10^1 _ 

— 12 3' 

12 3 * 

. «-_v- y _ n(» + i)(n + 2)-^(^ + l)(^+ a) • 
.. JM — -£v,— -ty, — J 2.3 • 

• ""• ~ 1.2.3 

_ (wt-l)m(fflH-l) . 
' ~ 1.2.3 ' 

. V- w w - w (»+ 1) (« + 2)-.(wt - l)ffl<m+l) 

§293. 

1. ar^ = » = 20; (i = 1; a, = 1; a^^ = 21, 

Wheai»=l, iSirr - -^ = 210. 

91 * — 1 • Si 

Whenm=2, /»,= ^^^-^ - flf, - ^ = 2870. 

o o 

= 44 100. 

<? ti^+g ,. «i = 1; 

o. -« — 2 — > a„=2r-l; 

„ (2r-l)+l . o«+i = 2r + l; 
.-. 8, = r i ^'^ = r*; n = r= 8.. 
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3.2 ' 3 

__ (2 r + 1)' - 1 g ^ .r _ r(2r-l) (2r+ l) 
"~ 3.2 '^'^ *3 "" 3 

8. /S^ = r; e? = 2; fl, = 2; an + i = 2r+l. 
,-, 2 + 2r /ii\ 

Pat r = ^ — j';^ = g' + r. 

-^V. = (? + r) ? + (?-l+r) {q-l)+{g-2+r) (q-2) 

„ , = ? + (?-!)'+ (?-2)'+ r (g+ y - 1+ y - 2). 
To form the sum of the squares we huve 

a, = q; d=-l; w=3; S=q+q^l+q--2=d{q-'2); 

/S, = w = 3; £Jn + i = ^^ — 3. 
Therefore, by § 290, Eq. (3), 

= 3 5'«-9g + 9 + 3^-4 = 3j"-6y + 5; 

= 3g»-6g + 5+3(i?-y)(y-l) 

= 3j0^-3(;? + g)+5. 

Til is result could have been obtained more easily by 
reducing the first value of Nb; but we have gone through 
the general process to show the mode of proceeding iu 
the general case of s courses. 

For 8 courses we have, using the same notation, 

I^s = q^+(q — ly + {q — 2)' + etc. to s terms 

+ lp—q){q+q—l + q—2+ ... to « terms). 
Here, to form the sum of the squares, we have 
a^ = q; d =^ — 1; n = s; 8^ ^ s; 
On+i = as + i=^ q — s; an = q — s + l; 
Q - o g + y-^ + 1 _ g(2y-^+l) 
^' - « 2 ~ 2 • 

From Eq. (3), 

a _ (g-sy^q' 8{2q^s + l) s 

• "" - 3 "^ 2 3 



8* . 8^ . 8 8 



= ?'«-?«'+3 + »9- 2 + 2-3 



s' «'. « 



= «'«-?»' + ?«+ 3 - 2 + 6' 
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6. 



The remaining part of Nb is the product 

Adding this to 8%, the result is 

« - i^^ -u £ - 1' -u 



2 2 ' "'^ 2 • 2 



3 2 
= W - ^^^ (3i, + 3 g - 2 « + 1). 



• = 6 



5. 2 (a + ia; + ca;') = a + ^ + c 
""* +a + 2J + 4c 

--a + 3 J+ 9c 

-- a + 4* + 16c 
+ a + 5* + ^5^ 



,a;= 1 
a; = 2] 

[ic = 4] 
[x = 6* 



«sA 



We find in the same way 



2 (a + *aj + ca^) = ia + (1 + 2 + 3 + . . . +J) J 

+ (l' + 2'+.-.+*")^- 

i» + y + y + y = ^^^ + ^)f^ + ^l 

o 

:, = «j + *(*±i}j + MM:iIM±i), 

« 6 



= i|a 



+ 



(^ + 1) 



K^')l- 



1. 



. § 295. 

3.4^4.5^5.6^6.7' 



=&-i-)+a-j-)+&-:-)+(i-^)+«'- 



1^ 
3 



w + 3' 



When n is infinite^ the sum becomes = ^. 

o 
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3.5"^6.7"^7.9'*'* (an + l) (2n4-3) 

^at'sj + at "yj + a It" "a) 

. lf_J L_Uif-^ ^^ 

_1(1_1 1_1 1 _J. 1_ 

"2(3 6"*" 5 7"'"7*"'2»-l 2»+l 



+ 



?\3 2» + 3/' 



1 ?_l 

+1 2»H-3j 



2»+L 



When M is infinite = 5-5 = ^. 

<6.0 D 



2/1 1\. 2/l_l\, 2A n 2/L i-\ 

^- 3\2~5y"'"3l3 6y+3U~7r'"3U n + z) 

, 2/ 1 1 \. 

'*"3U + 1 n + ij' 
collecting positiTe and negative terms, ^ 

3"l2" "•" 3 "•" 4 ■*" 6 + 6 — ^^::ri + ^ + ^qri 
11 111 1 



6 6 »-l « » + l w-l-2 

I L_\ 

n + S 71 + 4/ 

-^fl+L + L 1 1 L_) 

When n is infinite^ the sum becomes 
2/1 1 1\ 2 13_13 

3\2 "^3 "^4/ ""3 '12 ""18* 

2\1 3/"^2\2 4/"^2*\3 5r'*2\» n + 2J' 
Oollecting positiye and negatiye terms, 

2\1 "^2 "'"3 "'"4"'"5*""^n 

_1^_1_1 _1_ 1 l_\ 

3 4 5"** « n + 1 n + 2/ 

=i(i+i__i L_\ 
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When n is infinite, the sam becomes 

= ; r^ = — when n is infinite. 

§ 296. 

1 i8; = a + 3ar + 5ar' + 7ar'. . . + {^n- l)af*-i; 

r'/Sn = ar+3 ar"+ 5 ar*. . .(2« — 3) af»-i+ (2;»--l)ar* ; 

/S;(l— r) = a + 2ar + 2ar' + 2ar". . . +2ar»-i 

— (2» — l)af* 

= a+2ar(l+r+r' . . . r»^«)-(2»-l)af» 

1 — r*""* 
= a + 2 ar — 7-TI (2 n — 1) ar* ; 

^ _ 2ar(l — r^ -^) , g [1 — (2n — l )r^] 

When 9^ becomes infinite and rr < 1, 

q — 2ar a __ g (1 + 2) 

^'*" (1 - r)' "^ 1 - r "■ "(1 - r)'* 

2. /S;^= 2a + 4ar + 6ar* + 8ar* . . . +2«ar»-i; 

r/S;i = 2ar + 4ar* + 6ar" . . . 2 (^ — 1) ar^-^-^^nar^ ; 
4S;{l-r) = 2a(l + r + r*+r' + ... r*-i)-2waf*; 
_ 2g(l — r^) 2nar^ 

When n becomes infinite and r < 1, 

'^•^ "" (1 - rY 

r/Sn = (a+&)r*. . . [« + (« - l)*Jr» + (a + «J)r«+i; 
iS; (1 - r) = (a+J)r+*r"+*r'. . . *f» - (a + wJ)r»+i 
= ar + &r(l + r + r' + r'+ . . . r»-i) 

— (a + wJ)r»+» 

= «^ + ^i^rj^^ - (« + »»*) (^+'); 

When n becomes infinite, 
^ _ Ir ar __ (& + g) r — gr* 
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§300. 

% »• At Ai At" Ai" 

6 

-20 
1-15 -30 

-60 +9 

2-66 - 21 

-71 +9 . 

8-136 - 13 

- 83 +9 
4-219 - 3 

- 86 
6 - 305 

J, = 5 - 20.- - 30 iii^ + 9 i<izJl(i:^) 
= 6 - 20 i + 15 (- !• + i) + 4 (»• - ST + 2i) 

A' J'' 

8- March 1, 341'' 5' 10'.9 

1** 0' 9'. 6 

2, 342^ 5' 20'.5 - 2'.0 

1^ 0' 7'. 6 

3, 343"^ 5' 28M - 2'.0 

1^ • 0' 6'.6 

4, 344** 6' 33^7 - 2^0 

V 0' 3'. 6 

5, 346** 5' 37'.3 - 2'.0 

I*' 0' 1^6 

6, 346** 5' 38^.9 - 2',0 

0° 69' 69^6 

7, 347^ 6' 38'. 5 

' Since t = n — 1 (because the first line> which we call 

the zero one, is that for which n = 1), 

A = 341° 5' 10'.9; J/ = 1° 0' 9'.6; J/' = - 2'.0. 

We have, by (rf). 

Long, on March n = 341° 5' 10'. 9 + (n - 1) (1° 0' 9'. 6) 

+ ^"""^y^'')x-2-.0. 

4. The zero date being May 5, we have » = t + 5. Then 
J, = 495; J/ = 50 - 35 = 15; J/' = - 5; J/'' = 0; 

i = /I — 6. 
If we put Tr» for the quantity of water on the »th day 
of May — that is, at the end of 7i — 5 days after May o«- 
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the value of Wn will be the same as that of A^^^ in 
equation (d). Putting ♦ = » — 6 in this equation, we 
have 

= 495 + 15(^-5)- °("-^]<»-'>, 

which expresses the quantity of water on May n. Put- 
ting w = 5, we have W^ = 495; n = 6; TT, = 510; etc 

Equating the expression to zero after reducing it, wo 
find - |»* + ¥^ + 345 = 0, 

or X - f, n" - 17n - 138 = 0. 

The solution of this quadratic equation gives 

w = 23 or — 6. 

The date ^ = 23 means May 23; ^ = — 6 means the 
date we should find by counting back the days negatively 
after the manner of algebra. Thus, for ?( = we have 
May = April 30 (this being the day before May 1), 
whence the date for w = — 6 means April 24. 

This negative result means that if the supply and 
consumption of water went on according to the same 
law before as well as after May 5, the conditions of the 
problem would all be complied with by starting with an 
empty cistern on April 24. The city would have put in 
50 gallons on that and each suc(2eeding day, and the 
family would have used — 20 gallons on that dajr; that 
is, it would have put in 20 gallons more than it took 
out. April 25 it put in 15; April 26, 10; April 27, 5; 
April 28, 0. April 29 it took out 5, etc. 

§301. 

1. Au = (rr + 1)*— a?*+ m {x + 1)'— wrr* + w (a? + 1) — wa: 

= 3a:" + (2 w +3) rr + w + w + 1; 
J*w = 3 (a? + 1)* - 3 a:" + (2m + 3) (a;+l) - (2m+3) x 

= 6aj + 2m+6; 
J'w = 6. 

2. Jw =8a;'+12a:" + 14a? + 5; 
J*w=24a;* + 48a; + 34; 

J"t* = 48 a? + 72; 
^'u = 48. 

3. J«* = 15 a:* + 35 a: + 15; 
J*w = 30 a; + 50; 

J"w = 30. 
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§303. 

7 _ 7g-8 Jl_^ 

3 3 a? - 1 "^ 100' 

21a;~7-21a; + ^-^ _ 17 J_. 

9a; -3 ""3a;-3^100' 



or 



/. X > 189f ; 
17 . 1 



Again, 



9«-3 ^100000' 
.-. X > 188 889|. 



^^ < 



9a; -3 1000000* 
/. a; > 1 888 889f 

§ 304. 

* 
X **"" CL 

1. Limit when a; = oo ; 

.31:;., 

^a; + «ri£ J 

a; 

^, ma;* "^ m ,-j^ t w 

ji?a;' — oa; jpa;^ — akc a ' p 

a:* a; 



\ 



--1 

X ~~ a? a; 1 

K -: = ^ When x approaches oo , L. = -. 

— — a 
a; 
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a? — ci^ 
6. . Let a; = a + d; then we have 

o o 

As X approaches the value a, d becomes less than any 
assignable quantity. Hence 

L. = 2 a. 

a4-x l^^ 
6. "* ■ = — ^ (as X approaches oo ). L. = — 1. 
a — a? ?L — 1 

a? 

§ 308. 

4, V8 = 3(l-i)*; 

J 1 1 1 ^^ 

^ V ". 2.9 8.9* 16.9" r^8.9* 

1st term 1.000 000 

2d " -.055 556 

3d " -.001543 

4th " -.000 086 

5th ^^ -.0 00 006 

Sumof(l-i)* =.942809 

Whence 

i/8 = 3 X sum = 2.828 427} 

VS = VO = 2 V2; 
or 

Whence 

V2 = ?:8^i?Z = 1.414 213. 

8. n = i. By (c), §307, 

(1 - *)• = 1 - »«c + (I) *• - (J) a;'+ (j) «• . . . etc. ; 

M_i(iiil)__i i_. 

\2/~ 1.2 ~ 2*4' 

(n\ i{i-l){i-2) 1 I 3_^ 

\3} 1.2.3 2 *4 '6* 

U/ \3J * 4 ~ 2.4.6.8' 

etc. etc. 
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Whence 

3. (l-x)-*= l-(-i)a;+ ^~^^^g *~"^^ g' 

-i(-i-l)(-i-2) . 

, -i(-i-i)(-i-2)(-i-3) . 
■+" 1.2.3.4 * 

1.3.5.7 (ai-1) f 

■^ 2. 4. 6, 8... .21 *' 

■ -i(-i-l)(-i-2) ^. 

-H-i-i)(-i-g)(-i-3) , 

+ 2.3.4 * ^^"°' 

(H-a;)-* = l-iaj + i.ix'-i.Ma;'+i.}.|.ia;« 

1.3.5.7... (21 -1) 
~ "'"^ ^^ 2.4.6.8... 2t •^*' 



+ ---+(t)?- 



e. 



^ ' m 1.2 






1.2.3 ^ 



i (1_ i) (1 _2) (1 _3) 
^ 1.2.3,4 



KBT TO HBWOOMBB COLLEGE ALGEBRA. 227 

Whence 

(l-m)(l-2m)(l-3>n) 
"•" 1.2.3.4TO* 



• • • • 



(l-m)(l-2r»)...[l-(t-l)f«] 

"•"^ ^ i.a.3..:».m< 

-1 I -^^1 (-^)(*"-l) ^i (-l)(»»-l)(2m- l) 



+ etc. 

7. (1 + m)^ = 1 H m-\ = «» 

l(l_l)(l_2) 

+ Ts 

l(l_l)(l_2)(l_3) 

4- r» + etc. 

^ 1.2.3.4 • ^ 

-till <^-*"> I a-»»)a-g*») 

"'" "' 2 ' 2"3 

(l-r»)(l-2ffl)(ll3wt) 

^ 1.2.3.4 +®"^ 

8. («-S)-=(-l)'(J-a)-=-i-(l-j)"'; 

-3(-3-l)(-3-2)(-3-3) /a Y 



(-3)(-3-l)( -3-2) 
2.3 



~^ + **i^l.2 *' + 1.2.3J' + 



3.4.5 (* + 2) g* 

+ 1.2.3...t V 
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Whence (a -&)-" = 

_ il.a.?i^-LLl?la. 3.4.5 ... (t + ^) (^ \ 
\ y+ b' '^1.% *•+••• 1.2.3 ... i ¥^^y 



9. 



^ ^ 1^ "" " - 1 - ("•^) L 4. (~m)(-m-l) 1 
r a;/ ^ 1 a; "^ 1.2 a?* 

— m (— m — 1) (— w -- 2) 1 



+ 

± 



1.2.3 a?* 

(- m) (~ fTi - 1) (- m -■ 2) {- m --3) 1 

1.2.3.4 X* 

(— m) (— m — 1) . . . (— m — t + 1) 1_ 
1 . 2 . 3 . 4 . . . 1 5^ 



• • • • 



^. ■ ^1 . m(m+l) 1 t/i(m+l)(m+2) 1 

m{m + l){m + 2) . .'. . (ni + 1 - 1) 1 

"•■ 1.2.3.4 i 7^'* 

Whence {x)-^ (1 — x)- •» = 

^ ^ U'^ ^ 1 iP'^+i ^ 1.2 ic'^+a 

m (m + 1) (m + 2) 1 
+ 1.2.3 a;"*+8 + 

m (m + 1) (»>«)»* » (m + ^' — 1) 1 ) 
"•" 1.2.3 % x!^-^iy 



^^ /-. . 1\'^ 1 . 1 , m(fn— 1) 1 



m (m -- 1) (m -- 2) J^ m(w— l)(m-2)(m-3) J_ 
-^ 1.2.3 m'"^ 1.2.3.4 w* 

m (m — 1) (m — 2) . . . (m — t + 1) 1 
+ 1.2.3.4 % mf 



11. 1610 = 1728 - 118 = (12)' - 118; 

(1610)* = [(12)' - 118]* = 12 (l - ^J ; 



/ 56 \» _ 1 69 2_ (59)' 

\ leiy ~ 3 "iSi 2.3* (864)* 



2.5 (59)' 2.5.8 (59)* , 



2. 3.3" (864)' 2.3.4.3*' (864^ 
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Sam the terms and we have 

let term = 1.000 000 

2d " = -.022 762 4 

3d " = - .000 518 1 

4th " = - .000 019 7 

5th " = - .000 000 9 

» 

Sum = (l - -^-V = .9766989 

'l/IeiO = 13 X sam = 11.730 387. 

12. ( Va + f^)» = 0^(1 + V^)"; 

n(n-l)(w- 2) /ft\i 

"•" 1.2.3 \al 

n(yt-l)(n-2)(n-3) /fty 

+ 1.2.3.4 \a] 

1 • z 



n-8 



+ ''<»-i>(»- JH!L:i1)„^'m + ..,. 

1 •/»•«>• 4 



18. .^(m) = l+(^)a. + (|)^+(|)^'+(^):r«+etc.; 

HS-) + (f)© + (T)(3-) + (3-)[^ 
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+{(?)+ (I) (f) +&)©+(")© 

+ (j)[«* + etc. 
<p{m, + n) = 1 + f— r_.j a;+ ^— J— j «* 

+ ^ — ^j «• + \—^) * + etc. 

+ (^.)(I)+-+(t)(j^J+^)' 

m = (f ) + (t) (r) + (l)= 

(=^) = (I)+(|)(t)+(t)(I)+G-)-"- 

Whence ^(m +«) = 1 + ] (y) + (j) [ « 

+ l(l) + (T)(r)+(l)k 

which proyes that 

(p (m) X (p{n)= (p{m-\- n). 

§310. 

1. By § 309 we have the 92th terms 

(6) (7n[aJ~ + wa^-*y+(|)ic*-«»' 

and 

(7) (7na?«+ttC;-iic— iy+«C;-2aJ«-«yV 

-f OaOii-sa^"*^' + . . • • etc. 
Substitute in (6) and (7) the value of Cn giTen in (5) : 

ni 
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Whence 

(6) becomes — -. Ci** od^ + «a?»*- ^ y + (h-J a:»-*y" 

+ (^)^-V + etc.]; 

(7) becomes — -, Ci*a?»»+ ft -, ir^r Ci~-*a^-i v 

^ ' n\ ' (w— 1)! ^ 

1 1 
J — Ci* — Ci«-«a:»-«i/" 

+ (?)^"'y'+ (J) ^""'y* + ^^-J 

ft 
Since maltiplying the second term by — we get 

and similarly the third term X ' . _A gives 

^' 21. n! '^^^'' 
. '. (6) and (7) are identical. 

2. 2.7183* =7.38 915 489 

2.7183-'= .3678 
2.7183-*= .1353 

• By (10) 

2* 2" 2* 2' 2* 2' 

^=l + 2 + ^j+.3-j+j-j + 5-j + gj + y-j + etc. 

= 1 + 2 + 2+ 1.3333i+ .66661 + .26 666 + .08 888 
+ .025 396 + .006 349 + .001 411 + .00 028 

+ .00 005 
= 7.38 901; 

^ "■ ^"^1,2 31"'"4! 61"^6I 7! 

+ g-j — etc. 
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= 1 - 1 + .50 000 - .16 666 + .04 166 — .00 833 

+ .00 138 - .00 019 + .00 002 

= 1.54306 - 1.17 618 = .36 788; 

2* 2' 2* 2' 2* 
a- = l-2 + -^«^j + ^j--j + ^j-...ete. 

= 3.76 217 - 3.6268 
= .1353. 

8. To show the identity of 

i+i+«+(i±?)!+(i#):+!i±^+... (!+-)■ 



2! ' 31 • 4! ^ »! 



and «^i + a; + ^,+3j + 4J + ...--,j. 

Expanding first expression and collecting tei'ms, 

"^ r + 2! "•" 3i "•" n + n ■•■'•• Tr 

4. f L 4. Il2 4. iii , 5^ 4. ili n(»-l) \ 

"^Ul'^2!3!"^a!4!''"2!5l"^2!6!"^"* 2! n! ) 
A. Ik . 4-3.2 5.4.3 »(«-!') (n-2) \ , 

■^VS!"^ 3!4! "^ 3!51 ■*" 3! »1 F 

II (t + l)(0...2 (t+2) (t+l)'t.'.. 3' " \ . 

"•"Itr t!(t+i)i "^ «!(t+2)i r' 

The coefficient of a^ is evidently = e. 
Coefficient of x in first member rednces to 

^ + ^ + ^! + Jl + r! + *'*^=*5 
coefScient of x* is 

2Mi+i+r!+3-i+ri+fi + H? 

coefficient of x* is 

3-!(l + ^ + 2l + 3V«4 
coefficient of 7^ is 
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• *• first member reduces to 

«(l + ^ + ^, + |5 + |; + etc.V 
which is identical with the second memoer* 

§312. 

1. log p^q = log j»' + log 5^ = 2 \ogp + log q. 

2. log pq^ = log jt? +3 log q. 

8. logyg* = 2 log/? + 5 log q. 

4. logpq^x^y^ = log/? + 2 log y + 3 log a; + ^ log y. 

6. log - = log a; - log/?. By Th. VIII. 

— = zp" \ log xp' * = log a? — log/?. By Ths. VII. 
and IX. Whence • 

log|- = log(ar/?-'). 

6. log--^ = log iry/?-* j'-* =logaj + log p - log/? ~ logy. 

7. log^ = loga:+ 2 logy - log/? - 21ogy. 

*• ^^gj^t = ^l^g^+31ogy -mlog/? - 31ogy. 

9. log 4/^ = log a:* = i log a:. 

10. log Vz Vy = log a:iy* = i log a? + ilogy. 



i/l=z 



11. log y ^ = log/?*5r -♦ = i log /? -. i log y. 

12. log i^a = log a* = i log a = i. 

18. log aa: = log a? + log a = log a; + 1. 

a? 
14. log - = log a; — log a = log a; — 1. 
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15. log -- = log a; — » log a = log x — n. 

16. log^^ = w + mlogp — 21oga; — 3 logy. 



17. log Va^ — x^ = log (a + a:)* (a — a:)* = i log (« + x) 

+ i log (a — a^). 

18. log i/r:i7' = log(l+a^)*(l - a:)*= ilog(l+a:) 

+ ilog(l-a:). 

19. log (a* — a:') = log {a + a;) (a — a;) = log (a + x) 

+ log (a — x). 

§316. 

1. Let y = a (1), 
and «*'= J; 

comparing with (1), 

af^' = a; . 

.'. IV = 1, or Z= p 

2. It expresses that the natural logarithm of 10 is the 
reciprocal of the common logarithm of e. 

§320. 

1. log 4 = log 2' = 2 log 2 = 0.60 206; 

log 5 = log V = log 10 - log 2 = 1 - 0.30 103 

= 0.69 897* 
log 6 = log 3.2 = log 3 + log 2 = 0.77 815; ' 
log 8 = log 2* = 3 log 2 = 0.90309; 
log 9 = log 3* = 2 log 3 = 0.95 424; 
log 12 = log 3.2' = log 3 + 2 log 2 = 1.07 918; 
log 12i = log ^ = log 100 - log 8 = 1.09 691 
log 15 = log 3. Jyi. = log 3 + log 10 - log 2 = 1.17 609; 
log 16 = log 2* = 4 log 2 = 1.20 412; 
log 16f = log ^ = log 100 -log3-log 2 = 1.22 186; 
log 18 = log 2.3' = log 2 + 2 log 3 = 1.25 527; 
log 20 = log 2.10 = log 2 + log 10 = 1.30 103; 
log 250 = log (V)'-IO = 3 log 10 - 2 log 2 = 2.39 794; 
log 6250= log (V-r-10 = 5 log 10 - 4 log 2 = 3.79 588 

', log 2*" r= 100 log 2 = 30.10 300. Am 34, 



klQO 
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8. V^ = 7' 

.-. log 7 = i log 49 = .846 098. 

4. 11 = Vi33i; 

.-. log 11 = i log 1331 = 1.041 393. 

6. 105 = 3.7.6 = 3i/49.V; 

.-. log 105 = log 3 + i log 49 + log 10 — log2 
= 2.021 188; 

1.06 = iM; 

log 1.05 = log 105 - log 100 = .021 188. 
6. log 1.05** = 10 log 1.06 = .21 188. 

7. 



(1.05)'**'; 
(1.05y*** = 



log (1.05)"** = 1000 log 1.06 = 21.188000; 
21 + 1 = 22. Ans. 

8. By § 319, com. log (« + 1) = com. log n + 

liet n + 1 = a;*; 

.«. n = a:* — 1; 
2» + l = 2a:'- 1. 
Whence log x^ = log (a:* — 1) + 

^ ^1 25^1 + 3 (2 a:»- 1)' + 5 (2 a:*- 1)* + ®^- f ' 
or 2 log X = log (a; -f- 1) + log (a: — 1) + 

^m\^ }; 

log a; = ilog(a; + 1) + ilog(a: - 1) + 

^j2^'=n: + 3(2a:'-l)" + 5(2a^-l)* + ®*^T 

11. c^= n, ax log c = log n; 

log n 

a logc 

12. c** = — , bxlogc = — log m; 

logm 

b log e 
1 

13. fr»r = a; log J = — logp; 

log^ 
••'^- logJ- 
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14. b''^= p, — a: log J = logp; 

/. a; = — r-^, identical to (13); since 

J* = ~, or -rr- = J-* = p, 
p b^ ^' 

which is identical with (14). 

15. a^ = m, ex log a = log m; 

. c log a 

16. bc^ = i, log J + x log € = log ife; 

. ^_ log^-logft 

logc 

17. (1) a* 5y = p, and (2) avb^^^ q; 

(1) xloga + ylogb =z logp; 

(2) y loff a -|- a: log ^ = log q. 
Multiplying (1) by log a, and (2) by log *, 
X log* a + y log a log ^ = log a logp 

X log* b + ylogalogb = log b log q 

... ar = ^og^logJP-log^logg . 
log* a — log* b ' 
and similarly 

_ log b logp - log a logq 
^ log* * - log* a 

§334. 

!• 8 a? -|- 4 yf -|- m 

6 wf 4- 2 m 
— 6 y t 4- 6 m 

3a;+(6w-2y)f + 9m 

2. 4 a» 

17 i 
3a + 6W 
a: 4- yi 
Sa + x + {^a +17 + eb + y)i 

8. a + bi + m 

— ni — p 

+ qi 

— yi +z 

+ ui 

a + ib—n + q-^y + uji + m—p + z 
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4. a + W -- (m — ni) — (a? -f- yi) = 

[a — m — x) + {b + n -* y) f. 

8. w (a — M) — H (aj — y*) = {ma — wa?) + (ny — iwJ) i. 

§336. 

1. (« + yt) {a — b) = {a — b)x + {ay — by) i, 

2. (m + nt) ot = — a» -J- ami. 
.8. (»M — m) it = J» -j- fi»Jt. 

4. (1 + t) (1 - »•) = 1 - t* = 1 + 1 = 2. • 

6. (« — y») (a + W) = (a* + by) + {bx — ay) i. 

«. {x-yi){x + yi)=a^-y'%^ = a^ + y\ 

7. (a — at — bi) (a + at + ^') 

= [a - (a + b)i] [a+(a + b)i] = a* - (a + bYf 
=: a* + {a + by = 2a' + 2ab + b\ 

8. (a + JO' = «' + 2a«+*V= («•-*•)+ 2aW. 

9. (m 4- my = m* + 3 m'nt + 3 m («»")• + («t)' 

= (»»• — 3 »»»•) + (3 tn*n — «*) ». 

10. (1 +.i)' = 1 4- 2« + t- = 2t. 

11. (1 - »)» = 1 - 2 1 + *• = - 3». 

§336. 

1. a^ + 4 = (a;4-2»){a; -2»'). 

2. x* + 2={x + i^O (a; - f^t). 

8. a*-2x + 5 = (x-lY + i 

= [ix-l) + 2q[(x-l)-2t]. 

4. a:"-4a;+13 = (.r-2)'+9 

= [(a; _ 2) 4- 3 i] [{x - 2) - 3 {]. 

6. a + b = iVa + Vbi){Va-Vbt). 

6. a* + 2an4-6n* = (a + n)* + 4«' 

. = i(fl -f n) + 2 nt] [(« + n) - 2 wt"]. - 

7. a^ + 2xy + 2y*=(x + yy + if' * 

= [(« + y) + y»] [(« + y) - y*\- 
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§388. 

1. 7 - 8t' - 6»» + a** + »• - »• = 

(7 + 6 + 1) - (3 + 2 + 1) ,• = u - 6 i. 

2. 1 + ♦• - »« + t- _ t- _ t'4. ,•• _ 



8. 





2 

,•_! = « + yn 


• 
• • 

and 


2 = -x-y + {x-tf)i; 
-x-yz=% 

X - y = 


add, 
subtract. 


-2y-2; .-. y = ~ 1; 
— 2 a; = 2; .•• a; = — 1; 


whence 


2 1 • 


6 + 5i 

! — ft 


; -I- «/*• 



6-5 

6 + 5i= 6ir + 5y- (6a;- 6y)f. 
.-. 6a: + 6y= 6 ^^ 30a; + 25y= 30 
6ar-6y=-5 ^^ 30a;-36y=-30 















61y 


zz 


60 


36 a; 


+ 30 


y 


ZIZ 




36 






60 


25 a; 


30 


y 


— 


— 


25 


y 


^^ 


61 


61a; 




X 


=r 


11 

61 


11 

• 

5 


♦ 







, 6 + 5f 11 , 60 . 

^^^^^^ ^3-5l- = 61 + 6l *• 



l + i = a;+y-(a;-.y)*; 

a; + y=l a; + y=l 

a; — y = — 1 a; — y = — 1 

2 a; = 2y = 2 ' 

a; = y = 1; 

1 + f . 

1 — » 
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6. 



7. 



8. 



9. 



mi (x — a%) , . 

X -\- ai 
.\ am + ma;i = a;w — av + {au + arv) f. 

ictt — flv = (Mn> 



au -\- XV = mx 

axu — a^v = a^m 
axu + 3;'t; = a;*m 
(a;'+a')t;=(a;"-a")m 

X + » 

whence 



a:*M — ttxv = flWJWi 
a'w + axv = aa;m 

Ci''*+ a*) u = 5J aa:w 
2aQmi 



u = 



a:" 4- <* 



>' 



mi {x — at) __ 2axm 
X + «* 



(a:* — a^)m . 
iP« + a« + -^'+ a' *• 



1 - f ^ . 

1 -i = 2a; - 4y+(4a: + 2y)t; 
2a: — 4y = 1 
4a; + 2y = — 1 

4a: — 8.y = ' 2 
4a; + 2y = - 1 



whence 



-10y = 3, 

2 a: — 4 ?/ = 1 
8 a; + 4 y = - 2 

10 a: = - 1, 
1 - t 1 



y = 



-3 

10' 



^~ 10' 



2+4f 



10 10 *• 



a -[- Ji = aa; + ^y — {^ — «y) *; 
«a; + % = a a*x -j- flJy = a* 

bx — ay = — b Vx ^ ahy = — J' 



2ab 

y = 



X = 



a' + ^^'^ 

, a + bi a^ — V . 2nb , 

whence r- = a ■ i% + -r"r~ii *• 

a — bi a + b^ ^ a + b 

{a + bi) (a ~ bi) _ a' + &' _ a'-f^ 



g' - b\ 
a' + V' 



{x + biy "" (a:' - i') + 2 &rt' 
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g'+y , . 

... «• ^.Z^" = (a:* - d') V - 2 hxz+ Ua? - V)z+%hxy^ i. 

(1) (a;« - Oy — 2te = a' + d^; 

(2) (x* - y) ij + 2fta:y = 0, or y = - ^^^ z. 
Substituting y in (1), 

— ^ — ^t 2 da;^; = a' + ^ ; 

- _ K + y)2^^ _ _ (a'-hy)2feg 
•'• ^ " (a;" - by + 4 <5>V "" ix^ + JM" ' 

ana y - ^^. ^ j,^, 

whence 

(g + Z>i) (g - bi) ___ («' + y ) {a? - y) _ (a'+y)2 ^a;. . 

{x-^-biy "■ (a;" + iT (a^' + y)' ** 

10. Equation 10, § 310, is 

0(? . X* , a:* x* 



^""^"^^"'"l.2"^1.2.3"^1.2.3.4''"l.2.3.4.5 

+ 6tc. ; 
X ^i\ 

•••^' = ^+*+i^+ii3+r:2^ 

_^ , . 1 *_ . 1 . i 

"■"*"* 1.2 1. 2. 3"^!. 2. 3. 4"^!. 2. 3. 4. 6 

1. a. 3.4.5.6 

- V ~l7a+1.2.3.1 ~ 1.2.3.4.5.6 + ®*®') 

11. (1+ «•)» = 1 + (J) xi + (j) (a:»r + (I) (arty 

+ (J) (^»T + etc. 
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12. (H-W)»=l-(|)s' + g)j*-(f)*'4-etc. 

(1 - ur= 1 - S) *' + (i) ** - (f ) *• + ^^■ 

whence (1 + Ji)*» + (1 — *«)» 



^t)» - (1 - *t)» 



= 2 

and (1 + UY - (1 - ^i) 



13. a + at 4- «** + «** + «** + ^** + ^** + «*^ 

= a + ai — a — at + a + fl* — a — at. 



14. 1st term, a; 

nth " af»-"*, ^ = o"* 

^ __ a — ar»* a at^ 



1 — r 1 — r 1 — r 

• 

t 
Since r = ^, a jiroper fraction, and 1 — r, a finite 

quantity; a -z , as ft approaches infinity, becomes less 

than any assignable quantity. 

^ a a 2a 4 , 2 . 

. •. o = -z = r = T5 . = -^ a + — at. 

1 — r i___^ 2 — t 5 5 

2 
We might also proceed by forming the odd and even 
terms of the development separately, obtaining 

+ «(i~i + ^- etc.) t. 
Bach of these coefficients of a is a geometrical pro- 
gression of which the common ratio is — \. The limit 
of the sum of the first is ^, and of the second |, which 
iead to the same result as before. 
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§ 329. 

a;" - y* = 3; 



y = — ^ -= = 1; 



whence VS + 4 1 = 2 + t. 

V( 4/4' +"3* - 4) 1 



whence VT+T* = — p=- H — — - *. 



3. i/W+Vi =: X + pi; 

« = ! i = • 

5 1 

whence Vl2+6i = —7= -\ 7^ t. 

4/2 i/2 



Here a = 0, * = 1; 

.^1,1. 1 1 . 

equaring, i^ + 1 1 — J = t. 
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For — % we have a = 0, ^ = — 1; 



y — t = — -7= 1 ^ - t 



V;4 



♦/2 



sqoanng, 



♦ 1 1 

= — = — — _- or — := 



I 



V2' 






a; = 



M 






fT 



' yf 2/2 ' 

whence v» = — ,- ^ ' H ^ t ,- - *• 

♦^2 V2 i^ V2 

By changing the s ign of t we have 
V 



— .^ VV2_-M__ 

V2 W 4^2 *i^ 






g330. 



1 = 0; 



1, 3? + X 

3? -^ X 



2 



• • «i7 •—■• ""* 



I- 



i^ 



2. SB* — a! + l = 0; 

a;' - a; + i = - |; 

J. ^^ ■ 



«. 



.♦. a; _ 2 ± 



2 
2 • 
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a ir* + 3a; + 10 =;0; 4. a:' + 10a; + 34 = 0; 

«• + 3a; + I = - ^; a:* + 10a; + 25 = - 9; 

3 ^ \r^l .-. a; + 5 =: ± iT^ 

•'•'' + 2 =^~~T~ = ±3t; 

• v^ whence a: = — 5 ± 3 1. 

= X — 2 tj 

whence --7 

__ 3 . f^ . 

^ - ~ 2 =*= "2" *' 

6. [a; - (a + U)] [a; - (a - W)] = 0; 

.-.a;"— 2aa; + a? + J» = 0. 

6. \x - ^ai + J)] [x - (at - ft)] = 0; 

.*. a;* — 2 oa;* — a* — i* = 0. 

§332. 

L (cos t6 + * sin uY = cos 3 w + t sin 3 w; 

cos' V -|- 3 1 cos* w sin w — 3 cos u sin* w — t sin" w 

= cos 3 w + t sin 3 w. 
Equating coefficients, we have 

cos 3 w = cos* « — 3 cos w sin" u Cl^ 

and sin 3 w = -- sin" w + 3 cos* u&Jiu. (2) 

Next, 

(cos w + f sin w)* = cos 4w + t sin 4w; 
.•. cos* w + 4: » cos" w sin w — 6 cos" w sin" u 

— A:i cos w sin" u + sin* tt 
= cos 4w + i sin 4 w. 
Equating coefficients, we have 

cos 4 w = cos* w — 6 cos" w sin" «« + sin* u (1) 
and sin 4 w = 4 cos" t^ sin t^ <^ 4 cos u sin" t«. (2) 

2. Equation {a) is 

c«» = cos w + * sin u. 
By writing in this equation, successively, 

w = a; then w = ft, then w = a -|- ft, 
we have the thi'ee equations 



^ = cos a + i sin a, (1) 

(2) 
e(a+6)< = COB (« + *) + t sin {a + J). Jfl) 



~ — — — , —J 

6^ = COS ft + * sin ft. 



(1) X (2) gives 

^o+6) * = COS a cos ft + i cos a sin A +, * cos ft sin a 

— sin a sin ft 
= cos (« + ft) + i sin, (a 4- *)» f^^om (3). 
Equating coefficients, we have 

cos (a + ft) = cos a cos ft — sin a sin ft 
and sin {a -\- h) = sin a cos ft -f- cos a sin ft. 
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8. (a; - t) (a; - 2 ») (a; - 3 1) (a; - 4t) = 

(a^— 35a^ + 24) - (10 a;' - 60 a!) fc 

4. (a + W)»=(«X+ia*-iW + i^^^a»-« (*!•)• 

+ i<i^jli^ «*-»(«)• + ... 

/ I l-^x -X , ** , ** 3J't 

••• <" + **>* = '^ + 27S + y :2Ui - 2\a!^ 

3.5.** , 3.5.7*' , 
+ a. «. :t* 



• •• • 



3 .5.7.9 V _ 3.5.7.9. 11 ^ . 

+ 

. n(/t - 1) (n-2) ... (ft- r + 1) t*^ ..^ 

_^/, , 1 y 3.5 y , 3.5. 7. 9 y 

"■ ^ r "^ 2\ 2! »• FTi! (? + 2*. 6! a* 

3.5.7... (4y ^3) m 

/1ft 3 y , 3.5.7 y 

■^^. V2 a 2«.3!a- + ^V5ra»'" 

"+"^ ^f 22»-M(25+l)! a«»+V** 

The term in p is the general term shoving the ob- 

/effioieut of -^ as a function' of p. while the last term in 
d^ ^ jar + i 

the coefficient of i shows the coefficient of ^ , ^ as a 

function of s. The several terms of the deyelopment 
are found by supposing 

j» = 1, jt? = 2, 1? == 3, ete., 
and « = 0, 5 = 1, « = 2, etc. 

We also remark that, by reducing the denominators, 
the general terms may be expressed m the form 

^^ ^ 2.4.6.8. . . 4^ «%>' 
, . . 1.3.5 . 7. .. (4g- 1) »>« + ^ 
^ ^^^2.4.6.8,. . 4« + 2 ««• + !• 
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§337. 

Thi Modulus by Caloulahoit. 

1. ] 

|- l-Modulua = Va* + *' = V16+9 = 6. 

*- J , 

; J J. Modulus = f'a'+ i* = ♦^9 + 16 a ff. 
8.' 






9. Modulus = ♦V+T' = V25+49 = V74. 



10. Modulus = Va* + i* = V'25+36 = VOi. 



11. Modulus = 4/0' + **= v'as+as = 6 Vss. 



13. • • Modulus = Va* + i* = V25+14 = V'41. 



18. Modulus = Va* + 4' = i^ 9 + 4 = Vl3. 

14.. . Modulus = V(f + b* = VT+T = VloT 

16. Modulus = Va* + 4* = V9 + 1 = i^ 

16. Modulus = V'a* + J' = ^9 + 4 = Vls: 

§ 339. 

. /I , 1 V 1,2. 1 . 

= -1; 

1 1 . 

t: 



V% V% ' 
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2. 






= — »: 



w+w')'=-*(w+w') 



= + 






4/3 ,1 .V 3 1 , Vf . 1 , V3 . 



2 



2 



2 

♦^3 






3 •/ \2 ■ a 
1/3 

-91 =11- 

2 



^+#') (#+!')=•■< 



2 

,1] 1 

+aV=-2 



2+-2-*5 



2 +r) = 



i^ 



2 

V3 



+ 



1')*= 



2 

V3 



2 



i^S 



2 
4/3 



2 
V3 



+ 



+ 



a "^2 









,1 . 

2 "^2*' 

ii + 

2 ^2 



i')(#+i<)=-> 






2 

4^ 



-2*5 



2 2 / \ 2 ^ 2 / 



2 

V3 . 



1^ 

"2 " 

-2-^*A-r + 2»^ = -*5 



1^ 

2 ■ 

1/3 



' 2 / 2 2 

• 1 . 

-2*' 
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3. (a) a^a = a; a = vector; 

n = 5; 

^ 360° = 78°; 

008 72° = i ( VE - 1) g? 
Bin 72° = i V'CIO + 2 V6) a; 

.-. a; = i [ i^ - 1 + ^"(10 + 2 4/5)1]; 

jc« = i [- 2 - 2 V^+ ( i^5 - 1) ^ (10 + 2 i^S) <]; 

x* = i [( 1/5 - 1) ^ V'(10_+_2V2 *^' 

a; = i [( i^~ 1) + ^(10 + a V5) i]; 

.-. a;' = tV [S - ^ ^ + 1 + 1^ + ^ i^]- 
Hence a?' = 1; 

which ought to be the case^ because 



x^a =3 a. 



Similarly, if the vector was turned through an angle 
of 144 or 2 X 72, five such motions woula make two 
revolutions, and thus restore it to its original position. 

Taking x^ and raising it to the 5xh power, wa have 

unity. 

Also, a;' raised to the 5th power = aj" = (a;*)' = 1; 

x' " " " = a:" = (a?7 = 1; 

a;*, or unity, raised to the 6th power = 1; 
whence the five roots of unity are the above values of 
Xy a?", x*y x\ and a;*. 

§348. 

1. We form the product, 

l^aj- (2 + 1/3)1 [a:- (2 - |/3)] (a: + 2) (a;- 1), 
which we find to be 

x' -3a;" - 5a;V+ 9a; - 2. 
Therefore the required equation is 

«* — 3a;" — 5a;' + 9a; — 2 = 0, 

2. We form the product, 

\x - (3 + 1/5)} {a; - (3 - Vb)\ {x + 3), 
and the required equation is 

a;' -3a;' - 14a; + 12 = 0. 
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3. We form the product, 

(a; - 2)0^ + 2) {a;- (4+ 1/7)} {a:- (4- i/7)}, 
and the required equation is 

a?* - 8a;* + 6 a;" 4- 32aj - 36 = 0. 

4. We f onn the product, 

j a, « (1 + 4/3 ) II :c - ( 1 - 4/3 ) } { 1 - ( 1 + 1/5) } 

{a: -(1-4/5)}, 
and the required equation is 

«^— 4a;'- 2a:' + 12a; + 8 = 0. 



§ 349. 

1. Dividing the given equation by a; + 8, the quotient is 

a?" — 6a; + 4. 
Equating this to zero, we have a quadratic equation 

a;* - 6a? 4-4 = 0, 
the roots of which are 

3 + 4/5 and 3 - f o". 
Hence the roots of the original equation are 

- 3, 3 4- 4/5, and 3 - Vo". 

2, By 8343, 1., algebraic sum of coefficients vanishes. 
Therefore 4- 1 is a root. 

By same Art., II., since the sum of the coefficients of 
the even powers of x is equal to that of the coefficients of 
the odd powers, then 

— 1 is a root. 
The absolute term is wanting, therefore 

is a root. 
Dividing by a; — each of these roots successively, we 
have: 
re' — 4a^ 4- l^a;' 4- 4a;' — 13 a; -4- a: — 0, or simply a;, 

= a;* - 4a;' 4- 12a;' 4- 4a; - 13; 
a;'- 4a;' 4- 12a;' 4- 4a; - 13 -5- a; - 1 

=:a;'~ 3a;'4- 9a; 4-13; 
a;'-3a;'4- 9a; 4- 13 -j- a; 4- 1 

= a;'- 4a; 4- 13. 
]B!quating the last quotient to zero, and solving, we have 

a;* - 4a;4- 13 = 0; 

a; = 24-34/^anda; = 2 — 34^ 
Hence the five roots of the original equation are 

0, . - 1, 4-1, 24-34/^ and 2^ZV%. 
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1. 



2. 



8. 



§353. 

F{x) = a;» + 5a;* + 8a;' - 2a:» - a: + 1. (1) 
Substitute x -{- h for x\ the result is 

Fix-^h) z=i{x + hY+b{x + hy + %{x + hY 

- C^a; + hy - (x + *)• + 1. (2) 

Developing the several terms of the second member, we 
have 

(x + *)• = a;» + bx'h + ^x'V + etc.; 
{x + ny = a;* + 4a;'A + ^ a:"*' + etc.; 
(a; + /*)• = a;* + 3a;'A + ^ a;A' + etc.; 



Ix^hY =:a;« + 2a;A + A'; 
(a; -j- A) = ^ 4" A* 



we have 



Substituting these expressions in equation (2), 
/'(a; + A) = a;» + 6a? + 8a;' - 2a:" - a; + 1 

+ (5a;*+5. 4a;'+8 . 3a;* - 2. 2a;-l) A 
+ omitted terms X A', A', etc. 
The coefficient of A is the derived function required; 
viz., 5a;* + 20a;' + 24a;' - 4a; - 1. 

By inspection, the coefficient of A, or derived function, 
is seen to be in accordance to rule. 

F{x) = a;' — 2a;' — 2a;' — 2a;; 
F{x + h) = {x + hy -^^{x + hy-%{x + hy 

- 2 (a; + A). 
x + hy = a;' + 7a;'A + etc.; 
X + A)' = a;' + 5 a;*A 4- etc. ; 
X + A)' = a;' + 3 a;'A -]- etc. ; 
(a; + A) = a; + A. 
By substitution, 
y(a; + A) = a;' — 2a;»-2a;' — 2a; 

+ j7a;'-2.5a;*-2.3a;'-2}A 
-f- omitted terms X A', A', . etc. 
Therefore the derived function is 

F' {x) = 7 a;' - 10a;* - 6a;' - 2, 
the coefficient of A. 

Fix) = a;' + 12a;» - 24a;' + a;* + 7; 
F{X'\-h) = (a; + A)' + 12(a; + A)'-24(a; + A)' 



Ja; + hV = a;' + 6a;'A + etc.; 
[x + A)' = a;' + 5a;*A + etc.; 
[x + A)' = a;' + 3 a;'A + etc.; 
(a; + A)' = a;* + 2a;A + etc. 



+ (« + *)• + 7. 
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Hence^ by substitntioiiy 

F{X'\'h) = x' + 12x'-24tQe' + a^ + 7 

4- omitted terms x A% AS etc. 
^liere^ore 

F' (z) = 62:» + 60a;* - 72«' + 2a?. 

F(x) = a;* - 2aa;' + 3 JV + a'bx; 
F{z + h) = {x + hy-2a (x+hy + 3^ (x + *)• 

fa; + hV = a;* -(- 4a;'A + etc.; 

a; + /*)• = a;* + 3 a;'A 4" 6^* 5 
[x + A)' = a;' + 2 a?A + etc. ; 
[a? + A) = a? -|- A. 
By substitution^ 
F{x + Jiy = a;* - 2fla:* -f 3 JV + a'bx 

+ j4a;' - 3 . 2aa^ + 3 . 2 *•« + (t*4} A 
+ omitted terms. 
Tlierefore 

F' (ar) = 4a;* - eax" + 6b*x + a*b. 

6. -P (a;) = a;' — 6 mxA + 10 ma^ — 15 ma^; 

F{x + h) = (a; + A)* - 5m (a; + A)*+ 10m {a;+ A)' 

-16m(a; + A)\ 
Ix + AV = a;' -f- 5 a;*A + etc. ; 
fa; + Ar = a;* + 4a;'A + etc.; 
Ix + A r = a;* + 3 a;'A + etc. ; 
[a? + A)' = a;* + 2 a;A + etc. 
By BubstitutioDy 
P{x + h)=: x\'- 5 ma;* + lOma;' - 15 ma;* 

4- {5a;* — 5.4ma;'+ 10.3ma;* — 15.2ma;{ A 
-|- omitted terms. 
Therefore 

F' {x) = 5a;* — 20ma;' +.30m3;' — 30ma;. 



§ 359. 

1. The roots of the denominator are 

+ 2 and — 2; 



Assume 



a; + 10 



+ 



(1) 



(a; + 2) (a: - 2) a; + 2 ^ a; — 2' 
Seducing the second member to a common denomina- 
tor^ it becomes 

^ (a; - 2) + Jg ( a; + 2) 

{X + 2) (a: - 2) * 
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Since both members have the same denominators^ the 
namerators must also be equal. 

TTftTinft 
ar + 10 = ^ (aj-2) + JS (a: + 2) = (^ + 5) a;-.24+3i^. 
Since this must be true for all values of Xy we equate 
the coefQcients of x in each member^ giving 

A + B = l; 
- 2^ +2^ = 10. 
Solying for A and B, we have 

^ = — 2 and 5 = 3. 
Substituting in (1)^ 

a?' - 4 a; + 2 "^ a: - 2* 

2. By §343, II. , one of the roots of the denominator 
is — 1. Dividing the deuominator by a; + 1, we have 

a;« - 4 = (a? + 2) (a; - 2). 
Hence • » 

a;' + 8 a: + ^ _ a:* + Ba? + 4 

a;" + a;' - 4a; -"4 "" (a; + 1) (a; - 2) (a? + 2)' 
Assume 



(a;+l)(a;-2) (a;+2) a; +1 ^ ar -2 ^ a: +2* 

Bringing second member to a common denominator 
and equating the numerators, we have 
a;« 4- 8a; + 4 = {A + 5 + 0) a;" + (3 5 - 0) a? 

+ 25-4.4 -2C. 
Since coefficients of like powers of x must be equals 
we have ^ + 5+0 = 1; 

3 5 - (7 = 8; 
-44 + 25-20'= 4. 
Solving these equations, we find 

4 = 1, 5 = 2, C = - 2. 
Substituting these values in (1), we have 

a;' + 8a; + 4 _ _1 _2 2_ 

a;" + a;'-4a;-4""a;+l"*"a;-2 a;+2* 

8. Equating the denominator to zero and solving, we 
find the roots to be 2, — 2, 1, and — 1. 
Hence 
ju* - 5a;'' + 4 = (a; - 2) (a; + 2) {x - 1) (a; + 1). 

2a;' -12a;' -8a; + 1 2 ^ _A_ _5_ C D 

(a;-2)(a:+2)(a;-l)(a;+l) "" a;-2 "•" a;+2 "^ a;-l"^a;+r 



6. 



6. 
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BedQcing second member to a common denominator 
and equating the numerators^ we IiaTO 

2a;'-r2a;'-8a; + 12=: 
(A + B+C+D)x* +{2A-'2B+C-D)x' 
+ ( - ^ - j5 - 4 6'- 4 2> ) a: - 2 .4 + 2 j5 -;- 4 C + 4 Z>, 
Equating coeflScients of like powers of x, 

A + B+C+D=z 2 
%A - 2B+ C '- D- ^ 12; 
-^-5-4C'-4i>=- 8: 
- 2^ + 25 -4C+4i> = 12. 
Solving these equations, we find 

^ = - 3, J? = 3, 67 = 1, and Z> = 1. 
Hence 
2 a;'- 12 a:'- 8 a? +12 3 3 1 1 

aj*-.5a:«-^4 - a;-.2"^a;+2"^a;-i "'"aj+r 

X . X 



X* — a' (a? — fl) (a; -|- a)' 
Assume 

X ^ , J? {A+B)x + a(A''B) 

g — a)(a; + fl) a;— a x-^-a (a; -- a) (a; + a) 

ence a; = (.4 + -ff) a; + (-4 — -ff) a, 

^ + 5 = 1, 

^ - J? = 0, 
gives -4 = i and J9 = i. 

2a 2a 



a:' — a' (a; — a)(a; + a)' 
Assume 

2g _ ^ B 

{x — fl)(a; + fl) ""a;— aa; + fl 

_ (^ + ^)a; + (^-.g)fl 

(a; — fl) (a; 4- «) 
Hence 2fl = (^ + ^)a: + (^ — J9) a, 

^ + ^ = 0, 

^ - J? = 2, 
giving -4 = 1 and 5 = — 1. 

TT 2fl 1 1 

Hence -= = = ; — . 

X — a X — a a; + fl 



(x* - a') (a;*- i') (x ^ a) {x + a) {x ^ b) {x + b)" 
Assume 
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a^V A B 



1. 



(z — a)(x-\-a)(x — b)(x-\-b) x — a x -\- a 



X — b X -^ V 
Beducing to a common denominator and equating 
numerator, we have 

a^V =^{A + B + C + D)x^-\-(Aa'' Ba'\-Ch-Dh)a? 

+ (__ AV - BV - Ca^ - Da^) x 
- AaV -\' Bah^ - Ca'h + Da^b. 
Equating coefficients of like powers, we have 

^ + ^+6^+i> = 0; 
Aa- Ba+Cb'-'m = 0; 
- Ab' - Bb' - Cn' - Da' = 0; 
- Aab' + Bab' - Ca'b + Da'b = a'b\ 
Solving these equations, we get 
A — ^y p _ ab' ^ __ a'b 



2 (J* - a'y 2 (^ - a'Y ^ "" 2 (^ - a'Y 

ana /; = — --— — . 

2 (^ — a) 

Hence 

a'y aV 



{p^ - a') (a;» - b') 2 (^ - «") (x - a) 



2 (^»' - a") (a; + a) '2 (d" - a") {x - *) 
2 (y - fl') (a; + J)" 



§ 360. 

g+l _ a; + l 
a;'-2a; + l "■ (a;- 1)"* 
Assume 

(x - !)• "■ (a; - 1)' "^ a; - 1" ^^ 

Reducing to a common denominator, and equating the 
coefficients of like powers of a;, we have 

^ - ^, = 1, 

A = 1; 

hence A = 2. 

Substituting in (1), we obtain the result 
x+1 2 ,1 

:i H 



(x - 1)' (x^iy ' a; - r 



2. 



8. 
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x-1 



(X + If 

A a — 1 A , A 



{x + iy {x + iy ' x + r 

Keducing to a common deuominator, and equating co- 
efficients of like powers of x, we have 

A + A, = -l and ^, = 1; 
hence .4 = — 2. 

Substituting in the assumed equation, «we obtain for 
the result 

{x + iy^ {x+iy^x + r 

ic* - 2 a;' - 2 



a;» - a;* - a; + 1 {x - ly (x + 1)' 
Assume 

ic* — 2 ^ . A, . B 

1 + Z T + 



(o: -. 1)« (a: + 1) - (a: - 1)« ^ a^ - 1 ^ a: + 1' . 

.Reducing to a common denominator, and equating 
coefficients of like powers of x, we have 

A, + B= 1, 
A -2B = 0, 
A+B-A, = -2; 
from which we find 

A = - i, A = f, and B=- i. 
Thorefore the given iraction is equal to 

^_J__ . _J_ L_ 

2 (a; - 1)'' ^ 4 (a; - 1) 4 (a; + 1)' 
a; + 2 a;+2 



x*-^af -^x-1 (a? + 1)' (a; - 1)" 
Assume 

a; + 2 _ ^ _ , ^, , B 



{x + 1)' (a; - 1) " (a;+ 1)» ^ a? + 1 ^ a? - 1' 

Beduciug to a common denominator, and equating 
coefficients, 

A, + B = 0, 

A+2B=:1, 

-^ A - A,+ B=:2; 

from which we find 

A = -h A, = -h and J? = + }. 
Therefore the given fraction is equal to 

1 ^ I 3 



2(a; + l)' 4(a:+l) ' 4(a;- 1)' 
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§361. 

1. ir* — 1 and x* — 1. 
Factoring we have 

a;* - 1 = {x'^1) {x'+ 1) = {x^l){x + l)(7?+ 1); 
(a:* - 1) = (a^-^ 1 ){x'+ 1) = (a;- 1) (a?*+ a: + 1) (a: + 1) 

(a:* — a; + 1). 
The common factors are (a; — 1) and {x + 1). 
Hence the G.C.D. is {x - 1) (x + 1) = (a;' - 1). 

a;" - 1 = (a; - 1) lx^ + x + 1); 
a;* - 1 = (a; - 1) \x + 1) (a;" + 1). 
The G.C.D. is {x - 1). 

Divide the quantity of higher degree by the one of 
lower, as follows: 
«•- 2a* - a" + 3 a' -2a -15 | a*- g'-4a'- g + 5 

a* — a*— 4 a' — a' +5^ a— 1 



-a*-f 3a'+4a'-7a-15 

- g* + fl'+4a*+ g- 5 

2a" -8a — 10 

Using tlie first divisor for dividend and remainder, 
after removing the common factor 2, for divisor, we have 
a* — a' — 4 a' — a + 5 | a' — 4a — 5 
a* — 4a'— 5a | « — i 



- a' + 4a + 5 

- a*+ 4a + 5 




Hence a* — 4a — 5 is the G.C.D. 

Multiply the first quantity by 4, and the second by 6, 
and divide. 

100a;* + 20a;'— 4a; - 4 1 100 a;* + 6 a;* - 5 
100a;* + 5a;' -5 " 



20a;'- 5a;'-4a; + l 

20a;* + a;' - 1 | 20 a;' - 5a;'- 4 a; + 1 

20a;'— 5a;'— 4a;' 4- x j"^ 

5a;'+ 5a;' - a; - 1 

Multiply every term of the last expression by 4, and 
proceed with the division. 

20a;'4.20a;'- 4a;- 4 | 20a;' - 5 a;'- 4 a;+ 1 
20 a;'— 5a;'— 4a; + l | _|. i 

25a;' - 6" 
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6. 



6. 



7. 



RemoYO the factor 5 from the last remainder and use 
it for the next divisor. 

20a;" - 5a:' - 4ir+ 1 | 5a;' - 1 

20 a;' 



4a;- 1 



- 4a; - 

- 5a;'+ 1 

- 5a;' + l 


Hence the G.C.D. is 5 a;' — 1. 



a*4-2«' 



+ 9 



2a' — 2a' - 6a- 18 
Bemove the factor 2 from the remainder. 



a*+2a'+9 

g*— g'— 3 a'— 9a 

g'+5g' + 9a +9 
g'- a'-3a - 9 

6a' + 12a+ 18 
BemoTC the factor 0. 

a' — a' — 3 a — 9 
g'+ 2a' + 3a 



a' 



a'— 3a — 9 



a + 1 



a*+ 2a + 3 
a — 3 



— 3 a' — 6 a — 9 

— 3 a'— 6a — 9 

Hence a* + 2a + 3 is the G.C.D. 

w' + 3w'+ 3m + 1 I w'- 1 



m' 



— m 



3m' + 4m + 1 
3 m' - 3 

47n + 4 
Bemoye the factor 4, 

m'- 1 
m' + wi 

— m — 1 

— m — 1 



! m + 3 



Im+l 
m — 1 



Hence m + 1 is the G.C.D. 

Multiply every term of first expression by 2. 
2 a;*- 16 a;'+ 42 a;' - 40a; + 8 | 2 a;' - 12a;'+ 21a;-10 
2a;*-]2a;'+ 21a;'- 10a; ~ 

8 



a;- 2 



— 4a;'+ 21 a;" ~ 30a; + 

— 4a;'-h.24a;'— 42a; + 20 



— 3a;'+12a; — 12 
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8. 



1. 



BemoTe the factor — 3 from the remainder. 
2x'- 12a:' + 21 a: - 10 |a:*- 4a;+4 
2a;"— Sa^+ Sx " 



- 4a:* + 13a:— 10 

- 4a:»+16a;-16 



2a;- 4 



— 3a:+ 6 
BemoYe the factor — 3 from the remainder. 

a:* — 4a: + 4 ja; — 2 

a;V— 2a; 



- 2a; + 4 

— 2a; + 4 



!a;- 2 



Hence a; — 2 is the G.O.D. 

a' + aV-fl-l \a*+a* 
g^ + g' -- a* — a* 



a- 1 



a* -{- a* — a — 1 

fl' + a* — a — 1 
«*+«* — a*— a' 



i«* 



a' + a* — o — 1 
a*+ a* — a — 1 



!«•+«•-«-! = G.O.D. 



§362. 

ai'+Sbex + h'-c* | a;*+(c-J)iE'+(J*+Jc+c')a; 
a;'4.(c-J)a;»+(J'+Jc+c*)j; 



-{c-b)a-'-{b*-2bc+c*)x+b*-<^ 



|1 



Remove the factor — (c — 5) from this last expression 
and use it for the next divisoi*. 
x*+(c-b)x^+{b*+cb+c^)x I x'+{c-b)x+V+hc+(^ 
x'+lc'-b)x'+{b'+cb+c^)x '— 



X 







Hence the G.O.D. is x'+ (c — 5) a; + b^+ be + c\ 

a;' + 3aa; + a* - 1 | a;' — (a* - 2 ff) a; + a - 1 

x^ — (g^— 2g) a; + g — 1 |i 

{a^ -{'a)x -\- a* — a 
Bemove the factor a (a + 1) fi'om this remainder, 
a;' — (a* — 2 a) a; + « — 1 \x -\- a ^ 1 



-(a— l)a;''— (flt"— 2«)a;4-a— 1 
-(g-l)a;'-(a-l)''a: 

a; -f- « — 1 

a; 4- ^ — 1 

Hence x -{- a — Ih the G, C, D, 



|a;» -(rt -1)3;+ 1 
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369 



8. 



4. 



6. 



6. 



(a + J + c) (aJ+ i<? + crt) — dbc 
= (*+ c) a' + (2 fc + y + c') a + Vc + c»*. 

&+c)g' + (y — c*) g ~ fe (^ + c) \{b + c) 

(2ic + 2c»)a + 2^c(i+c) 
Bemove the factor ^cib-^-c) and we Iiave left as the 



\ 



divisor (a + V\, 

a*+ (b — c) a — be 



«'+ ^* 



— Cfl — Jc 

— ca — fe 

Hence a + b \b the O.C.D. 
a;*— 2aV+ 4a*ii; 



I a — c 



«'-aa'a? + 4a» 



X 



■ < .'<< 



^^^jfljV- 4 a'ic + 4 a* 

Bemoye tfie factor 2 a% and we have a^ — 2ax+fi(f. 
re* — 2o'aj + 4o" | a:* — 2ga;+ 2tf' 

2^ — 2aa^ + ^ (f'*^ \x + 2a 
2aa?"- 4a"a; + 4a' ' 
2gg'— 4g'a; + 4fl' 


Giving a:» - 2 or + 2 a* for the G.C.D. 



XT 



X* •— a^x 



ax* — b*x + a5' | a;' — o" 



a; — a 



— aa:*4- ^'^j — b^x + a^ 

— ax*-]- a* 

Bemove the factor (a*— J'), and we have a: — a for the 
next divisor. 

a:' — o" I a; — a 
a:* — oa; 



! a; + « 



aa; — a 
ax — a* 



Hence x — a is the G.C. D. 

x'+a'+b* - S abx 

x*+ 2ax*+ a^x — Vx 

'-'2ax'+{b^'-'3ab'-a')x+a*+b* 
~2ga;'~4g'a; - 2g' + 2gy 

(i"-3 fli + 3 a') a; + b'- 2ab*+ ga" 



I a; — 2a 



S60 
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Bemoye the common factor J'— 3ai+ 3 a*, and we 
have for the next divisor x-^-a '\'h 



a;' + aaj + ^ 



\ 



a — b) z + a* — b* 
a — ^) a: + a' — &• 



\ X + a — b 




Hence a: + a + J is the G.C.D. 



7. 



a;*-2a:'+2--,+ A 

or X 



or X 



X* - 2a;* 



^ x" x' 



|i 



4 2 

X X 

Bemove the factor 2, and our next division becomes: 

aJ*-2a;» + 4--4 

a?' X 



2 1 • 

ar a: 



a;' 



2a:* + l 



a; a; 

-1+1-1 



x*-l 



& 



«* - se'y + xy* - y* 

^ + ^y*+ / 

- a;'y — xY + xy'-2 y* 



\3:* + oi*y' + ^ 
11 



Dividing by y, we have our next divisor. 
X* + ^f + y' i -a;'-a;'y + a^y'-2y ' 

X* + a;*y — ary'4-2 ^y* 



- a; + y 



— a;"y+2a:'y' - 2a;y*-t- y* 

— a:'y- a;V+ a;y'-2y* 

3a;y-3a;y"+3y* 
Remove the factor 3y'. 

— a;*— a;'y 4* ^y'— 2 y' 

— a;'+ a:'y — a:y' 

- 2i''y + 2 a-y" - 2 y' 

— 2 a;'y 4- 2 a;y* — 2y* 



Hence the G.C.D. sought is a:* — a:y -f" .V*- 



I a:*- a;y + y« 

I - a^ - 2y 
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§363. 

ft 

1. Let y be the unknown quantity of the required equa- 
tion. Then 

y = « - 1; 
therefore a; = y + 1. 

Substituting this value of x in the equation, it will 
become 

(y + l)«-3(y + l)-4 = 0, 
or y' - y - 6 = 0, 

the required equation. 

If y be the unknown quantity of the required equa- 
tion, then 

y -x + 6. 
Therefore a; = y — 5. 

Substituting this yalue of x in the equation, it will 
•become 

(y«5r-3(y-5r + 57(y-5)-7 = 0, 
or y' - 18 j(' + 162 y - 492 = 0, 

the required equation. 



§364. 

1. ar'- 6a;*+ 6a;- 1 = 0. 

Hence w = 3, jp, = — 6; 

n 3 ' 
X ^ y + i. 
Making this substitution, the equation becomes 

(y + 2)* -6{x + 2y+e{x + 2) - i = o, 

or y*- 6y-6 = 0, 

the required equation. 

2. a;*-4a;*+ 3a:*- 8 = 0. " 

Hence m = 4, jo, = — 4; 

n 4 
Therefore a; = y + 1. 

Making this substitution, the equation becomes 

(y + ly - 4 (y + l)' + 3(y+ 1)' -8 = 0, 
or y«-3y'-ay-« = 0, 

the required equation. 
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8. a?»- 6a;*+ aaj'+aa:*-. 3a- = 0. 
Hence w = 5, ;?j = — 6; 

n o 
Substituting this vuluc of .-c in the equation, we have 

(y+ir-6 ry+i)*+2 {y+\y+% (z/+ir~3(y+i) = o, 

or y* - 8y' - 12^" - 8y — 3 = 0, 

the required equation. 

4. »•- 12a;»+2a;''- a; = 0. 

Hence n = 6, p^=z — 1'2; 

A = -^ = ? = 2. 
n 6 

a: = y + 2. 
Substituting this value of x in the equation^ it be- 
comes 

(y + 2r-12(y+2r + 2(.y + 2)'^fy + 2) = 0, 
or y' - GO y* - 318 .y' - 708 y' — 745 y - 306 =* 0, 
the required equation. 

§365. 

1. a:* — 2a: + 3 = 0. 

Let y = 4a:, a; = j. 

Substituting this vahie of x in the given equation, and 
we liave ' 

;i)'-.(jj+3=o. 

or y« - 8 2/ + 48 = 0, 

tlie required equation. 

2. a:'-2a: + 3 = 0. 

a? 
Let y = [t-. Therefore a: = 2y. 

Substituting in given equation, we have 

(2yy-2(2y) + 3 = 0, 
or 4y« — 4y + 3 = 0, 

the required equation. 

§ 366. 

1. a:« — 5 a; 4- 6 = 0. 

Put y =. x^. Therefore a; = ± y^. 

Substituting in equation x = y*, we Imve 

y + 6 ~ 5V = 0, 
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Sabstitating in given equation 2; = — y^, we have 

Since the value of y mast satisfy one or the other of 
these equations, it must reduce then* product to zero; we 
therefore multiply them together. The product will be 

or y"— 13y + 36 = 0, 

the required equation. 

8. a:* + 12iC« + 44a: + 48 = 0. 

y •=• ^. Therefore a; = ± y*. 
Substituting 2; = y^ in the given equation^ we have 

(12y + 48) + (yl + 44y*5 = 0. 
Making a: = — y*, we obtain 

(12y + 48)-(yl + 44y*) = 0. 
The value of y must reduce the product of these two 
equations to zero, for the reason given above. The pro- 
duct is 

y' - 56y* + 784y - 2304 = 0, 
the required equation. 

8. ic»-4a;*-10a;' + 40a:* + 9a;-36 = 0. 

y = a:% a; = ± y*. 
Substituting a; = y*, we have 

(- 4 j^' + 40y - 36) + (yl - 10yi+ 9y*) = 0. 
Substituting a; = — y*, we have 

(- 4y' + 40y - 36) - (yt - 10yl + 9y*) = 0. 
The value of y must reduce the product of these two 
equations to zero. The product is 

y» - 36 y* + 438 y* - 2068 y' + 2961 y - 1296 = 0, 
the required equation. 

§367. 

1. a;' - 7 a: + 10 = 0. 

Put y = 3a;% X- ± \\. 

Substitute a; = y |^ in given equation, and we have 

1 + 10-7/1 = 0. 

Substitute a; = — y ~, and we have 

I + 10 + 7 i^l = 0. 
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Multiplying these two equations^ we obtain 

y- 87y + 900 = 
as the requii^d equation. 

8. iK»-3a:" + 2ic = 0. 

_ 1/ — i 
y ^ ax '\' h. Hence x = ^ . 

Substituting in given equation^ we have 

(^)"- ' (^y+ ^ (^1 = ->. 

or y* - (3 * + 3 a) y* + (3** + 6oi + 2a') y 

-y-3fly--2a'i = 0, 
the required equation. 

8. a^- 9a; + 18 = 0. 



y = i a:'-3, x- ±VZy + ^. 

Substituting a; = i^3 y -f 9 in given e quation^ we have 

3y + 9 + 18 ~ 9i/ 3y + 9 = 0. 

Substituting a; = — i^3 y + 9 , we ob tain 

3y + 9 + 18 + 9 1/37+9 = 0. 
Multiplying these equations, we obtain 

y« — 9 y = 
as the required equation. 



§ 369. 

1. jF% = 2 A» + 23 A* + 101/t" + 205** + 183 A + 46. 

Coefficients, 2 +23 +101 +205 +183 +46 

Products by - 3, -6-51 -150 -165 -54 

First sums, ~1l7 50 55 18 -8 

Second products. 

Second sums. 
Third products. 

Third sums, 5 2-2 

Fourth products. 

Fourth sums, 

- 7 
Result, F{x - 3) = 2ar» - 7a;* + 6a?*- 2a;» + 6a; - 8. 



- 6 


- 51 


17 
- 6 


50 
- 33 


11 
- 6 


17 
- 15 


5 

- 6 

- 1 

- 6 


2 
+ 3 

5 



55 
- 51 


18 
- 12 


4 

- 6 

• 


6 
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when a; = — 4 -[- A. 

Coefficients, 1 0-7+7 

Products by -" 4, - 4 16 -36 

First sums, — 4 —29 

Second products, 

Second sums, 

-12 
Eesult, i^'C- 4 + A) = A' - 12 A* + 41 A - 29. 

When :p = — 3 + A: 

Coefficients, 1 0-7+7 

Products by — 3, — 3 9—6 

First sums, — 3 2 1 

Second products, — 3 18 

Second sums, — 6 20 

- 3 



- 4 

- 4 



32 


- 8 

- 4 


41 



- 9 

Besult, ^ (- 3 + A) = A' - 9 A* + 20 A + 1. 

When a; = — 2 + A: 

Coefficients, 1 0-7+7 

Products by — 2, — 2 4 6 

First sums, — 2 ^^ 13 

Second products, — 2 8 

^ 5 

- 2 



- 6 

Eesult, ^(- 2 + A) = A' - 6A' + 5 A + 13. 

When a; = - 1 + A: 

Coefficients, '1 0-7+7 
Products by — 1, — 1 1 6 

First sums, — 1 — 6 13 

Second products, — 1 2 

- 1 



- 3 

Besult, F{- 1 + A) = A* - 3 A' - 4 A + IS. 
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When a: = A: 

F{h) = A«-7A + 7. 

When a; = 1 + A: 

Coefficients, 1 0—7+7 

Products by 1, 1 1—6 

First sums, 1—6 1 

Second products, 1 2 

2 ^ 
1 

3 

Result, ^(1 + A) = A' + 3A' - 4 A + 1. 

When ic = 2 + A: 

Coefficients, 1 0-7+7 

Products by 2, 2 4—6 

First sums, 2—3 1 

Second products, 2 8 

4 5 

2 

6 
Result, i^(2 + A) = A' + 6A' + 5A + 1 = 0. 

When a; = 3 + A: 
Coefficients, 1 

Products bv 3 

First sums, 
etc; 




3 


- 7 
9 


+ t 
6 


3 
3 


2 
18 


13 


6 
3 


20 





9 
Result, -P (3 + A) = A' + 9 A'.+ 20 A + 13. 

§371. 

1. a;'- 3a;»+l = 0. 

Let us first assume a; = 3. We compute as follows; 
Coefficients, 1—3 0+1 

Products by 3, 3 

Sums, 1 
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So F {i) =: +1; A^d as all the coefficients are posi- 
tive, there can be no root as great as 3. 

Patting a; = — 3, the sums including the first coef- 
ficient are 1, — 6, + 18, — 53. These being alter- 
nately positive and negative^ there is no root so small 
as — 3. 

Substituting all the integers between — 3 and + 3, 
we find: 

Fi — 3) = — 53 jp i^\ i 

Hence we know that there is a root between — 1 and 0, 
another between and 1, and the third root between 
2 and 3. 

Let us begin with the latter. 

Transforming the equation to one in A, by putting 
2 + A for X, we find the equation in h to be 

/i* + 3A'-3 = 0. (I) 

Substituting A = 0.2, 0.4, 0.6, 0.8, 0.9, we find that 
. there is a root between 0.8 and 0.9. 

If in the last equation we put A = 0.8 + A', we find 
the transformed equation in A' to be 

A'* + 5.4 A" + 6. 72 A' - 0.568 = 0. (2) 

If we substitute different values of A' in this equation, 
wo find that the root is between 0.07 and 0.08. 

Putting A' = 0.07 + A", and transforming, we find 
the equation in A" to be 

A^" + 6.61 //'' + 7.4907 A" - 0.070 797 = 0. 

The required digit* of A" may be found by dividing 
0.070 797 by 7.3907, which gives us 0.009 

Now put A'*' = 0.009 + //" and transform again. 
The resulting equation for A'" is 
A'"' + 5.637V* + 7.591 923 A'" - 0.002 925561 = 0. 

The digits of Xy A, A', and A" which we have found 
show the true value of a: to be 

a: = 2.879+ A". 

By continuing this process, as many figures as we 
please may be found. 

From this point the operation may be abbreviated, by 
neglecting the coefficient of A* and using only the second 
decimal of the coefficient of A*. 

In this way we obtain two more figures of the root, 
after which the remaining figures are obtained by pure 
division. 
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The work, as we have performed it, may be arranged 
in the following form. 

The nniubers under the double lines are the coef- 
ficients of h, h'y h"j etc. 



- 3 
2 



-2 


-H 12.879385 241 
-4 


- 1 
2 


- 2 
2 




1 
1 

2 


- 3.000 
2.432 


1 
2 


0.00 
3.04 

3.04 
3.68 


-.568000 
497 203 


3.0 

.8 


- .070 797 000 
.067 871 439 


3.8 

.8 


6.720 
.382 9 


- .002 925 561 
2 278 084 


4.6 

.8 


7.102 9 
387 8 


- 647 477 
607 664 


5.40 

.07 


. 7.490 70 
.050 57 


- 30 813 
37 979 

« 


5-47 

7 


7.54127 
50 65 


- 1834 
1519 


6.54 

7 


7.59192 3 
1691 


- 315 
304 


6.610 
.009 


7.593 61 
16€ 


4 

11 


- 11 

8 


5.619 
9 


7.595 3: 

4, 


I 
5 


- 3 


5.628 
9 


7!.5!9|5|8 


1 


« 



!5.6|37 

One root of the equation is therefore 

2.879385 241. 
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269 



The second root we found to lie between and 1. 
Without writing out the Beparate tranaformations^ the 
work may be anwiged as follows: 



-3.0 
•6 


0.00 
- 1.44 




1.000 !<>• 652 703 644 
- .864 


-2.4 


- 1.44 

- 1.08 


.136 000 
-.128 875 


- 1.8 
.6 


- 2.520 

- .057 5 


.007 125 000 
- .006 269 192 


- 1.20 
- .05 


-2.577 5 
- 65 


.001 855 808 
- 1 846 193 


- 1.15 
.05 


- 2.632 50< 

- 2 091 


} 

r 

6 


9 615 
- 7 914 


- 1.10 
.05 


- 2.634 59( 

- 2 09! 


1701 • 
- 1583 


- 1.050 
.002 


- 2.636 68 

- 73 


8 118 
1 - 106 


- 1.048 
2 


- 2.63741 

731 


9 

1 


12 
- 11 


- 1.046 
2 


-2!.6|3 8|1!5 


1 



- 1.0144 

The second root is therefore • 

0.652 703 644. 

To find the negative root^ we change the alternate 
signs of our equation, thus transforming it into one 
haying an equal positive root. The equation then is 

a.»+3a;»- 1 = 0. 
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The work, so fiur as it is necessary to carry it, is now 
arranged as follows: 



1 3.0 
.5 


^ts o 


0.00 - 
1.75 


1.000 J^-^*^^ ^^8 ^'^ 
.875 


3.5 
.5 


1.75 - 

2.00 


.125 000 
.116 577 


4.0 
.5 


3.7500 - 
.135 9 


.008 423 000 
8 063 768 


4.50 
.03 


3.8859 - 
.1368 


.000 359 232 
323 315 


4.53 
.03 


4.022 700 
9184 


- 35 917 
32 332 


4. 50 
3 


4.031 884 
9188 


- 3585 
3233 


4.590 
•002 


4.041 712 

4i0 


-352 
323 


4.592 
2 


4 .0 4|1 417 

f the equation are t 
= 2.879385 241 
= 0.662 703 644 
= -0.532088887 


-26 

28 


4.594 
2 


- 1 


!4.5 96 
The three roc 


herefore 



Sum = 2.999 999 998 (check). 
To check the correctness of the roots as formed we 
tiiko their algebraic sum, which should be eqaal to the 
coefficient of the second term with its sign changed. 
We see that the discrepancy is 2 units in the ninth place 
of decimals, which is unimportant 



jiween ;» ana — :Cy 
^(-1) = + 3 
F(-'2) = - 1 
Fi-^) = - 17 
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2. a;' — 3 a; + 1 = 0. 

Let us assume 2; = 2. 

Coefficients, 1 0—3+1 
Products by 2, 2 4 2 

Sums, 2 13 

^(2) = + 3; and as all the coefficients are positive, 
there cdn be no root so great as -|- 2. 

Putting a: = — 2, the sums, including the first coef- 
ficient, are 1, — 2,.l, — 1. These being alternately 
positive and negative, there is no root so small as — 2. 
Substituting all integers between 2 and — 2, wo find: 
Fm = +3 F{- 1) = + 3 

J^(l) = - 1 
^(0) = + 1 
The roots are seen to lie between 1 and 2, and 1, and 
between — 1 and — 2. 

" Seeking the root that lies between 1 and 2, we trans- 
form the equation to one in h, by putting 1 + A for x\ 
we find the equation in h to be 

A' + 3 A' - 1 = 0. 
Making A = 0.2, 0.4, 0.6, etc., we find one value of 
h lies between 0.5 and 0.6. 

Transforming this equation by putting A' + 0.5 for A, 
we have 

h'^ + 4.5 A" + 3.757/ - 0.125 = 0. 
By trial a root of this equation is found between 0.03 
and 0.04. 

■ 

Transforming this equation by substituting 0,03 + A" 
for A', and we have 

A'" + 4.59 A'" + 4.0227 A" - 0.008 423 = 0. 
A root of this equation is between 0.002 and 0.003. 

Transforming by making 0.002 + A"' = A", wo get 
A"" + 4.596 A"" + 4.041 072 A'"- 0.000 359 232 = 0. 

From this point the work may be abridged bv neglect- 
ing the coefficient of A"", and using only to the second 
decimal of the coefficient of A"". 

We thus find two more digits of the root of the orig- 
inal equation. After that the remaining figures are 
obtained by pure division, and we may cut off one decimal 
from the coefficient of A'" and two iProm the coefficient 
of A'"* for each decimal we add to the root. 
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The entire work rnxj be armnged as follows: 





1 


-3 

1 


1 11.532 088 887 
-2 


1 

1 


-3 
3 


• 


- 1.000 

•875 


3 

1 

3.0 
.5 


0.00 
1.76 

1.75 
3.00 


- 0.125 000 
.116 577 

- .008 423 000 
.008 063 768 


3.5 
.5 


3.750 
.135 9 


- 359 232 
323 315 


40 
.6 


3.885 9 
.136 8 


- 35 917 
32 332 


460 
.03 


4032 700 
9184 


- 3 585 
3 233 


453 
3 


4031 884 
9188 


-352 
323 


456 
3 


4041 
3 


712 
7 


- 29 
28 


4590 
.003 


4|0|4|1|44 


-1 


4693 
3 


» 


4594 
3 





!4.5|96 
The root is therefore 

1.532 088887. 
The second root lies between and !• 
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Without writing out the separate transformations^ the 
work may be arranged as follows: 
1 0.0 -3.00 1.000 10>347 296 347 

.3 .09 



0.3 - 2.91 

.3 .18 



.6 -2.730 

.3 37 6 



,0.90 -2.692 4 

.04 39 2 



.94 ' -2.653 200 
4 7189 



.98 -2.646 011 

4 7 238 



1.020 -2.638 7713 
.007 20|8 

1.027 -2.6385615 

7 20|8 

1.034 - 2.638 3|5|7 
7 94 



- 0.873 


.127 000 
-.107 696 


.019 304 000 
- .018 522 077 


781 923 
- 527 713 


254 210 
- 237 461 


16 749 
- 15 831 


918 
- 792 


126 
- 106 


20 
- 18 



!1.0]41 -2.|6 3!8|4|5 +2 

The second root is therefore 

0.347 296 347. 
To find the negative root, we change alternate signs of 
the given equation, and it becomes 

a?* — 3a? — 1 = 0. 
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The work may be arranged as follows: 



1 

1 


•ee 1 


— 


-3 

1 


_ 1 11.879 385 242 
- 2 


1 
1 


- 2 
2 


1 
1 


- 3.000 
2.432 


2 

1 




0.00 
3.04 


- .568 000 
.497 203 


3.0 

.8 


roo 


3.04 
3.68 


- .070 797 000 
.067 871 439 


3.8 
.8 


6.720 
.382 9 


- .002 925 561 
2 2.78 084 


4.6 
.8 


7.102 9 
.387 8 


- 647 477 
607 661 


5.40 
.07 


7.490 70< 
50 57 


- 39 816 
37 979 


5.47 

.07 


7.541 27 
50 65: 


- 1837 
1519 


5.54 
.07 


7.591 92 
169 


3 - 318 
I 304 


5.610 
.009 


7.593 61 
169 


4 

1 


- 14 
15 


5.619 
•009 


7.595 31 
45 


4-1 


5.628 
.009 


7. 5 9 5|7!6 

ts are 

1.532 088 
347 296 

-1.879 385 




5.6137 
Hence the thi 


887 
347 
242 



Sum = — 0.000 000 008 (check). 
We see that the results agree to eight places of decimals. 
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8. a;* - 42;* + 2 = 0. 

Let 118 assume 2; = 2. 

Coefficients, 1 0—4 0+2 
Products by 2, 2 4 

Sums, 2 2 

^ (2) = + 2; and as all the coefficients are •positive, 
there can be no root so great as 2. 

Putting a; = — 3, the sums, including the first coef- 
ficient, are alteniately positive and negative; hence there 
is no root so small as — 3. 

Substituting all integers between 2 and — 3, we find, 
F(%) = +2 F{- 1) = - 1 

Fh) = - 1 fI- 2) = + 2 

i^ (0) = + 2 ^ (- 3) = + 47 

The roots are seen to lie between 1 and 2, and 1,-1 
and 0, and — 2 and — 1. 

Seeking the root that lies bctwopn 1 and 2, we trans- 
form the given equation to one in h by putting 1 -\- h 
for X. We find the equation h to be 

A*4.4A*+27i'- 4A -1=0. 
Substituting in this equation A = 0.2, 0.4, 0.6, 0.8, 
etc., we find that there is a root between 0.8 and 0.9. 
Transforming this equation by putting 0.8 -\-h' for A, 

we have 

A'* + 7.2 A" + 15.44 *'• + 8. 928 A' - 0.4624 = 0. 
By trial, a root of this equation is between 0.04 and 0.05. 

Putting 0.04 + A" for A', we get 
A"* + 7.36 //'" + 16.3136 A"* + 10.198 016 A" 

- 0.08011246 = 0. 

A root of this equation is formed between 0.007 and 
*.008. 

Transforming, we have 
A'"* + 7.388 A^" + 16.468 454 A'"' + 10.427 489 692A'" 

- 0.007924 634 719 = 0. 

The value of x is therefore 1.847 + A'". 

The value of A'", and hence the true value of a;, may 
be found by continuing this process. 

But we may shoiten the process by cutting off one 
decimal of the coefficient of A, two from the coefficient 
of A', ana three from the coefficient of A*, for each 
additional decimal of the root. 
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The entire work may be arra&ged as follows: 
10-4 4,2 il>847 759 065 0226 

11-3 -3 



1 -3 -3 -1.000 

1 2 - 1 ,637 6 



2-1 - 4,000 - ,462 400 00 
1 3 4.672 .382 287 36 



3 2.00 .672 -.080112 640 000 
1 3.84 8.256 72188 005 281 



4. 6. 84 8. 928 000 - 7 924 634 719 
.8 4.48 629184 7 307 314 861 



4.8 10.32 9.657 184 - 617 319 858 
8 5.12 640 832 522 569 030 



5. 6 • 15.440 10. 198 016 000 - 94 750 828 
8 289 6 114 556183 94 071179 



6.4 15.729 6 10.312 572183 -679 649 
8 2912 114 917 509 627150 



7.20 16.020 8 10.427 489 69]2 - 52 499 
04 292 8 1153153 8 52 26^ 



7.24 16.313 600 10.439 021 23 - 236 
4 51569 1153516 209 



7.28 16.365169 10.450 556 3|9 -27 
4 51618 824 2 21 



7.32 16.416 787 10.451380 6 -6 

4 51667 824 2 6 



7.360 16.468 4!54 10.452 20418 
7 5 1 72 148 4 



7.367 16.473 6j26 10.452 353|2 
7 5172 1484 



7.374 16.478 7198 l!0|.4!5i2!5!0!2 
7 5 172 



7.381 !16.!48]39!70 
7 



7.1388 
Therefore the root is 1.847 759 065 022 6. 
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The work for the second root, which is found between 
and 1, may be arranged as follows: 

10.765366864 73 



0.0 

.7 


-4.00 
.49 


0.000 2.000 
- 2.457 - 1.719 9 


7 
7 


-3.51 
.98 


- 2.457 .; 

- 1.771 - . 


280 100 00 
256 878 24 


1.4 

7 


-2.53 
1.47 


- 4.228 000 . 

- 53 304 - .( 


033 221 760 000 
021 633 469 375 


2.1 

7 


- 1.060 
1716 


- 4.281 304 

- 42 792 


1 588 300 625 
- 1 298 807 346 


2.80 
6 


— .8884 
175 2 


-4.324 096 000 
- 2 696 876 


289 493 279 
- 259 771 981 


2.86 
6 


- .713 2 
178 8 


- 4.326 691 875 

- 2 619 625 


29 721 298 
- 25 977 391 


2.92 
6 


- .634 400 
15 225 


- 4.329 211 50!0 

- 146 31 9 


3 743 907 
- 3 463 654 

• 


2.98 
6 


- .519 175 
15 260 


- 4.329 357 81 !9 

- 146 04 4 


280 253 

- 259 774 


8.040 
6 


— .503 925 

15 275 

- .488 6 50 

918 


- 4.329 503 8|6 

- 2915 


20 479 
-17318 


8.046 
5 


- 4.329 533 Oil 

- 2915 


3161 
-,3 031 


8.060 
6 


- .487 7 33 

918 

- .486 8|14 

918 


- 4.329 562 2 

- 29 


130 
-130 


8.0S6 
6 


- 4.329 56511 
29 





31.060 - .48!58!96 - 4.3!2|9!6!6|8 
The second root is therefore 

0.765 366 864 73. 

To find the third and fourth roots, which are nega- 
tive, we change the alternate signs of the given equation, 
and we thus transform it into an equation which has 
equal positive roots. 

The given equation written in full is 

z' ± Ox* - 4»' ± Oa; + 2 = 0. 
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Changing alteniate signs it becomes 

x' q: Oa;* — 4x» ip Oa; + 2 = 0, 
OT a;* — 4a;' + 2 = 0, 

which is identically the given equation; the positive 
roots of which wo have already found. 

Hence the negative roots are equal to the positive 
ones^ and are 

- 1.847 759 065 023 6 
and - 0.765 366 864 730 

This equality of the negative and positive roots may bo 
shown by solving the given equation as a quadratic in a:*. 



»' + »- 


1=0. 




We assnme , 


x = \. 




Coefficients, 1 


1 


-1 


Products by 1, 


1 


2 



Sums, 2 1 

^(1) = + 1; ft^d as all the coefficients are positive, 
there can bo no root so great as 1. 

Putting a; = — 2, the sums, including the first coef- 
ficient, ai"e alternately positive and negative; hence there 
is no root so small as — 2. 
Substituting all integers between 1 and — 2, we find 

F{\) = + 1 F{- 1) = - 1 

fX^S = - 1 ^(-2) = + 1 

Showing that there is one root between and 1, and an- 
other between — 1 and — 2. 

Seeking the root that lies between and 1 first, we 
substitute + A for a;, and we have 

A' + A- 1 =^. 
By trial we find that it is between 0.6 and 0.7. 
Transforming by putting 0.6 + 7/ for A, we get 
A" + 2.2 A - 0.04 = 0. 
This equation has a root between 0.01 and 0.02. 
Substituting 0.01 + A" for //, we have 
A'" + 2.22 V - 0.0179 = 0. 
A root of this equation is of tlie'form 0.008 -f- A'", 
Transforming it to one in A'", we have 
A"" + 2.236 A'" - 0.000 076 = 0, 
which has a root between 0.000 03 and 0.00004. 
After transforming it becomes 

A*^ + 2.236 06 A»^ - 0.000 008 919 1 = 0. 
From this point we get the remaining decimals of the 
root of the given equation by simple division, as follows: 
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2.|2|3|6|0|6 - 0.0 000 089 191 !3^ ^87 

67 082 

- 22 109 
20125 

-1984 
1789 

-195 
179 

-16 
16 

Hence the root is 0.618 033 988 7 ^ , ^ . 

Changing the alternate signs, and thus transforming 
the equation to one having an equal positive root, it 
becomes a;' — a; ^ 1 = 0. 

The entire work may be arranged as follows: 



-1 
- 1 


« 


_1 1.618033 9887 





1 


- 1.00 
.96 


1.0 
6 


- .040 
221 


1.6 
6 


- ,017 900 
17 824 


2.20 
.01 


- .0 000 760 000 
670 809 


2.21 

1 


- 89 191 
67 082 


2.220 
•008 


- 22 109 
20 125 


2.228 

8 


- 1984 
1789 


2.236 00 
3 

2.236 03 
3 


- 195 
179 

- 16 
16 



2.!2|3j6|0|6 
The negative root is therefore 

- 1.618033 988 7 
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5. Take the general equation 

ar»+^ja^-*+|?^-«+ . . .pn^i^+Pn=^ 0. (1) 
Changing the alternate signs it becomes 

ic*-l?,a^-i+;?,a?'*-«- . . . ^^pn^ix ±/?»=0, (2) 
or 

-a:«+j5^a^-i-;,,a^-«+. . .±;?„-ix:f ;?„=0. (3) 
Equations (2) and [3) are equiyalenty since changing all 
the signs of one maVes it identical with the other. 

Suppose that a is a root of equation (I)^ then will — a 
be a root of (2) and (3). 

Substituting a for x in equation (I), we have 
«*+i>i«**"^ + i?,a'^-*+ . . . +;>«-i«+Jt?n=0. (4) 

If n is even, and we substitute -- a for x in (2), we 
have 

rt» +/?.«*"* +/?,«*- •+ . . . +i>«- ia + pn=^0; (5) 
but if n is odd, we would haye 
- a^ —p^a^' ^ — jt?,a*-*— ... - |?»-.itf — jPn = 0. 
Changing all the signs of this equation, it becomes iden- 
tical with equation (5). 

Equations (4) and (5) are identical. 

Hence if a satisfies equation (1), — a satisfies equa- 
tion (2). 

That is, if the alternate signs of the coefficients of 
an equation are changed^ the sign of the root will be 
changed. 
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ALGEBRAIC PROBLEMS. 

Whek the College Algebra to which the present Tolame is 
a key is used to instruct beginners in the Bubject, oral teach- 
ing and exercises may be found necessary in the first book. 
The following exercises are intended as suggestion^ to the 
teacher in this respect, whi6h he can follow out at pleasure, 
until he finds that the pupil readily comprehends the relative 
meaning of positive and negative quantities and operations. 

§17. 

At this point the pupil should, before going farther, be 
exercised in algebraic addition by questions like the following: 

1. A thermometer stands 10^ below zei'o; it then rises 5°, 
falls 3°, rises 22°, and falls C*'. Find how high it mil be by 
adding positive and negative quantities separately and taking 
their algebraic sum. 

2. ISxplain by the scale of numbers the algebraic sum of 
+ 3and-2. Of+2and— 3. +2and-5. -2and + 5. 

3. In what different ways do we form the sums + 5 and 
— 3? - 5 and + 3? 

Show that tho difference between these operations is merely one of 
order of arrangement, the quantity first written being that which we 
measure from the zero-point. It should also be understood at this point 
that the algebraic sum of these quantities is the same in wliatever order 
they are put together. 

4. A man started from his house, walked 5 miles east; then 
2 miles west; then 3 miles east; then 7 miles west. How far 
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was he then west of his house? How far was he east of his 
house in algebraic language? Explain the difference in the 
way the signs are used when we take east as positive^ and when 
^e take west as positive. 

5. A man purchased $20 worth of goods from his grocer and 
paid him $15. At another time he purchased $10 worth and 
paid $12. Express what he still owed the grocer in algebraic 
language^ assuming as positive his debt to the grocer. Then, 
changing all the signs and assuming what the gi'ocer owed 
him as positive, express the result. 

6. A balloon with a buoyancy of 500 pounds had two men 
in its car weighing 150 pounds each. Express the combined 
weight of the balloon and men algebraically. Then express 
algebmically the force with which the balloon was drawn up- 
wards. 

7. When east is positive, what is the algebraic sign of 5 
miles west? What the algebraic sign of 6 miles east? Ex- 
press these distances when west is positive. 

ALGEBEAIO SUBTRACTION. 

§21. 

1. What is the difference between the following quantities, 
no regard being paid to the sign of the difference: 
+ 1 and - 1? 4 and - 6? 6 and - 4? 

Which is the greater, -^4-2 or — 4 + 2? 1 — lor 
+ 1 - 1? 5 -^ 3 or 3 - 5? 

§ 26. 

1. What does — 2 hours afternoon mean? 

Which is the later — 2 hours or — 3 hours? 

2. A railway runs east and west through the city of Spring-, 
field. Assuming west to be positive, what do you mean when 
we say the train runs — 30 mijgs an hour? 

3. Assuming a train to be passing through Springfield at 
the rate of + 20 miles an hour, how far will it be in -j- 3 
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hours? What would be its distance at the time — 2 hours 
expressed algebraicaHy? 

To be explained that because — 2 hours means 2 hours before the 
time that it passed through Springfield, therefore the train at that time 
"would be east of Springfield, corresponding to the algebraic theorem 
that - 2 hours X 20 = — 40 miles. 

4. The train runs + ^ hours at the rate of — 20 miles an 
hour. Explain what this means, and the result. 

6. The train passed through Springfield at noon, running 
— 20 miles an hour; what was its distance at the time — 2 
hours? Obtain this by the multiplication; — 2 times -- 20. 

§34. 

1. Whaf is the value of 3 — J when 

J = 7? Z>=5? Z» = 3? J = l? &=-l? *^^~4? 

2. What is the value of 3 + ^ when 

J=:l? Z»=0? Z» = -l? Z»=-2? Z>=-3? 

3. What is the value of a -j- ^ when 

^ = -3? Z»=-2? Z> = -1? h=0? Z> = +1? 

4. What is the value of a — b when 

^, = + 1? b = 0? b=-l? b=-2? b=-S? 

m 

5. When b is positive, which is the greater, a — b or a -\-b? 
Which is the greater when b is negative? 



ANSWERS 

TO 

SUPPLEMENTARY EXERCISES. 



15. I. +3. 2. + 6. 3. -f- 3. 4. — 13. 

21. a. - 18. h - 17. c. + 49. 

34. I. 16, - 16; - 6, + 6; - 13, + 13; etc. 

2. - 14, 16; - 11, 13; etc. 

66. 5. Total height 9a; + 9^ - 9y. 

6. 6(A — i) + 15(m + w). 7. ajeastofy, i— A+a: — y. 

8. B, cc + y — w west of A; C, 6m — x west of B. 

9. A = a — 5rf + 5y + 4^ — 4j2;; 

B = a; + 5fZ — 5y — 4^ 4- 4^» 

10. K'=r — m -\-qy C=r + w— jt?; D = w — y+jp. 

11. A = a - J + c — d + 2a;; B = 2^ - 2a;; 
C = 2a; - 2^ + 2c. 

12. A = a — c4-^; B = ^ — a-j-^; C = t?--J + a. 

13. 1st side = 2a; 2d side = 2J — 2«; 
4th side = — a-^-h — c-^-d. 

14. A west of B m — JO 1st day; 
2m — 2jt? + k + ar 2d day; 
4m - 4/? + 3* + 3a; 4th day. 

61. I. 5m + A. 2. — 2&. 3. 4&. 5, 2c — 5rf. 

6. m — 1471 — 27i + ^- ^- 12^ "~ *'^- 9* ^• 

10. — a; — 4a. 12. 10m — 6«. 13. 4& — 5A. 
74. 2. ma; + 2m?^y + 2^m.y. 3. a'/j' — a^n^. 

4. A + /*' + /i" 4- /i*. 5. a; - a;' + a;' - a;*. 

7. jt?a; — ga;' + ^^'^ -- ^*- S- ^^^' + «^^' + ^^^ + ^^' 
9. ci^x^ —dbx^ —acx—ad, 10. ;?V + joV -}• p*x + J^*« 

1 1, w^V — TTi'a;' — ni*x^ — ?/i*a;. 13. 2a^mj/ — 2J*my. 
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14. a^^a^h+a^hc—ahcd, 15. a'J — a'^c + ^Vrf — ac'eP. 

16. %ah — 2xy. 17. %my + 2 war. 
*J'6. I. a'^r' + («• - a')a;' - a'x + a* + a» 4- a*. 

2. — a;" + (a - l)a;'-f- (1 — a — a')a; + 1 - a + o' — a*. 

3. — max* — (?/ia' — wa)a?' — (wa* — wa' + na)x 

4. x^ --dx* -\-cx^—hX'\'a. 5. (a*— &')2;'+ (a*— J*)a:, 

Miscellaneous Exercises in Factoring. 

I. x{ax — 2^ + c). 3. ic(rt* — 4 + 1) — y(:^m + 1). 

6. ic'(^-jt?g'a;+^a;»-«). 11. (a:« - 2)(a;' + 2). 

14. (2a: - Zy){%x + Zy). 15. (a; - ^{x - |-). 

. (^'"+i)r"*+l)- ^2- (4a^-l)(4a«'' + l). 

42. ^{1 - i2)(l + z), 50. (a - rr. 57. x\^x' - 1)'. 

97. I. a + 2a;. 2. 3a* + 3a'S' + 3**- 4- a' + 6a + 9. 

5. 24«' - 2aJ - 35J^ 6. a' + |. 7. lla^. 

8. 20a' -- 80aS + 15S*. 9. a' - lab. 10. a; + y. 

12. 5a' — • 6a^ — 2&\ 14. 4a8 — aA. 15. Sa-^+g. 

17. x^y-^ - 1 + a;-y, 18. a;^'' -f a;^ + ^^. 

20. a;' + 2aa; + -a'. 22. x^ + y'- 23. 4a:' + 2a; — 3. 

25. a<? — Zhc + 2a5. 26. a-\-l — c — b^ 'R, ibc — 4^. 

27. Sx-{-9y — 6z. 29. 3a; — 4y — 6;^; K, 3a;2; — 3a;'. 

30. (2a; + 3«/)(4a;' 4 ^^y + 9^')- 32. aJ + «^ — *<?• 

33. a^ — ab — ac + b* + c^ — be. 34. a;' — joa; 4- q^ 

35. a' - 5a 4- 6. 37. 3a' - bb^ + dc\ 

38, y^ + Sy^ + Syx'^'+x^ 39. 2ax + ab + c. 

41. 6a; + Gy — 20. 43. aS~ + cb'' + x, 

44. a;'- xY - xY+ y\ 46. 6a;* - 4a;'+ 3a;'- 2a; 4- 1. 
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49. ay^ — aJ + by, 50. a + *• 53- 1 — 62 + 9^*. 

-4-i^ J + ^ €LC ^ a l^ixix 

no. I. I—' — . 4. w. 5. -:-. 6. ^-. 7. [-ao + oc. 

— a be ac 

(r + sY r' + r 1 

9. r . 10. -5— -. 13. li — aO» 

^ 2r r + r — 1 "^ b^ 

129. I. m — w. 2. aJc. 3. rrr • 4. aJ. 

2b — a 

70ab — 3ac ac — Sa*bc ab — 1 

^' 320^^ ' '''• c-ad ' "• b^d: 

3n — C Sa" + wza — 3ac a' + a? 

12, J • I3« ; • I4» 1 ZT"« 

11 , « o ^^ ^^^ 

15. — T^* lO. t>. 10. -7-. 10, r; ; ; 7. 

^ 12 b ^ bc + ac + ab 

a'+ a' 1 

20. — 5 = — : T. 21. 



aV - J' + a» - a^'J' m + 7^ 

22. i . 23. w' — n\ 24. -^ — ■ — . 

J — a "^ p 

7n + b 2mq — p bc^ ab — b^ 

^5- rnwJ' ^^* m + 2771+1' ^^' a • 

^ m + n , n n(2m + 1) 

28. ^ . 30. b. 31. . 32. — yt; -{. 

2 ^ ^ m ^ m{2m — 1) 

, a(l + 2h ) 

33. «^. 34. -yil^-- 

-iQ-y na iwa a-\- q b pb — a ^ 

1^7 '• ^^^,i; :^fir+'n ^' p + q'' p + q' ^' ^' " 

140. 4. 0; 0. 5. 3^ ; 3^ . 

ab — 2a a — 2 ab 2a ^2b 4 

^- y - 1"' "l-J" • 7- ^; c' • ^ 9' 

gg . ^g j^ <^9 + ¥ . a9 + ¥ 
^' a + V a + b' ' cg + bd' dg — cf 

b^ — a" V — a"" ^, , o I 7. 

II. r^ ; i :,. 12. 2b + a; 2a + b. 

bd — ac be -- ad 

c — b c — a (wi + n)r in — m)r 

^* a ^ m ' ^' 2mn * 2mu 

16. J-; — r—T. 17. 2; 2. 

a -^ b a + b ' 
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Equations with Thbbb ob More Unknown Quantities. 

7naq naq map 



m{p + q) + nq^ m{p + q) -\- nq^ mp + (w + ^0?" 
as bs cs 

3- a +2' ""2' ^^+2' 

1715 ns ps 



m + n +p* m-\'7i -\-p^ m+ n+p* 

24 36 54 ^ 2 ^ ^^, 

5- 19^ 19^ I9- ^- 3^ " ^' ^^*- 

7. ^(» + * + <?); ™(« + *-c); ^(a + c-J). 

mJw Jm , ,. 17 3 

8- ^+i5 ^ipr "^'^ - *>• 9. - -j; - 4; -4. 

^°* w» + w — 2 ' ~~M' + /i — 2 ' n' + w — 2 • 

„ 0- 4- 4- 4 I. ^(^-^)(^ + ^)-t?(rf'^y) 

II. U, 4, 41, *. 13- ^(^ _ ^)(^ _^ ^) _ ^(^a _ ^.y 

2a^c 2a&c 2abc 

ac -\-bc — ac' ab -^ bc~ ae' ab -{- ac — be 

c « Q , 13 17 19 

15. 6; 5; 8. i6. -; -; --. 



a — b -}-c — d ^ a -}-b — c -}- d 
2" ' 2 

aV — J'c' — a^bc + a'^; 



at^c + ^^b + ^c'* + bc^ ' 
__ «^(c — J) — bc{c — i) 

'9- y - c(^>c» - ac' + a'c + aV - a'^>)' 

Problems with One Unknown Quantity. 

I. $70,000. 2. (a) ?^ - 2/w; (2>) — ^-. 

3. 13 years ago. 5. Time = — ; — ; distance = — ; — , 
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lik 
6. 1- i. 7. Smiles, o. Current = 2.704 miles. 

II. 384; 162; 118; 104. 12. 36. 14. 10; 50. 

9 , 10, mn „ ^^ 

IS- 19^; Y^' '7- ^ThM- i8- 2f years. 

19. 19.82 years. 21. 36w. 

23. — ■ — = lengtb; ■ f- ^ = cost. 

24. $30,000. 25. 45. 26. w — 1. 28. 24. 

30. $346|; $96i; $76f. 

2c — 4w + 2a , . ^1 . -1 <?^ 

31. — ■ = share of third. 2tZ- r "" ^• 

o c — w 

34. 20. 36. 30. 37. - — -7-7--^ 38. 11511, B's share. 

39. — = C's share. 40. 8 days. 42. 36. 

^^ ma + 5c — 5;?i .. , 
44. 36. 45. = wife's age. 

46. 1400 = A's share. 48. 80. 49. 12. 51. 12; 3. 

53- 8; 6. 55. 4; 5. 58. 6; 24. 60. 400. 61. 6, 

63. 100 lbs. 64. 38 working days. 66. $1600. 

67. 100. 69. 40. 72. 12^. 

70. First son, $600; youngest daughter, $660. 

73. The plasterers receive $150. 75. 32. 77. $800. 

78. 162 artillerymen. 80. 112. 83. 14f hours. 

85. 24. %(i. By boat, 36. 87. 14; 28. 88. 36. 

90. 9.15; 3.85. 91. 4^. 93. 2. 94. 6; 5. 96. 91. 

97. $5550. 98. -. 99. 29^; lOf loi. $4000. 

102. 1968feefc. 104. $4000, value of house. 105. 50; 15. 

107. 200; 150. 108. 150. iii. $1562. 113. $660. 

114. $25. 116. 7|. 118. 18 feet broad. 

120. 27. 121. $500; $400. 123. Two 25-cent pieces. 

124. 18; 4. 125. $750. 127. 10; 34; 105. 

130. 432. 132. $1200. 134. •?^2. 135. 56. 

137. $844.75. 138. A's sharcj $110. 
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140. I. 65. 2. 152f. 4. 69,000,000 miles. 

5. 4 boys; 3 girls. 7. 172; 19. 8. 15; 63. 

10. r—T\ 7—T. 12. 5; 11. 14. 12; 18. 

15- ^i; l^i" 16. Bate of boats, 8 j^; 11 J; current, If, 
18. Distance, 205^ miles. 

21. \(n + f'^i' + 4?i); i^(?i - i^M' + ^n). 

23. 100; 160. [digit 

25. Any number whose unit's digit is twice the ten's 

20. 5d. 29. tt:. 

31* 20; 40. 33. Indeterminate. 34. 84; 184, 
35. 20; 30. 36. 20; 30. 37. 36. 

39. 30; l^\ 13J - 120. 41. 12; 20. 

42. 1. 43. 12; 70; 86. 45. 12; 36. 

47. 235. 49. 204. 50. 7; 3. 51. 80; 40. 

52. 21; 82. 53. 1; 2; 2. 54. 3; C; 9. 

55. 5 per cent, $1200. 58. 15; 24. 

60. 19,500 feet. 61. 5 and 7; 75 cts.; $1.00. 
6z. 35; 40. 65. 30f; 37f 67. 283. 68. 18; 36. 
70. 15; cost, 30 cts. 73. 12 cts.; 11.20. 77. 44. 
78. $5000; $7200; $2666§. 81. 92 cts; $1.48. 

82. $2; $3. 

164. I. 27; 36; 63. 3. .0180; .0120; .0144. 

6. 2550; 3400. 8. 18. 10. 4; 6. 

13. — ; -^. 18. 4|; 24f. 20. 8 inches. 

22. 16 parts gold, 14 silver. 24. 14. 27. 14^. 

32. ^N; ^iV; IjV. 33- l^i; m- 35- t ', 10. 

38. 3 litres. 41. 24a. 44. $45; $82.50; $157.50. 

46. 4. 48. 56; 98. 52. 2m; 3m. 53. 75m; 50m. 

S^- 2J^rj- . (6)d = b'x + 25V. ^'- ^^* '"''*'®^- 
64. 32 inches. 66. 4; 1; 3. 68. 28; 12, 
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69. 3; ^. 71. 450. 72. llf; 4^. 
o 

74. Eate, 25, 20; distance, 150 yds. 75. 4^; 6|; 5. 

179.1. ich 2. SxA^Ac-*. 4. aiy^z. 5. a~*^. 

7. -a;-'y-"ij-\ 9. 8a: V + S^;' - 3a;"y - •, 
12. 7a;'«/ V + 42:*;^ - 3y - ' «. 14. a:* — *' + a:*. 

16. a;" — 3a; ". 17. 4a;'" * — 2a:*. 

182. 3- {mnY)^. 5. (18)i 7. (AW)*. 10. i^iOdO 

12. (c^y)*. 14. {A-»S> 16. (8.12"V. 

183. 2. 9 V3. 4. 2 V^. 6. - 13 V3. 7. 4: i^. 

9. {da^'h + 5a^>) V^oZl" i i. (8a" J - 5a J V + 6i)(4aic)i. 
12. (3a'* - 2a-^^»'' + a"'+» + c)(2a"')i. 

14. {a + b)(x + y)k. 15. (|^)*. 

16 f ^^^ V. 

W' + "^mn + w7 ' 
184.1. c^— acVr-^-bcVr — ahr, 

3. amTi — am' ^^a — ^j + **' Va — z — m7^(a — 2;). 

4. - Z. 6. ^*(i^ - 1)* - 2/?* - i?*. 



m' — 7i' r' — a' 



8. a' + 2ay* — -a: + y. 9. . ix. 



WW ar 

2x 



12. 



196 I. 5 or — 11. 2. 4 or ~ 8. 3. 17 or — 3. 

to 4. ^(37 ± i^89). 5. 1 or - 7. 6. 2 or 6. 

1 9 

198. 8. —or — 1. 10. a or b. 12. 8 Or — ^. 

/» 4 

14. 12 or - -. 15. 9 or :^, 17. ^(21 ± VTeil). 
18. 3 or 8. 20. — 2 or -. 21. 3 or — 11. 

p 

23. 9 or 2. 24. 13 or — 6. 25. — 4 or — -. 
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27. 3 or — 3. 28. a ± b. 30. 36 or — 5^ 



36* 



3 

32. 4 or 2f . 33. 6 or -. 35. 28 or 9. 



12 /— 1 

36. 2 or -^. 38. 2 ± 3 V2. 40. 3 or - -. 

42. 4: or — -^. 43. 8 or 2^. 44. 4 or — - 

• o 

1 19 

46. 6 or 5-. 47. — 1 or 4. 49. 6 or -7^-. 

25 — 1 

50. 00. 52. — . 53. 1 ± 2 l/;<5. 54. 1 or — . 

72 
• 55. 4 or ^ 12|. 56. 3. 58. 8 or --. 59. 7^. 

61. 13 or 193. 62. ~ 6^. ^ VnF^^%. 

65. 1 or 4. 66. ± 3. 68. 9 or — 16J. 

. . l/2-2a + aV 

1 2 

73. 00 or — 1. 74. 6 or — . 76. 2 or — — . 

o 

78. 5 or 2. 80. ± 2 /^^. 82. - 4 or - 5-. 

84. - 8 or 3. 86. ^ ± Vb. ' 87. |- or - 3^ 

89. 3 or - ^ go.\ or ^|. 92. \{l ± 3) i^ia 

94. — 8 or 5. 95. 3 or — 6. 97. ± 2. 

98. 6 or — 4f . 100. 1 or — 3^. 

!302. I. Add and subtract V^, 2. {x — 3a)(a; + a). 

4. (^ - y)(^ + %)• 6. (2a: — l)\x — 3). 

8. (2a + 3J)(2^j - 5S). 10. (6« - Z»)(a + 5S). 

12. (a'* + 9&' - 9a J) (a' + 9J» + ^ah). 
14. (a + Z>)(a + 3J). 16. x^x^' + ^y^). 

18. 3(2a; + 2^)(2a; + 3y). 19. (4a' - ^>)(a' - 9S) 
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207. I. a; =4 or 3; y = 3 or 4. 3. a: = ± 5; y=±2. 

J a' + b' ,, 

5. a; = y — ^ — ; y = the same. 

6. a: = 7 or 21; y. = 21 or 7. 

8. a; = 2 or 6; y=Cor2. 10. a; = ± 10; y = ± 15. 

12. a; = 2 or — -; y = 14 or 2J. 

o 

13. a; = 15 or 30; y = or 15. 

1 
15. a; = 4 or -; y = 3 or 2f. 

17. a; = 2 or — 1; y = 3 or — 2. 

7 2 

19. a; = ± 2; y = 3. 20. a: = ~-=^ ; y = — =• 

22. a; = ± 2.38; y = ± C.04. 

24. a; = 3 or 5; y = 5 or 3. 

26. a: = 4 or — 2; y = 2 or — 4. 

28. a; = 3 or 24; y = 2 or — . 

29. a; = 2 or 3; y = 3 or 2. 30. a; = 3 or 9. 
32. y = ± 3. 34. y = d: 3. 36. a; = ± 6. 

34-4/5 14.^5- 
38 a; = ^ ^^2 — • 39- 3^ =±1. 

4 
40. a; = ± 3. 42. a; = 4 or — — . 



44. y = 4 or 14f|-. 46. a; = — 6 or 5. 47. y = 2. 

48. a; = ± 2. 50. y = 2. 51. a: = 6 or A^. 

52. a; = 4 or 15. 54. x= V'Z or ± 7. 

55. y = ± 2. 57. a; = 3 or 24 58. a: = 9 or 4. 

60. a; = 2. 61. x^7. 62. y = 3or4. 

64. a; = — 6 or 8. 

Three or More Ukknown Quantities.- 

I. a; = 4 or 3^^^ y = 6 or 7|; ^ =8 or — 12, 

3. a; = 8 or 6; 2; = 9 or 4. 

4. y = 2|^ or 5; z =^ 9 or 4. 

5. a; = 8 or 2; 2; = 2 or 8. 7. a; = 2; y = 3, 
8. a; = — 6; 2; = 4. 10. a; = 4; y = 3. 



AN8WEB8 TO 8UPPLEMENTABT EXEBCI8E8. 293 

173 qp V^W: - 



12. a; = 4; v = — 1, 13. w = 



3G 



14. It = 3^; v = 3i; y — 7. 

Problems Leading to Quadratic Equations. 

I. Time 5 or 6 years; rate, 6 or 5 per cent. 

3. 3; 4; 5. 4. 12 and 15 or — 10 and — 18. 

6. 27 and 8. 8. 15 cts. 9. 6; 7; 8. 

10. 3 and 4. 12. 4. 14. 12 and 15. 

8 ,6 
16. 6 and 9. 17. — and — . 

d 4 

I9. 5 per cent and 6 percent. 20. 20; 30. 21. 10. 

23. A's, $100; B'd, 1150. 25. ^58 - 4 = B's rate. 
26. 3 and 25. 28. 9 lbs. at 15 cts. or 15 lbs. at 9 cts. 
30. A's, 1329. 91+. 32. 20. 

34. 4 ylO; 3 VTo. 35. 2 : 1. 37. 23. 

38. 4; 6; 8; 10; 12. 40. ^y ^^. 

42. 16; 20. 44. 3; 6. 46. 6; 8. 48. VS. 

50. 6. 51. 12. 53. 6; 1. 

55. 10 per cent. 57. 30; 36. 

59. 8; 4. 60. 18; 12. 62. 7; 4. 64. $44,000. 

Progressions. 

n^(n — 1^ 
5. Wjf? ± -^^ \ 8. w' = 2(m - w) + 1. 

9. 3a; «; — a. 11. — . 

13. ; = a -j- (J — a)n — 1. 16. 2/* + w*. 
18. rf = ?(^2) 19. ^-[^j - m + 2(i - 1)A]. 

23. r = V^; a = 2. 25. r = V6 or V^^ 
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28. $64. 29. $16,000. 

__32 48 _72 243 

^^' 6 ^ ■•" 6 ^ 6 '••""'" 5 " 



8' 4' ^ 3 ^ n-w 

42- ^. « ^ _^ 1- 45. (1 _ ^)(jL + ar)" ^'^^ ^[ 

So.n{n + l). SI. (1 ^ ^^[(^ ^ ^^^ . 

Functional Notation. 

5. /S(an) = (r- + 1) A'(«). 

« — a « — s « — a — 2 

19. C4. = l|[2+(if]«+[2-2(y'"J[. 

Permutations and Combinations. 

I. 6! 3. 144. 6. 18 letters. 7. 2* . n! 
9. 96. II. (w-1)! 13. 1080. 14. 105. 

xs. 903. 17. ^^^j . 

19. 75; 200; 15. 21. 15,504. 23. 36. 

25. 10,080. 27. 5040. 28. 64 . 63 . 62 . 61. 

29. 27,720. 31. ^j = ^. 35. C» C-.{r + s)\ 



37' 



2 
7t — y^ ^ 1 . 7i — 2 



Indeterminate Coefficients. 
I. 1 + (1 + »0« + (1 + ^)a;" . . . 

3. 1 -f {m — w)a; — n(m — ?i)a;'+ 7j'*(m — n)a? . . . 
..Ti^~l la a — 1. 
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o, a — X-\ a . . . 

a a 



a a a* a 



8. x+{l+b)x'+{l+b+b')x*+{l+b+b'+b*)x* 

9. x+ [^ + c)x' + [^,+1+ c^y . . . 

10. ir' — ic* + ^' — ^* • • • 



e a e 



la; a;* a;* 



Pboducts of Sebies. 
I. 1 + x" + x* + X'' . . , x"" + x^'-^-K 

3-2^ 4 i- 9 • • • <. ; ^» • 

4. l + (a + ^)a;+(a»+l + y^' . • • 

5. 1- (a+l)a:+(a' + l + ^.y- . . . 

6. l + 4a.+ 10a;» . . . ^•^+^: + V . 

Figurative Numbers. 

r. ^^" + ^)(" + ^). .. 108. 4. 364. 
6. 120. 7. 1155. 9. 12. 10. 650. 

I. 380. X7. a + !)]«* + *^^^ + *^^^^ [. 

20. ^i'rt ^^ ^-^ ■ — \ 24. 4 . 6 . 7«. 8. 

(8\ ^ n.n + l,n + 2.7i + 3.n+4: 
25. y 26. -^^ . 

• o/?i ,n.w — 1^ ( ^ \ 

28. /J + ?^a; ;'H /3 , , , ^fX"iJ^- 



29. a-^ lib -\ 3 c. 
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SUMMiLTION OF SeBIES. 

l+n- X 1 3 1 

^* (1 - xy • ^' (1 - xy ^'4:' ^- r 

^ 11 ail — r) 7J 

8. :-r. 10. t:: ^ — t"; — ^ r. 12. 



96* (1 - ar)(a - r)* (;j - I)'* 

n . n + 1 ' ^ + ^ n . 7^ + 1, 2n + ? 

14- -g • 15- g • 

n 
^ (?^ — 1) 

Limits. 

I. 1. 2. 00. 3. 0. 5. ~. 6. — -. 

6a a 

o « 1 1 ^ 

». ^. 10. ~. 12. — -— -. 13. — . 

3 7/1 + 1 "^ 9 



Binomial Theorem. 
I. l + a^ + a^' + a;" .... 2. l4-2a;+3ar^ 

4. i+n^+(jy+(jy . .. 

mx mx{mx — 1) ma: 1 
wT + 1 . 2 . m' 3" w? 

^ ^ 1 -|, a 8^' 3a «"J' 
8. a*— :r-a «& 



• • 



• • • 



• • • 



2 2' a'* . 2 . 3 

-1 , a 2^ , 3 . a «■ 5a 2 

10. a a H ^ H ^8 1 2*~ * 

12. 2;' - 6a;* + 15:i;« -.20+^,-^ + 1 

13. a;*" — 2nx^^^ H ^— ^ x^-^, etc. 

15. .r«" + » - (2» + l)a;'»-i + ^!!l±1^-» . , . 

■'■•+~+{«+(j)H+Hl)+(f)K--- 
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19. \ — nx-\- <n-\ ~ >a;' 

1.2.3 , 2.3.4 , 3.4.5 , 
21. 3j + 31 ^ ^ 3! ^ 

t . t+1 . t+2 ,^^ 



25. (1 - A)"'. 27. (1 - I) ' 28. (1 - i-) ! 

30. (l+a;)-*.;(ll^]x'-'. 

32. (i-a:)-^(^;^)(-a;)'->. 

34. (1 +»)-"; ^-^a;*-'. 36. 1. 38.4". 

40. (1 - I-) *. 41. (1 - ^) '. 

Exponential Theorem. 

I. Develop e* and multiply by e**; develop e"+®, and 
prove identity of coefficients of a? . 2:* . . . a;^ 



mV . mV 7w"ic' 



2. l + 7/ia;+ ^ +1 . 23 ' ' • 61 * 
4. Coefficient of a;~ = ,--(1 - I)'* = 0. 



Logarithms. 

, , n , n — 1, ,_,, 

I. n log a H ^ log r, 3. a; = o°^ 

1 J"*^ ^ 
4. a: = -J^ 6. a; = — . 8. a; = ^ » • 

2 rt 

2 log V 

g, y=:x. IT. a;=^ioK««». 

12, 1. 13. a^^^ or c^*««. 



